Journal of Economic Growth, 2: 61-92 ( 1997)

© 1997 Kluwer Academic Publishers, Boston.

Matching, Heterogeneity, and the Evolution of
Income Distribution

DARON ACEMOGLU

Massachusetts Institute of Technology

This paper analyzes a model in which firms and workers have to engage in costly search to find a production
partner, and endogenizes the skill, job, and wage distributions in this context. The presence of search frictions
implies that there are two redistributive forces in the labor market. The finsisimatctrelative to the Walrasian
economy; skilled workers tend to work with lower physical to human capital ratios, and this compresses the
earnings differentials. The secondtie opportunity coseffect; because the opportunity cost of accepting an
unskilled worker, which is to forgo the opportunity to employ a skilled worker, is high, unskilled wages are pushed
down. The interaction between these two forces leads to a non-ergodic equilibrium process for wage and income
inequality. Further, the presence of mismatch reduces the rate of return to physical capital and thus depresses
growth. A key prediction of the analysis is that increasing wage inequality is more likely to arise in economies
with less frictional labor markets, which is in line with the diverse cross-country patterns observed over the past
two decades. Finally, the paper predicts that, as is largely the case with U.S. data, between group and within group
wage inequality should move in the same direction.
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1. Introduction

Income inequality in the United States has risen considerably over the past two and a half
decades. The main component of this change is identified as increased earnings and wage
inequality (see for instance, Levy and Murnane, 1992, Juhn et al., 1993). Similar trends
are observed in other OECD countries but appear much less pronounced. For instance,
between 1979 and 1987, Katz et al. (1995) find that the differential for workers on the 90th
and 10th percentiles of the wage distribution increased by 12% in the United States but
only by 2% in France. The premium that college graduates earn over noncollege graduates
(between-group wage inequality) has also increased in the United States and the United
Kingdom but has not changed much in other European countries. Although empirical labor
research has achieved reasonable success in explaining the various trends in between-group
wage inequality in terms of changes in the relative supply and demand of skills (e.g., Katz
and Murphy, 1992), we still lack an understanding of why relative demands and supplies
have changed differently in these countries, and also why wages are now more unequal
within narrowly defined groups.

As an example consider the diverse wage inequality trends in the United States and France.
These trends can be explained to some degree by the fact that over this period (1979 to 87),



62 ACEMOGLU

the growth rate of the relative supply of college educated workers was 0.023 in the United
States as compared to 0.050 in France (see Katz et al., 1995). But, both the relative demand
for skills, and the changes in relative supplies are to some degréegenousaffected

among other things by labor market institutions, and they can be a consequence as much
as a cause of the wage and income inequality. Furthermore, changes in the supply and
demand of college graduates do not explain why inequality within narrowly defined groups
has behaved very differently in these two countries. Infact, many pieces of evidence indicate
that supply and demand are not the only factors to consider in the evolution of wage and
income inequality. Card (1996) and DiNardo et al. (1996) show that changes in unionization
have played an important role in the changing structure of wages, and differences between
Europe and the United States are often attributed to their different labor market institutions.

This paper’s objective is to offer a simple framework to analyze the relation between
inequality, the labor market, and economic performance. The analysis first establishes
that the presence of labor market frictions, in the form of costly search and matching,
introduces two novel redistributive forces that can contribute to an explanation for why
inequality is rising in some countries while remaining unchanged in othéirst, as a
result of the frictions, there will be a certain degreentimatch and workers of high
human capital will work atower physical to human capital ratios than the low human
capital workers. Mismatch will tend to make the distribution of income more equal over
time (in contrast in the Walrasian analogue of this model, physical to human capital ratios
are constant for all workers). The intuitive reason is that firms hoping to employ highly
skilled workers choose high levels of physical capital investments and the unskilled workers
benefit from these investments when they work for these firms. This mismatch effect not
only influences inequality but also growth: mismatch reduces the rate of return to physical
capital and depresses investment and groB#condthere is another force impacting on
the dynamics of inequality, which | call thregportunity cost effedtor the outside option
effect). The opportunity cost of employing an unskilled worker for the firm is to forgo
the chance of meeting a skilled (more productive) worker next period. In contrast, this
opportunity cost is not present when bargaining with a skilled worker; if the firm turns
down a skilled worker, the next applicant will be on average less skilled. This differential
opportunity cost implies that unskilled wages will be pushed down relative to skilled wages.
Moreover, the opportunity cost of employing unskilled workers increases with the degree
of inequality (as the gap between skilled and unskilled workers gets larger), and therefore,
an economy that starts with a low level of inequality may exhibit decreasing inequality over
time and achieve balanced growth, while the same economy with higher income inequality
would have experienced increasing wage and income inequality and lower growth. In other
words, the impact of labor market frictions on wage determination makes the dynamics of
inequalitynonergodic and leads to multiple limiting distributions of income and different
long-run growth rates.

More important, the analysis predicts that the extent of labor market frictions has a crucial
impact on the dynamics of inequality. An economy with less frictional labor markets can
experience rising inequality while an economy with more frictions would have decreasing
levels of inequality. This prediction is in accord with the cross-country patterns of the past
two decades—e.g., the United States and the United Kingdom versus France, Germany, the
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Netherlands, and Swedéirurthermore, the model suggests a negative correlation between
the growth rate and the level of inequality as found in the data (see Perotti, 1996). The
intuition for this negative relation is due to mismatch in the labor market, rather than the
political economy reasons which are often emphasized.

Finally, in most periods, when wage differences increase between workers of different
skill levels, they increase among equally skilled workers as well. (See for instance Juhn et
al., 1993, and Goldin and Margo, 1992, for the wage compression of the 1950s and 1960s.
The late 1970s may be an exception. See section 5). Despite the extent of the changes in
this aspect of inequality, in Levy and Murnane’s words (1992, p. 1372) “the most important
unresolved puzzle concerns the reasons for the almost 20 years trend towards increased
within group inequality.” This paper offers a new explanation: when inequality of skills
increases, firms start creatingnore diverse distribution of job®ue to frictions, workers
do not always work at the most appropriate firms; instead, workers of the same skill level
sometimes work in jobs of different qualities, and so get paid different wages. Therefore,
together with between-group inequality, within-group inequality also increases.

This paper builds on the work of Diamond (1982), Jovanovic (1979), Mortensen (1982),
and Pissarides (1985) in which workers and firms have to search for the right partner
in the labor market. | extend this framework in three respects: first, both workers and
firms are potentially heterogeneous; thus, workers of different skill levels and jobs of
different qualities may be simultaneously searching. Second, the composition of jobs and
technological progress are endogenized; firms, knowing the distribution of skills in the
economy, and the wages they will pay in equilibrium, decide what kind of jobs to open
and how much capital to install (see also, Acemoglu, 1996a). Third, as it is the case in the
data (for instance, Cameron and Heckman, 1992), the distribution of income is allowed to
influence the distribution of skills; in other words, rich parents will be able to buy more
education (skills) for their offspring.

Other closely related papers include Banerjee and Newman (1993), Galor and Zeira
(1993), Benabou (1996), Durlauf (1996), and Fernandez and Rogerson (1996). All these
papers emphasize the importance of the distribution of income and human capital on eco-
nomic performance and growth, and make predictions regarding the evolution of income
and skill distributions. The main difference between my paper and these contributions is the
source of the costs of inequality. In Galor and Zeira, Fernandez and Rogerson, and Durlauf,
inequality leads to low levels of human capital investments by some agents without any
compensating increase in the investment of others, and thus reduces growth. In Benabou
(1996), inequality reduces the output of the economy because the unskilled reduce the pro-
ductivity of high human capital workers. This is similar to the conclusion of my paper.
However, this effect is not assumed as part of the technology but derived from the presence
of mismatchbetween the jobs and the workers. The important point is that because in this
paper the allocation of physical capital to workers and matching are endogenized, there is a
new force, thepportunity cost effectvhich can lead to increasing inequality and multiple
long-run equilibria. Finally, Galor and Tsiddon (1996) and Davis (1995) are also related.
Galor and Tsiddon (1996) analyze the inequality consequences of waves of technological
innovations, which increase and then decrease the return to ability, and they can generate
different patterns of inequality over time and across countries. Davis analyzes the impact of
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bargaining arrangements on wage inequality. Again, the two redistributive forces identified
here are not present in these studies.

The plan of the paper is as follows. The next section presents the basic model and
characterizes the equilibrium of this economy with competitive labor markets benchmark
case. Section 3 analyzes the dynamics of inequality with random matching in the context
of a two-class economy, and discusses the impact of labor market efficiency on inequality
dynamics. Section 4 analyzes the dynamics of inequality starting from general income
distributions. Section 5 turns to different matching technologies and discusses the links
between within-group and between-group wage inequality. Section 6 concludes.

2. The Basic Environment and the Walrasian Equilibrium
2.1. Preferences, Timing of Events, Technology

Each agent lives for three periods. The first is youth in which (s)he acquires human capital.
In the second, middle age, he works and decides how much to consume. In this period, each
agent also conceives a unique offspring, and decides how much to spend on his offspring’s
education and how much to save for the final, retirement, period of his life. | refer to
an agent as of generationif he is middle-aged at time In each generation, there is a
continuum of agents of size 1. The utility function of ag¢mtf generatiort is

€07 ()’ - () (1)

wherec denotes consumption, the superscipts used for old age, and denotes the
education expenditure. The utility function exhibits impure altruism as the agent does not
obtain utility from the welfare of his child but from the education he gives him.

All that the agent decides to save during this period is invested at the gross market rate of
returnR.; 1. Thus the budget constraint of the agent is

i1

Tt

Cit+ —=—+€t41=wjt, (2
Rit1

wherew; ; is the wage income of individugl which is his only income when middle-aged.
With this specification, the following simple decision rules for ageate obtained;

Cit=0-68—y)wjy, Cj(,)t+1 = Ry wit,

1
€t+1=0wjt, Sit= —(CJ'?H_]_) =y Wjt, 3)

Rit1

wheres; ; denotes savings. The human capital of the next generation is determined by the
education level (expenditure) given to them by their parents. More precisely,

e if €ty > hmin
h]’H_l - { Pmin if €tr1 < Pmin. (4)

In other words, there is a certain level of human caphg|,, below which agents do not
fall—e.g., what they learn from compulsory schooling or from their friends. This is a very
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simple specification for the intergenerational transmission of human capital, and captures
the fact that human capital investments are to some degree backward looking because of
credit market constraints. In particular, with this specification, the human capital of the
offspring is linear in the wage of the parent.

| assume that there is a continuum of firms of measure 1, and that each firm employs one
worker, thus these firms can be thought of as jobs. The measure of firms is taken to be equal
to that of workers so as to avoid issues of unemployment (see below for a discussion). A
firm (job) i, if matched with workerj, produces

Wi = AT, ®)

wherek; ¢ is the capital associated to this job, amd is the human capital that worker
j brings to the relation. This production function exhibits constant returns to scale and
complementarity between physical capital of the firm and human capital of the worker. As
a result, there are diminishing returns to human capital. In this frictionless (competitive)
benchmark case, it is important that the production function has nonincreasing returns to
scale, because otherwise a competitive equilibrium would not exist, and also, since there
is nothing that pins down jobs in this economy, it should not be possible to produce more
output by combining two jobs. The capital that firms will use at tim@mmes from the
savings of generation— 1 workers. All workers invest their savings in a mutual fund,
which is forced to make zero profits by the threat of potential entry (a perfectly contestable
market). The savings are then allocated to firms. Intermediation by the mutual fund removes
all uncertainty from the rate of return on savings. | also assume that the economy is small
and open; thus, it faces a constant world interestRaaewhich the mutual fund can borrow
or invest; therefore, the cost of capital to a firm and the rate of return on savings are fixed at
R.2 If firms make positive profits, these accrue to the mutual fund (but in equilibrium there
will be no aggregate profits).

| assume that firms hire their capital stock at the beginning of per@od this decision is
completelyirreversible Also all physical capital depreciates at the end of the period. Note
that in this economyk; corresponds not only to the capital stock but also to the quality of
the equipment, the type of job, the location, etc., and so it is natural that it has a high degree
of irreversibility. At the point of investment, while they know the distribution of human
capital in the labor market, firms do not necessarily know which worker they will employ.
The result of the firms’ choices of capital stock will in general give a distribution of jobs
and | denote this distribution bl (k).

2.2. The Walrasian Equilibrium

In this section, the labor market is frictionless. Thus, all firms compete a la Bertrand for all
the workers in the labor market, and the model boils down to an assignment problem (see
Sattinger, 1993, for a survey and analysis of this class of models). This implies that workers
will be paid their marginal product, and the allocation of the heterogeneous workers to the
heterogeneous firms is the same as the one that a Walrasian auctioneer (or a Social Planner)
would choose.
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Given the distribution of human capitd; (h), firms invest in physical capital, which
is summarized byP; (k). Once P (k) and F;(h) are determined, trade takes place in a
Walrasian labor market. | use the notatign k) € P; to denote a situation in which a firm
with capitalk hires a worker with human capital In an equilibrium, it needs to be the
case that

m(k) = AKYh* — Rk—whh=7r*  V(h k) € P
= AK*h* — Rk—w(h)h <7*  V(h, k)

for some equilibrium level of profitg* wherew(h) is the wage rate per unit of human
capital for a worker with human capitial It is clear that the complementarity of human and
physical capital implies that the highest human capital worker is allocated to the highest
capital firm, otherwise the above equation cannot be satisfied. This therefore implies that

ko (A-w)A\*
w= (57
(1—0[)A>Tht.

S ©)

Wi (ht) = OlA(

Also (6) implies thatr* = 0, therefore all firms are making zero-profits in equilibrium.

| next introduce the variableé such thath;; = ﬁt@j.t whereh; is the median level of
human capital at timg, and therefore, the distribution 6fmeasures inequality of skills
relative to the median. This distribution can simply be obtained from the distributibn of
and | denote it byG(9). Let me also denote the starting distribution of human capital by
Fo(.) and the corresponding distribution of inequality ®y(.). Further, | assume in the
rest of the paper that even the poorest agémtarts withhj- o 3> hmin. Therf;

Proposition 1: Let Gy(#) be the distribution of initial inequality of human capital as defined
above. Then, with frictionless labor markets

() The physical to human capital ratio for all jobs is always givenl'ﬁb# (%*)5.
(i) VGo, Gt = Gy for all t, thus inequality in this economy self-replicates.

(i) The growth rate of the economy is alwaysg sa A{(1 — o) ART1} 5" — 1.

Proof. See Appendix.

The economy is linear and this is the feature that leads to steady growth as in the model of
Rebelo (1991). More importantly for the focus of this paper, given constant returns to scale,
the rate of return on human capital is constant; that is, a worker with twice as much human
capital as another works with twice as much physical capital and thus earns twice as much.
With the preferences as in equation 1, the accumulation rules are also linear. Therefore, the
offspring of workerj, who has twice as much capital & will also have twice as much
capital as the offspring of . Naturally, the case of interest for this paper is the one where
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the economy grows; thus, | would like to ensure tijatis positive. For this, | assume that
BSA{(l—a)(1— ,B)AR‘l}ll—” > 1, whereg is a constant between 0 and 1, which will be
defined in the next section, and this condition will ensure that both the growth rates here
and that in the next section are positive.

Note finally that in this economy there are many missing markets: young generations
cannot pay their parents to get more human capital in their youth (a form of intergenerational
credit constraints). But despite these missing markets, inequality is not harmful to aggregate
performance. The economy has the same growth rate irrespective of the level of inequality.

3. Inequality With Random Matching
3.1. Preliminaries

I now analyze the economy outlined in the last section but with a frictional labor market.
As before, in every period the distribution of human capkglh) is determined by the
bequests of the previous generation, and then knowing this distribution, firms decide how
much physical capital to hire. The key difference from the previous case is that it is costly
for agents to engage in search activities. This is modeled as follows: after physical capital
investments, firms and workers are matched one-to-one; thus, each job will have a worker,
and each worker will have a job. At this point either party can terminate the relation and
look for a new partner, but this is costly. In particular, workers’ and firms’ working lives
are divided into two segments of length-1n andn. If the worker (or the firm) decides

to look for another match, they do not produce in the first segment and only meet another
partner from the pool of unmatched agents for the second segment of their working lives
(middle-age); thereafter, they cannot break the match &getius, captures the degree of
frictions in the labor market. Whep= 0, mobility is very costly because after a separation

no output is produced. Agincreases the prospect of separation becomes more attractive,
so the frictions which restrict trade in the labor market become less important.

In this section | start with thextreme assumptidhat matching is random. This implies
that any two workers, even if they have unequal human capital levels, face exactly the same
probability of meeting a given firm in the economy and conversely, the same also applies
to firms. This assumption will be relaxed in section 5.

There are a number of other issues to deal with. First, since there are costs to changing
partners, each match has some surplus to be shared; thus, a bargaining rule needs to be
assumed. | will follow the usual practice of using Nash bargaining (e.g., Pissarides, 1990,
or Osborne and Rubinstein, 1990). The second issue is that yvisemear 1, some firms
and workers will want to separate from their first match and look for another partner. |
wish to avoid this issue as it will lead to unemployment and make the analysis much harder.
Therefore, throughout the paper,< n* will be assumed so that all firms and workers
produce with the first partner they méeAs a result of this assumption that< »*, in the
economy discussed here there will be no separations (see below), and outside options will
influence inequality only through their impact on wages due to the threat of separations.
This introduces a minor problem; since there are no separations in equilibrium, an agent
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who separates will not be able to find a new partner. To avoid this problem, | assume that
each worker and firm face a probabilityf not getting matched in the first segment of their
life, and this event is independent of their human or physical capital level. | will analyze
this economy as — 0; thus, the set of agents who are unmatched will be of measure zero.
Also since the event of being unmatched is independent of characteristics, the distribution
of the unmatched agents is exactly the same as their initial distributionski.tar the
workers and?; for the firms.

With this formulation the wage level of a worker with human cagital who is matched
with a firm of physical capitak; ;, when the distribution of human and physical capital are
respectivelyF; (h) and P, (k), is given by

wlhy ek (0. K] = SR = pL— pnAK ™ [ hedRa

1= prpn [ AR AR, @)

The first term is the share of total output that the worker gets, ard® < 1 denotes

the bargaining power of the worker. The secondgidines) the threat point of the firm.
Because there are no separations in equilibrium, if a firm deviates and separates, it will
meet one of the unmatched workers who have a distribution of human capital given by
F¢(h). Since this is the last round of matching, it will produce with the worker it meets
and obtain a proportion + g8 of the output. This term is subtracted from the total surplus
that the parties share, and since the worker obtains a prop@riddhe total surplus, it is

also multiplied byg. The third term, which is (+ 8 times) the worker’s outside option, is
explained similarly as the return to the worker for making one more round of search among
the pool of unmatched firm$} (k). This amount is subtracted from the total surplus and
then also added to the total wage of the worker as his threat point. The sum of these three
terms give (7). Then, the firm’s profit function can be written as

ke, Fe(h), (k)] = / (AKhe — wih, k., (), PODAR() — Rk, (8)

which the firm will maximize by choosing;. It is easily seen that (8) is strictly concave

in ke and its derivative with respect t@ doesnotdepend orP; (k). Thus, whem < n* so

that there are no separations, all firms choose the same level of physical capital investment
equal to

9)

. [(1 — P+ pnA-a) [hd H(h)T
= .

At this level of capital, it is straightforward to check that expected profits are equal to zero.
Although some firms will make positive profits, some others will incur losses, and the
mutual fund that intermediates all the savings will make zero profits.

There are a number of important features to note about equation 9. Firstbecause the firmis
unable to capture the full marginal product of its investment, it will always underinvest, and
the growth rate of this economy will always differ from the growth rate of the competitive
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economyg®. More interestingly, firm level investments also depend on the distribution of
human capitalF(.) (see Acemoglu, 1996a). It is immediately clear from (9) that a mean-
preserving spread df; will reduce investment. The intuition is that a mean-preserving
spread, which maintains the total amount of human capital but makes it more unequally
distributed, increasemismatchand, thus, reduces profits. Mismatch in this economy is
reflected by the distribution of human to physical capital ratios. In the Walrasian case, these
ratios are always constant. Instead, in this frictional economy, since all firms choose to have
the same level of physical capit&; also gives the distribution of the human to physical
capital ratios, and an increase in inequality in the distribution of human capital increases
mismatch. A somehow different way of seeing the intuition is to note that because there
are decreasing returns to human capital, a firm loses more from a low human capital worker
than it gains from a high human capital worker.

3.2. Analysis of Inequality and Growth Dynamics with Two Classes

To simplify the analysis, | begin with the case in which the economy starts with two groups
of workers: rich and poor. | denote the human capital of the ricthfyand that of the
poor byhy; I will then study the dynamics ap; = hy/hy, the ratio of human capital
and income between the two groups. | denote the proportion of poor agents Tyis
proportion will never change, but poor dynasties may become gradually less poor relative
to the rich.

From equation 7, wages of each groyips 1, 2, can be written as

wip = BAKhf — B(L— PAnAKRhY — B(L— )L~ HnAK~*hg

+B(L— BnAKhi;. (10)

Now, as long a#y; is away fromhy,n, the law of motion ofp; = hy/ hy is;

a1 = Nitt1 _ dwayt _ 1+@A-BA—-Mnlgf — A - (A —M)n
hati1 Swa 1+ Q- p)rn— Q- p)rngf

Therefore, a simple nonlinear first-order difference equation describes the evolution of
inequality. In other words, equation 11 gives the law of motion of the human capital ratio
of the poor to that of the rich, and from (9) and (10) wages in any given period can be
determined. Equation 11 has a stationary point at full equality 1. The questions to
ask are Are there others? Is this stationary point stable?

(11)

Proposition 2: (i) If n = 0, V ¢, ¢y monotonically converges i, = 1 and the growth
rate g monotonically converges (from below) t& g= BSA{(1—a)(1— B)AR?! i

(i) fn > 0anda[l + n(l — B)] < 1, thenIp(n) € (0,1): Voo € (d(n), 1], ¢t
monotonically converges t9,, = 1 and the growth rate gconverges (from below) to
g = BSA[(L— a)1 — B)L+ BN AR T — 1. Vgo < ¢(n), ¢ monotonically
converges t@., = ¢min > 0, and g converges (from above) tog= 0.

(i) f n» > Oanda[l + n(l — B)] > 1, thendp* € (0,1] such thatvegy < ¢*,
Ot = Poo = dmin and g, = 0. If p* < 1, thenV ¢g € (¢*, 1), we haved < ¢, < 1 and

0 < 0w < 0%.
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Figure 1.

Proof. See Appendix.

Therefore, as long ag > 0 so that opportunity cost effect is present, there always exists
a range where wage and income inequality will be rising over time. The srgaitgrthe
larger the difference between rich and poor, and the more likely the economy is to be in
this range. Furthermore, as long@snda are not too large, there will exist a range in
which inequality will be decreasing over time. Finally, the growth rate of the economy is a
negative function of the level of inequality because of mismatch: the presence of mismatch
reduces the return to capital; hence, with higher inequality, investment and growth are lower.
Therefore, in this economy, inequality is costly due to mismatch, but also mismatch can
make inequality eventually disappéar.

The technical intuition of the result can be obtained from Figure 1; the broken line
representg = 0, and all possible inequality levels (dlls) are in the basin of attraction of
full equality. However, as soon gs> 0, (11) is negative ap = 0; thus, it starts below the
45 line. If (11) approacheg; = 1 from below the 45line, full equality will be globally
unstable. On the other hand, to be able to approach it from above, this curve needs to cut the
45 line at somep () (point A) as in Figure 1, and now only points to the right of point A
are in the basin of attraction of full equality. To the left of A, wage inequality increases over
time. Whether this curve approachgs= 1 from above or below 45can be determined
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by looking at

0pt1(dr = 1)
T

For (12) to be less than 1 (i.e., local stability ¢f= 1), the condition in case (ii) of
Proposition 2 needs to hofd.

Intuitively, (i) is the case where the frictions are so high that there @gpportunity cost or
outside optioreffect on wages. The wage rate is simplyfor each worker wherg is the
output produced by the worker and the firm. Since all firms choose the same level of capital,
high-human-capital worker$,) produce more than low-human-capital workéng) and
receive higher wages. However, given decreasing returns to human capital (constant returns
to scale), a worker who has twice as much human capital does not produce twice as much
output. Since the accumulation rulés_ 1 as a functionw;) are linear, this means that
his offspring is not twice as rich, and therefore the gap is getting narrower. This process
will gradually take the economy to full equality. Expressed differently, whea 0, the
only redistributive force caused by labor market frictionsnismatch Compared to the
frictionless economy where the human to physical capital ratio was constant in all firms, in
this economy high human capital agents are working with lower physical to human capital
ratios than low human capital agents. Also note that this redistributive force is not directly
related to the fact that workers are not receiving their marginal product in the employment
relation. Even with wages equal to marginal product, if high human capital agents worked
at lower physical to human capital ratios, inequality would get compressed over time. Thus,
the term mismatch.

Next consider > 0. There is now an additional redistributive fortieg opportunity cost
effect which increases the relative wages of the skilled workers. Intuitively, a firm, when
bargaining with a skilled worker, has a low outside option or opportunity cost because
if it leaves the worker, on average the next worker will be worse. In contrast, it has a
strong bargaining position against unskilled workers because the next worker will be on
average bettéf This opportunity cost effect, which redistributes from the poor to the
rich, is stronger when the gap between the skilled and the unskilled is larger. Therefore,
the mismatch effect dominates at low levels of inequality while the outside option effect
dominates at high levels.

A possible conjecture after realizing the presence of two counteracting effects could have
been that the mismatch effect would always dominate the opportunity cost effect. After
all outside options are strongest when= 1 and there is infinite sampling, which is the
case of the frictionless economy (see Gale, 1987), and there inequality never changes. But
this conjecture is wrong. Why? The intuition lies in realizing that the distribution of jobs
is endogenou this economy, and outside options are determined byonepositionof
jobs. Inthe frictionless economy, there are firms who prefer to employ the unskilled workers
(low physical capital firms targeting to employ low skill workers—see also Section 5.1).
In contrast, in the economy of this section all firklislike employing unskilled workers
(but given thaty < n*, they are happyot to segregate into two groups, one targeting
the unskilled). This depresses the relative wages of the unskilled below their level in the
frictionless economy.

=a+a(l-pB)n. (12)
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Note also that as the economy converges to full equality, the growth rate of the economy
is increasing until it finally reaches;*. Conversely, as the economy converges to maximal
inequality the growth rate is decreasing. The intuition of this result can be obtained from
expression (9). In this economy, accumulation is the engine of growth, and the wider the
inequality of skills is the less investment there is, because firms anticipate the mismatch will
reduce their profitability. This is the feature that leads to a negative link between inequality
and growth (see Perotti, 1996, for the cross-country evidence on this respect).

3.3. Remarks and Discussion

First, note that the results in Proposition 2 are intimately linked to mismatch: the fact that
workers of different levels of skills are employed at different human to physical capital
ratios. There is evidence that mismatch between the skills of workers and the requirements
of firms is a ubiquitous phenomenon in the real world (e.g., the literature on undereducation
and overeducation, see Rumberger, 1981). An interesting empirical piece for us is a careful
paper using the PSID by Sicherman (1991). He finds that workers who have more education
than required for the job (overeducated workers) earn more than other workers doing the
same job but less than a typical worker with the same education level and characteristics.
Conversely, undereducated workers earn less than others doing the same job but more
than a typical worker with the same characteristics. Although the evidence could also be
interpreted as overeducated workers having less “unobserved capital,” this is not consistent
with the rest of Sicherman’s results; overeducated workers have a significantly higher
probability of moving to a better job, which means that on average these workers are
truly overqualified for the job they are performing and also, this reallocation is quite slow
implying that mismatch is not a very transitory phenomenon.

Second, note that increasing the number of workers per firm would not change the results
as long as there is diminishing marginal product of human capital, i.e., the return to the
human capital of one worker is decreasing once all other workers and irreversible attributes
of the job are in place. The interesting question is whether a large firm can avoid the
mismatch problems. For instance, a firm planning to hire two workers can open one skilled
and one unskilled job. But this will clearly not solve all problems. When two skilled or two
unskilled workers arrive, there will again be mismatch. It can also be thought that in the
limit, if a firm can employ a continuum of workers, there will be no uncertainty regarding
the qualifications of new employees. However, in practice there are limits as to how large
firms can become, especially when they have diverse jobs and work forces. And even large
firms do not have a large number of job openings at the same time; for instance, a large firm
in need of an engineer in a given period would face the same problems as here.

Third, as noted in the introduction, diminishing marginal product of human capital play
an important role in this result (see for instance, Benabou, 1996). This assumption is
completely standard in this context: in the absence of decreasing returns to human capital,
the Walrasian anlogue of this economy analyzed in Section 2 would not be well-defined.
This comparison with the Walrasian economy also demonstrates that the key results are not
driven by technological externalities but are due to the frictions in the labor market.

Fourth, note that in this economy human capital investments are completely backward
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looking; parents, when deciding how much education to give to their offspring, do not
consider the rate of return on human capital. When human capital investments are forward-
looking, with high inequality, the incentives to invest in human capital will also be high, and
this will act as a countervailing force (see Acemoglu, 1996a, for forward-looking human
capital investments in a model of frictional labor market).

Finally, it is important to recall that the economy is analyzed in the rapge n*
where firms accept the first applicant who comes along, and there is no unemployment.
Some of the results are sensitive to this assumption. The case in which firms turn down
workers is analyzed in a simpler setting in Acemoglu (1996b). There, | find that a mean
preserving spread of the distribution of skills again leads to more inequality of earnings,
but not necessarily to more mismatch, nor to a lower rate of return on physical capital. The
gualification that the results here apply when the economy is away from the frictionless
case is an important caveat to bear in mind when interpreting the results.

3.4. The Importance of Institutions and Implications for Cross-country Trends

Labor Market Efficiency. Labor market institutions differ across countries. Large differ-
ences between U.S. and European labor markets are often emphasized and the less efficient
labor markets of European countries are suggested as the reason for the limited increase
in inequality (e.g., Katz et al., 1995, and Bertola and Ichino, 1995). In the model, the
parameter, is a measure of the degree of frictions in the labor market. The greatethis
less are mobility costs and the closer are wages to marginal product. Thus a labor market
with easier turnover and less unionization can be thought of as one with higl&om
equations 11 and 12, the highemisthe more likely is inequality to increase as long as we
are in the range < n* (thus, the economy is sufficiently away from the frictionless case).

In particular, the system is more likely to have a stable region for lawek reduction
in n shifts the solid curve in Figure 1 up and the point A to the left, and therefore, enlarges
the basin of attraction of full equality (the region of decreasing wage inequality). Thus
consider two economies andb, identical except thaty, < na < n* (i.e., a has lower
search costs), then from Figuredwill always have more inequality—a lowex—than
economyb. Moreover, there exists a set of initial inequality levEls= FZ = FJ such
that starting from these inequality levellswill converge to full equality and steady growth,
while economya converges to maximum inequality and no growth.

In other words, since the main role of highgin this economy is to redistribute income
from the poor to the rich (or slow down the reverse redistribution), a higher levgiof
harmful to equalization of incomes, thus it creates more inequality and more mismatch.

Implication 3.1: Inequality is more likely to increase with more efficient labor markets.

Implication 3.2: More efficient labor markets can lead to poor long-run performance.

These implications are in line with the view that the rise in wage and income inequality
in the United States is due to more efficient labor market institutions (easy turnover, low
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firing costs and weak unions); however, they question the conventional wisdom that this is
necessarily a desirable outcome.

Also, this analysis suggests that a change ioan be a potent driving force for the
increasing wage inequality. Both in the United States and the United Kingdom, the power
of unions was severely reduced at the beginning of 1980s, and during the same period
inequality increased sharply (see DiNardo, et al., 1996). As the reduction in the power
of unions could be captured as an increase,ithis model predicts that it can take the
economy from the region of falling inequality to one of widening inequality.

Redistribution. Redistribution is generally thought to reduce growth due to its adverse
incentive effects. However, Perotti (1996) finds that across countries, more redistribution
is positively correlated with growth during the post-war period. This is the prediction of
models like Benabou (1996) and others discussed previously. It is also a prediction of my
model, but the mechanism again works through mismatch, and is thus worth outlining.

Consider a tax rate on wage earnings, which is then redistributed lump-sum among all
agents. This can be interpreted as redistributive labor income taxation, or public schooling
where rich households subsidize the education of poorer households.

Now the dynamics of inequality can be characterized as:

hitradwy (L= Dwy + Atwy + (1 — D Twg
hotp1 dwh (L= Dwa + Atwi + (L— A)Twx
_own — (1= M) (war — way)

d1 =

(13)
wot — TA(wzr — wy)

wherewP denotes the post tax income and as befarélenotes the actual wages and the
subscripts are again used to distinguish the two groups. Now substituting from (10)

_ +A-AHA=Mnl¢f ~ (1= A=)n+(A-2)7[1+A-)n] A1)
+(1=B)An—(1—-p)ingi —At[1+(1—-B)n] (1—¢{)
This difference equation, like (11), has a steady stae-atl. Stability now depends on;
0dr+1(9 = 1)
I
Therefore, the economy with redistributive taxation will tend to be more stable because the
slope of the curvey.1(¢¢) near the steady stage= 1 is always decreasing in Also,
—A-pHA-Mn+A-=V[1+ @A - Bl
1+ @ = prn— Al + (1 - p)n]

is increasing int, and¢¢1(¢r = 0) is no longer always negative, and for high enough
values ofr, the system may become globally stable. Thus;

41 (14)

=afl+@Q—-pn—tA+A-Bn)] (15)

(16)

dir1(y =0) =

Implication 3.3: Redistribution reduces the forces which lead to inequality in the pretax
wage distribution, thus stabilizes the system. Italso tends to increase growth in the long-run.
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Itis straightforward to see that the same analysis can be repeated for a temporary redistri-
bution, and the conclusion would be that a temporary redistribution can change the long-run
dynamics of inequality and growth in this economy. This is naturally a consequence of the
multiple limiting income distributions with different long-run growth rates.

Overall, these comparative static results suggest that societies with less redistributive tax
systems and more emphasis on private funding of education, again the United States and
the United Kingdom should have had a more pronounced increase iptatikwage and
income inequality, but perhaps also lower long-run growth rates.

4. Inequality Dynamics With General Income Distributions

In this section | will demonstrate that the results obtained so far generalize to economies
with more general starting distributions of inequality than two classes. This analysis will
also yield some new predictions.

Wages are still given by (7), which is equivalent to assuming thigtsmaller than an
appropriately defineg**, so that there are no separations along the equilibrium path. The
economy will now start with an arbitrary distributiég(h) and a corresponding distribution
of relative wealthGq(0). As long as the poorest agent is away frog,, the dynamics of
inequality can be determined from the following equation;

o hes _ ALEA— i — pA— B S hedR(y
T R BIL+ (- BymlhE — B — Byn [ hedR(h)

_ B+ A plff — B p)n [ 6°0G(0) an
BIL+ (L— Byl — BL— B)n [ 044Gy (0)

where recall thaby is the median of the human capital distribution at titnén contrast,

when the poorest agent hitgi,, then for that agent we hadg; = Omin = hﬁ“‘". Therefore,

the evolution of inequality is determined by a dynamic functional equafion. Although it is
not possible to solve this type of equation, a number of useful features of the dynamics of
inequality can be characterized. The main results are summarized in Proposition 3 (proof
in Appendix).

Proposition 3: A) Suppose) = 0, thenvVGy, G; converges monotonically to full equality
and the growth rate of the economy converges monotonicallj to g

B) Suppose > 0. Then,
(i) Full equality is always a stationary distribution.

(i) There always exists another stationary distribution with two or three groups. One
group is with positive measure atd; one group is with positive measure at some h
above the median; and one more group may also have positive measure at the median.

(iii) No stationary distributions other than the ones in (i) and (ii) exist.
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(iv) If «[1+ (1 — B)n] < 1, then full equality is locally stable and otherwise, it is not.

(v) Maximal inequality with two groups is always locally stable.

With n = 0 only the mismatch effect is present as before, and this leads to global stability
of full equality. Withn > 0, full equality is always a stationary distribution as inspection
of (17) shows immediately. Also, the same condition as in the two-class economy ensures
the local stability of this stationary distribution. To see what other stationary distributions
are possible we can make use of Figure 2. This figure plots (17)with on the vertical
andg; ; on the horizontal axis for a given distribution of inequality at tinfee., for a given
value of the integral #*dG;(0)). The curve is upward sloping and strictly concave. It
always intersects the 4%ine atd = 1 and never for ang < 1, but it may intersect 45one
more time at some > 1. A stationary distribution must have the property that, = 6, ;,
for all j, thus there cannot be a stationary distribution with positive weight at a level below
the median unless (17) does not apply, i.e. a grolmgat Also, by the same argument, the
stationary distribution can have positive weight at most on one group above the median.

4.2. Which Distributions Are Likely to Lead to Increasing Wage Inequality

To answer this question, we need to investigate the role that the integral term in equation
(17) plays in determining convergence. | will therefore determine how the conditions for a
“poor” agent to get richer are affected by the integral term. First

Lemma 1: Suppose infimuffy} < aTe, then3d, such thatd, < 6 get poorer and
6 € (6, 1) getricher.6; is increasing inf/ 6*d G (9).

Proof. See Appendix.

The economic intuition of this result is straightforward. The integral term is related to
the outside option (opportunity costs) of firms—observe that wihea 0, the integral
terms disappear. It the outside option of firms is sufficiently high—a large value of the
integral—then there exists a section at the bottom of the distribution who have to accept a
very low wage to get employed, and therefore, this group will get poorer while the rest of
the population converges to a higher level of skills and income.

When is the integral term high? Intuitively, the outside option of firms will be high if they
expect to get a highly skilled worker with a high likelihood; therefore, when the distribution
of skills is fairly equal. Since it is the differential opportunity costs (outside options) of
firms which introduces the forces towards increasing wage inequality, convergence to full
equality is most difficult when the distribution is skewed to the right—that is, when there
are a large number of rich agents with a smaller group of agents who are sufficiently poor
relative to them. When this is the case, the integral term is large, and there is not much
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uncertainty regarding the human capital of the workers that the firm can get at the second
round of matching. Consequently, the poorest agents will have to accept low wages and
thus get even poorer over time.

Implication 4.1: Wage inequality is more likely to increase when the distribution of income
and skills are skewed to the right.

4.3. Inequality Cycles

Proposition 3 only dealt with stationary distributions. However, a dynamic system may
also settle into a cycle. Whether this economy can generate endogenous cycles is of
some interest as it illustrates the interaction of the counteracting forces in the model. The
discussion around Lemma 1 suggests that inequality cycles may be possible in this model.
Intuitively, poor agents are more likely to get poorer when income inequality is limited, but
when they get poorer income inequality increases, and because the integral term in (17)
falls, they may again get richer. However, with only two-groups, Proposition 2 gave the
complete characterization, and there were no cycles. In fact, we will find that two groups
is a special case and with more general starting distributions of income cycles are a generic
possibility.

| prove the possibility of two-period-cycles by constructing an example. Consider the
following economy consisting of three groups? > M =1 > ' with proportionsi™,
M, andit such thatt + M 4+ AH = 1, and to ensure that agents in the middle group
are the median, suppose that < 1/2 andiM < 1/2. Figure 3 draws the possibility of a
two-cycle. In odd numbered periods inequality increases and the share of high group goes
up fromés! to o, Similarly, the share of the Low group goes fréénto 61 . In contrast,
in even numbered periods the share of the Low group goes @p to 61 and that of the
High falls to6)' < 6f'. Since inequality is higher in odd numbered periods, the curve in
Figure 3 that describes transitions is the broken one. In contrast, inequality decreases in
even numbered periods, thus the solid curve in Figure 3 applies, and this curve is a tilted
image of the broken one aroufid= 1. The intuition for this figure follows from Lemma 1.
When the integral increases, the poor get poorer and the rich get richer, and hence the curve
tilts aroundd = 1 from the broken to the solid curve.

It can also be verified that when there are more than three groups, three-period cycles are
possible and thus from Sarkovski’'s Theorem (see Grandmont, 1985, Li and York, 1975)
cycles of any periodicity and chaotic behavior can arise in this economy.

Proposition 4: (i) In a three group economy, there always exists an open set of vectors
(L AR ek 01 05, 611), thus a corresponding set of starting values, which lead to a
two-period cycle.

(ii) In a four group economy, there exists an open set of starting distributions which lead
to cycles of any periodicity.

Proof. See Appendix.
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5. More General Matching Technologies, Mismatch and Implications for Within
Versus Between Group Inequality

The premise that an increase in heterogeneity will lead to more mismatch has played an
importantrole in the analysis so far and was derived for the special case of random matching.
However, it is quite clear that for many situations random matching is not an appropriate
assumption. For instance, skilled workers often do not look for unskilled jobs nor do firms
post vacancies that are open to all skill categories. Of equal importance is that so far a
change in the skill composition affected the investment of firms but not the diversity of jobs
that were offered, and this is again unrealistic. This section will analyze these issues. An
interesting new prediction will also follow from the analysis: as higher inequality leads to
more types of jobs becoming available, the between and within group measures of inequality
will covary as in the data.

| start by defining the polar extreme to the random matching technology: efficient match-
ing. If the matching technology of the economy is efficient, then the highest skilled worker
is allocated to the firm with the highest amount of physical capital, the second most skilled
is allocated to the second highest, and so on. If there is a separation, then the same rule
applies within the set of separated workers. This is clearly the same allocation that the
Walrasian auctioneer chose in the equilibrium of section II. More formally,
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Definition: Let us define for every worker 2w (j) = fsesN:hs>hj ds and similarly for

each firmi,Qe() = fse&:ks>kl ds where § and Sy are the sets of firms and workers who
are looking for a match. ThefRr (i) and Qw(j) are respectively the ranks of firm i and
worker j in the set of firms, and in the set of workers looking for a match. Let us also again
use the notatiorii, j) € P ifi and j will be matched together. The matching technology is
efficientiff(i, j) e P &

either (i) Qw(j) = Q)

or (i) if Qu(j) < Qel) = Vi*: Qeli*) < Qe ) and(i*, j*) € P, thenQw(j*) <
Qw(j).

or (iii) if Qw(j) < Qr@) = Vj* Qw(j*) < Qw(j)and(i*, j*) € P,thenQe(i*) <
Qe ().

Note that (ii) and (iii) take care of the case in which there are atoms in the distribution of
human or physical capital.

The matching technology | will use is a hybrid between the efficient and random tech-
nologies. In particular, | assume thateandomproportion(1 — q) of firms and workers are
chosen to match randomly among themselves, and the remaijoiithe firms and workers
are matched efficiently. As a motivation consider the case where a worker looks at all firms
before deciding which one to apply to. However, there is only a probakjlibat he will
correctly assess the firm’s type, and otherwise, with probalgility q) he will be in effect
applying to a random firm.

The exact timing of events is as follows: as before, fitggh) is determined from the
bequest decisions of the previous generation. Then firms choose their physical capital which
determines?; (k). Subsequently, a proportiapof firms and workers are randomly drawn
for efficient matching, and match efficiently among themselves, and the remaining firms
and workers match randomly. Finally, wages are determined. To simplify the analysis in
this section, | assumg= 0, thus workers receive a proportigrof the output they produce.

For the analysis it is also important that, since there is a continuum of workers, the sub-
samples selected for random and efficient matching are identical to the overall distributions.
Further, | use the notatiogk’, h’) € P, to denoteh’ andk’ matching together at time if
they were both chosen to matefficiently Then

Lemma 2: Forallq > 0,V h") € P, F(h") = P.(k).
Proof. See Appendix.

This lemma states that if a firm and a worker will work together when selected for efficient
matching, then they must haegactlythe same rank in their respective distributions, i.e.,
in terms of the definition in the above paragraph, the equilibrium will always be in case (i).
Itis not surprising that given efficient matching and complementarities between human and
physical capital, a high-skill worker and low-physical-capital firm will not match together.
However, the result of the lemmais considerably stronger than this: itrules outthe possibility
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of clusteringby firms; for instance, the possibility that two firms choose the same level of
physical capital and one matches with a high skill worker, and the other with a less skilled
one is ruled out. Why?

Suppose two firms of the same capital ldvekpect to match with two workers of different
levels of human capital in the case when they are both selected for efficient matching. Since
g > 0, there is a positive probability that both firms will be selected for efficient matching,
and therefore, either one can increase its ex ante profits by increasing its investment by a
small amount (t& + €), and ensure that it will match with the higher human capital worker
in case it is selected for efficient matching. Forcgalk 0, we can findk small enough that
this is profitable, hence the result of no clustering. Moreover, the subsamples of firms and
workers selected for efficient matching are identical to the initial distributigrend P,
therefore these distributions must have the same form as each other (thatisst be a
one-to-one transformation &), thus we know a lot about the equilibrium distributions.

Now the profits of a firm with physical capitklare given by

k) = (1— - p)Ak- / v dR(v)
+q(1—B)AKY*h* — Rk st (k,h)eP (18)

The first term is the expected revenue when the firm is selected for random matching, and
the second is the revenue that the firm will obtain when it matches efficiently. It is clear
that all firms have to make the same level of profits. Thtgk) = = for all levels of
investmenk that are chosen in equilibrium.

Next the first-order condition for a typical firm can be written as

Ql-a0)@—-g@l-pAK” / vidRW) + (1 —a)ql— B)Ak *h*

dh
— Rt aq(l— fAKh* Ll =0, (19)
where the last term captures the fact that when the firm increases its investment, with
probabilityq, itis also improving the human capital of the worker it will match with. Using

equation 19, it can be established that

Lemma 3: For g = 1, the physical to human capital ratig(k), for workers matching
efficiently is constant. For all < 1, this ratio, . (k), is decreasing in k.

Proof. See Appendix.

This is a very strong result. It demonstrates thatgoe 1, as well as for the workers
matching randomly, there will be wage compression across skill groups among those al-
located to efficient matching. Let us first understand the result of the constant human to
physical capital ratio with full efficient matching) = 1). In this case the economy is very
close to the Walrasian allocation with the only difference that, due to ex post bargaining,
firms underinvest. In fact, a firm knows that it can match with the highest skill worker if it
chooses a high enough level of physical capital. It will only be happy not to do so when
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it is making the same level of profits from another worker, and this requires that all firms
have the same human to physical capital ratio. Now consjderl, and supposg (k) is
constant so that all firms matching efficiently have the same human to physical capital ratio.
Recall that in this case, each firm can also be selected for random matching, and a firm with
a high level of physical capital will lose more from being randomly allocated—recall the
strict concavity of the profit function in the random matching case as in equation 8. Thus
to be compensated, such a firm, when matching efficiently, should make higher profits, that
is, it should work with a higher human to physical capital ratio.

Next, given mismatch established in Lemma 3, the next two results can be proved:

Lemma4: Forallqg < 1, amean-preserving spread of(B reduces investment and output.

Proposition 5: Suppose; = 0. Consider an initial human capital distributiongland a
corresponding distribution of relative wealthoG

(i) Suppose ¢= 1, thenvGy, G; = G for all t, thus inequality self-replicates and the
growth rate g = g, for all t.

(i) VO < g < 1andV Gy, G; — G Where G, exhibits full equality. The growth rate
of the economy,.gis always less than’gand monotonically converges to it.

Proof. See Appendix.

In this economy with hybrid matching technology the key results of the Section 3 hold; in
particular, as long ag < 1, the high skilled workeralwaysproduce with lower physical
to human capital ratio than low skilled workéfsFurthermore, the degree of efficiency
of the matching technology is another measure of labor market efficiency, and a igher
(more efficient matching technology) makes inequality more long-lasting. Therefore this
result complements the one obtained in Section 3.4 that more efficient labor markets are
more likely to lead to higher wage inequality.

5.1. Between Versus Within Group Inequality

Finally, some new implications regarding the interaction of between group and within
group inequality can also be drawn from the analysis of this section. Let me first define the
expected wage of a worker with human capitaht timet by W (h;). This wage depends

on the equilibrium choices of firms. In particular, denote the equilibrium distribution of
firms by P (k) again, and considég be such thath!, ki) € P;. Then

Wi(h) = (1— q)BAH)" f K- d R (k) + gB A (k). (20)

And clearly forh; < hy, Wi (hy) — Wi (hy) > 0. If these two skill groups are observable,
this difference is what will be measured in data as the “skill” premium or as the between
group wage inequality.
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Within group wage inequality is also present in this economy; the wage distribution
for workers who have human capitaj has a mass aof at 8A(h1)%(ky)*® and the rest
of its mass is distributed g8A(h;)*k~® wherek has distributionP; (k). Now, take a
mean-preserving spread Bf. This will mean that there is more inequality and in fact the
gap between the less and the more skilled is larger, hencelmbieen groufnequality.

But whenF; undergoes a mean-preserving spread, then from LemrRadlso becomes

more spread (though its mean falls too), and\liin group wage inequality increases.
Intuitively, higher between group inequality leads to a more diverse distribution of jobs.
Yet, sometimes (with probability £ q) two identical workers end up randomly allocated

to these jobs, and hence, more diversity in these jobs implies a larger wage gap between
these two identical workers.

Finally, although it is often the case, between and within group inequality do not always
move together. For instance, in the late 1970s, the United States experienced an increase in
within group inequality but not in between group wage inequality (see Juhn et al., 1993).
Such a pattern can be explainedqgifis changing, which will be a consequence of the
changing organization of firms and labor markets. From (20), an incregseilhincrease
the wages of thé, (high skill) group more than that for the (low skill) group, leading
to an increase in between group inequality. It will also increase the proportion of firms and
workers matching efficiently; thus, it will generally lead to a compression in within group
inequality.

6. Concluding Comments

This paper has presented a general equilibrium model with endogenous job and skill dis-
tribution. The model provides a simple framework with which to analyze the interaction
between labor markets and the evolution of income and wage inequality. This investigation
has revealed that labor market frictions introduce two new redistributive forces. The first
one, which | dubbed mismatch, redistributes from rich to poor workers while the second,
the opportunity cost effect, redistributes from the poor to the rich. Moreover, the second
effect becomes stronger when there is more inequality, and this led to the conclusion that
the dynamics of income and wage inequality are nonergodic: inequality is decreasing at
low levels but can increase starting from high initial levels of inequality.

This framework has also enabled some simple comparative statics. Most important, wage
inequality is more likely to increase in economies with more efficient labor markets, and
within and between group inequality should move together. Both of these predictions are
consistent with the broad patterns of inequality dynamics in the data.

This paper is a first attempt at a framework for the theoretical analysis of wage inequality
and labor market organization. As such, it leaves many issues unresolved. First, | have
restricted attention to parameter values for which there are neither separations nor disagree-
ments along the equilibrium path. Therefore, this model is not well-suited to analyze issues
of unemployment and inequality, which are interesting and important. Introducing separa-
tions makes the model technically much more complicated (see for instance the models of
search with ex ante heterogeneity of Sattinger, 1995, or Shimer and Smith, 1996), but this is
an important extension to consider (see Acemoglu, 1996b). Second, itis natural to question



84 ACEMOGLU

whether segmentation in the labor market is likely to arise as a way of limiting mismatch
(and whether this type of model will predict endogenous segmentation in the labor market).
Finally, this model poses a number of new empirical questions; can we find a good measure
of mismatch? Is mismatch higher in labor markets with more inequality? Is performance
in labor markets with higher inequality worse?

Appendix: Proofs of Lemmas and Propositions
Proof of Proposition 1

(i) Take the equilibrium with the physical to human capital ratio as in Proposition 1 and
suppose all workers are paid their marginal product as in (6). Then a firm with capital level
k makes profits equal to

7(k) = AkKY*h* — Rk— w(h)h

- ! R_Rk- % Rk (A1)

1-« 11—«

=0

irrespective of the value &f. Thus at the allocation where all firms are allocated according
to the Walrasian rule (see the definition in section V.1) i is constant, all firms make
zero profit. Given the value df, each firm would also exactly choose this level of capital
ratio since

1
I

7' (k) = 0 atk = (@) h. (A2)

Thus no firm wants to deviate and change its capital stock, and the allocation is an equi-
librium. At no other capital stock , a firm would be maximizing profit, thus there is no
equilibrium in which firms are at a different capital ratio.

(ii) Given a constant physical to human capital ratio, we can write the wage of worker
with human capitah; ; as

1—a)A\
w(hj) =aA <T) hj.t. (A3)
Thus from (3) in the text,
1-«
A—-—a)A\ «
hj,t+1 = (SOtA (T) hj.Iv (A4)

forall j. Next,6; = % and since all transitions are linefi,1 = s« A(%*)l%“ﬁt and
t
hencep 111 = 6.
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(iif) From the above equations, the human capital of all agents grows at the rate

o° = s (%A)T —1, (A5)

and given that the capital ratio is constant all the time, this is the rate at which firm level
capital stocks grow too, hence also the output growth rate. |

Proof of Proposition 2

(i) Consider Figure 1 in the text; stationary points (distributions) correspond to the inter-
section ofgy1(¢) with the 45 line andg,1(¢¢ = 1) = 1, thus full equality is always a
stationary point.

Now from (11) in the text,

bran =0 =~ LI (A6)
This is negative for al > 0 and equal to zero foy = 0.
I _ [ag* ™ + (1-B)A-M)nagf "] x [1-=A=B)rng{ + (1—p)An]
o [1-(1-B)Angt + (1-B)An]?
A= Binagt™] x (97 + A= P —indi — A=pd=i] 0

[1— @ —Brngf + (11— p)an)?

This derivative in (A7) always exists and is positive, and whea 0, (11) starts as negative
in Figure 1 and never falls below the 4bne. Thus the system is globally stable. The
growth rate at the limit is obtained straightforwardly from (9) and (4)fet O.

(i) Next for all » > O, the curve in Figure 1 starts negativegat= 0 and thus if it is
going to approack = 1 from above, it must cut the 4%ine at least once beforg = 1.
Evaluating (A7) aip; = 1, we get (12). This implies that far[1 + (1 — B)n] < 1, the
function in Figure 1 cuts the 48ine at¢; = 1 from above (with a slope of less than 1).
Differentiation shows that eitheg?, ,/0¢? < 0 or d¢Z,,/3¢? > O but thend3p,1/9p?
is unambiguously positive [full details available upon request]. Therefore, the function in
Figure 1 cannot turn from convex to concave and hence, the shape of the function can only
be as in Figure 1.

As a result, the curve must cut the*4lme once at some point A. let us call the horizontal
coordinate of Ag(1). ThenV¢; € (¢ (), 1), d[dts1, 1] < d[¢, 1] whered]., .] is the
Euclidean distance between two points. Thus, all points to the right of A are in the basin of
attraction of full equality; or in other wordgy € (¢ (), 1), ¢ — P = 1. And again the
growth rate at the limit is given by (9) and (4); and before this limit is reached, inspection
of (9) shows that investment is less, thus growth is lower.

Similarly, Vo € (dmin, @ (7)) wheregmin will be defined belowd[¢.1, 1] > d[¢:, 1]
and thus for allpg to the left of A, we diverge from full equality. The dynamics for both
groups are defined by continuous functions, &nd forms a monotonic sequence and is
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defined between 0 and 1, thus over a closed and bounded set. This impligs tmaust
have a convergent subsequence, therefore, we must converge to a certain poirty Since
is bounded below bynin, this sequencép;} can only tend to zero, ifi;; goes to infinity.
Thus we need to check whether growthnin can be sustained with a proportigh— 1) of

the agents accumulating and the rest at the lower baogd In this case the law of motion

of hy; would be given by

hoti1 = Swa = k™ — B(1 — BInk{“[Ah%;, + (1 — A)hg]
+ (1— B)BnAK g, (A8)

I will show thath,; growing without a bound (at a constant rate) is not possible by con-
tradiction: hy can grow only ifk; is linear inh,;. So let us suppose thit is linear in
hzt. This would imply from (A8) thahy 11 = Bhyt + Ch5, whereB andC are suitably
defined constants. But this implies that constant growth is not possible fand there
exists a unique level df, such thah, 1 = hy = h,. Similarly, if k; were an everywhere
concave function oh,;, the same conclusion would apply a fortiori. From (@)is im-
mediately seen to be a concave functiorhgf and therefore, there is a unique levelhgf
such thathy = hi+1 = hy and thus the human capital of the rich class cannot grow for
ever when the poor hit their lower bourt@y,in. Then,¢min = hmin/ h2 is a stationary point.
By definition there can be no other stationary point whenr< ¢ (n). Thus, the economy
starting with a level of inequality more thar(n) exhibits no long-run growth. This proves
part (ii).

(iii) Finally, | turn to the alternative configuration with1 + (1 — 8)n] > 1. In this case,
full equality is not a stable ergodic set. If the function never intersects thénbsbefore
¢ = 1, the unique ergodic set is maximum inequality which correspondé te 1 and
the economy has a unique stable limiting distribution that is the one described above in (ii).
Alternatively, if the curve intersects the 4ine, it must do so twice, thug* < 1 and then
there are two locally stable ergodic sets; (a) maximum inequality without any growth and
(b) another locally stable ergodic set with a certain degree of inequality but also positive
growth but at a rate less thag,. This proves case (iii). m|

Proof of Proposition 3

A) n =0, then
ijt_t,_l = ,BQJat fOf hj,t >> hmin. (Ag)

Thusé;; > 1 implies tha®; ;11 < 6, and foré;; < 1, 6;11 > 6+, hence convergence to
full equality.
B) (i) 6;: = 1,Vj impliestha®, ;11 = 1V]j. Therefore, full equality is a stationary point.
(i) 6, = 1, implies thaw; ;1 = 1 irrespective of the distribution. Thus, the group at
the median stays there. Take a proportion of the populatioio be athp,i, and suppose a
proportioniy is above the median &b. This will be a stationary distribution iff

ho = B[1+ A —p)nlh; — BA - B)n[Anhs + (1 — Ay — AL) + Achi]
hmin > B[1+ (1 — B)nlhiin — BA— B)n[Anhs + (1 — Ay — A +ALhg ]l (A10)
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Thus any vecto(i , Ay, hy) that satisfies (A10) will constitute a stationary distribution
and given these two equations such vectors always exist.

(iii) This follows from the inspection of equation (17) and Figure 2. (17) can have at most
one intersection with the 45boved = 1, hence at most one group above the median.
Also it cannot have any intersections beléw= 1, thus no group below the median other
than one ahy,,. Finally, we can have a third group at the median.

(iv) Take6; < 1. For convergence we neéd i > 6;. This implies

BIL+ (L — Bnlo — B(L— B)n [6°dG(6)
BIL+ (L~ Bn] — B(L— P)n [ 6=dGy(6)

or, equivalently,

> @, (A11)

O =B[L+ A - BnlEF — o) — BAL—BHn(L—6) / 0*dG(9) > 0. (A12)
Similarly, for 6; > 1, convergence requirés,; < 6;, thus
O = BIL+ (1 — Bnl(@ — 0%) + B(L— n(d — 1) / 64dGy(6) > 0. (AL3)

For local stability, the relevant conditions can be written as

O B =1Vi £ j.60 > 1) >0

OO =1Vi £ j.6) > 17 <0. (A14)
The;e in turn are equivalent f@% <0 and%ﬁfzb > 0. Thus, local stability
requires
%&It:b=ﬁ(01—1)+/3(1—/3)17(Ot—1)+ﬂ(1—ﬂ)77<0, (A15)
and
%&IIZD=/3(1—04)+,3(1—ﬁ)n(1—06)+ﬂ(1—ﬂ)77>0- (A16)

(A15) and (A16) are equivalent to each other and in turn to our condition for the stability
of full equality in the textx + a(1 — B)n < 1.

(v) The diagrammatic representation of the solution to (A10) corresponds to Figure 2b
(an intersection above the median is necessary), hence the local stability. m|

Proof of Lemma 1

From (A12), we obtain

00
o = AL+ (L= pnlasr = 1)+ BB / 6°dGy(0). (AL7)
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This expression is unambiguously negativé,if< «™=. That is if relative inequality is
sufficiently large, it is most difficult to close the gap between the poorest agents and the
mean level of income (and skills). This expression is also increasing in the integral term,
thus its zerog, is decreasing in the amount of inequality. |

Proof of Proposition 4

(i) From the text, we can see the conditions for a cycle to be
BI1+(1—B)n](65)—BA—P)n[A" (05)*+(A1—-2r-—r")+2H (65)]

oH — Al8
! BIL+1—B)n]—BA—BIn[At OF)*+(1—AL—aH)+aH (05)e] (A18)
L BIHA-BNl0H) —BA—P)n[At O +(1A—at—2M)+aH 0F)]
0 = T T (A19)
BIL+1—B)n]—B(L—B)n[AL (Of ) +(1—AL—aH)+AH (05)e]
i _ BLHA=PlO)—BA-P)nlrt O)*+(A-2" -2 +A" (0')] (A20)
2 BIL+(L—B)n]—B(L—B)n[rL O )2 +(L—rL—AH)+aH (1)
_ Lya _ Ll _3L_1H H/pH\«
o — BIL+(1—B)nl (05 —B(A—PIn[At O ¥ +(L—-at—aH)+aH (01)9] (A21)

BI1+1—B)n]—BA—B)n[AL (O )*+(A—AL =) +AH (0]

Thus the problem of finding a cycle is to find a vectat, A, 61, 01, 65, 63) to satisfy
these four equations, (A18)—(A21) while alzb < 1/2 andAM < 1/2. Pick a vector
(AL, AH), then for all values ofr, 8, n, (A18)—(A21) are continuous and map from the
bounded, closed, convex set [Q° into itself. Thus by Brouwer’s fixed-point theorem such
a vector will always exist. Thus a two-cycle always exists. Since we can choose different
values of(A", AH) in an open set, the claim is established.

(i) This part of the proposition follows part (i) with six equations and three inequalities
in nine unknowns. The details are omitted. |

Proof of Lemma 2

First suppose-(.) has no atoms. | will first show that in this caggk) cannot have
any atoms either. Then, by definition of the efficient matching technology, the highest
human capital will match with the highest physical capital and so on and thus, by definition,
F(h) = P(k) ¥(h,k) € P.

I will now show thatP (k) has no atoms by contradiction. Suppdg) has an atom at
k', then3 a set of firmss (k') such that all € o (k') have the same capital level. Sin€é¢.)
has no atoms, with positive probabiligy firms ino (k') will match with workers of human
capital levelsh; andh, whereh, > h;. But, this cannot be an equilibrium because one of
the firms ino (k') could increase its capital byand make sure that it medts whenever
it is selected for efficient matching. For gll> 0, we can find a small enoughsuch that
this strategy is profitable.

Now suppose thaE (.) has an atom at’ and denote the measure of this byh’). To
show thatF (h) = P(k) V(h, k) € P, it is sufficient to prove that (i) ifh’, k') € P and
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(h',K") € P, thenk’ = k”; and (ii) if (h',k’) € P and(h”,k’) € P, thenh’ = h". [PS:
in other words,P(.) must have an atom of exactly the same size€ athich is the level of
physical capital that matches with when matching efficiently].

(i) Supposedk”, such that(h’, k”) € P. but given the human capital ht, the profits
7 (K) is concave, thus eithéf or k” is not profit maximizing. Hence a contradiction.

(i) Supposd&li € o (k') suchthath, k') € P for h different fromh’. If h > h’ then some
of i € o (k') would increase its investment leyand match witth with probabilityq. If
h < h’, theni would increase its investment byand match withh’. Hence a contradiction.

a

Proof of Lemma 3

(i) Take two workers with different human capital levéls < h, and denote the capital
stocks that these two workers will work respectively withdpy< k, and the corresponding
physical to human capital ratios I andu,. From the fact that both firms will make the
same profit level, we can write

kil(1 - B)Aui® — RI = ke[(1 — B) Auz® — R]. (A22)

Sincek; > kj, as long as both firms are making positive profits,< w2, thus the physical
to human capital ratio is decreasing. And if the profits are equal to gere; u», i.e. all
firms have constant human to physical capital ratios (this can also be checked directly from
(19)).

Now re-write (19) by noting thatk/dh < w(Kk), i.e. a unitincrease in capital will increase
human capital by more than the current human to physical capital ratio [this is by definition
of the human to physical capital ratio being increasing from (A22)]. Hence,

AL—a)1—-BAwK) ™ +ald— B ALK uk " <R (A23)

But this implies that the firm is making negative profits. Thus all firms must be making
zero-profits and. (k) is constant. Sincg (k) is constant and independent of the distribution
of human capital, the rate of return on physical capital and total output are independent of
heterogeneity.

(ii) Take a range of values d&f and evaluate (19) in the text and let us call thik, h).
Takek; andk, > k; andh; < hy such that(thy, k;) € P and (hy, k) € P. Then, by
definition T (hy, ky) = T(hy, ko) = 0. T(.,.) has three terms (not countirig which is
constant): the first term is decreasingiand does not depend b this therefore implies
that the sum of the other terms have to be highekfdhan fork;. This implies that either
w(K), the physical to human capital ratio, has to be decreasifkgoindh/dk have to be
increasing irk. But for k; andk; sufficiently close to each other(k) is decreasing if and
only if dh/dk is increasing (since by Lemmadh/dk is continuous) and therefoye(k)
has to be decreasing. O
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Proof of Lemma 4

This follows from equation 19. a

Proof of Proposition 5

(i) g = 1: since human capital ratios are constant from Lemma 2, wages are linear in human
capital, thus inequality self-replicates as in Proposition 1.

(i) From Lemma 3, wages are a concave function of human capital, thus the argument of
Proposition 3 for the case af= 0 applies. O
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Notes

1. An alternative approach is to explain the cross-country patterns as the result of different technology shocks for
different countries rather than different institutional structures. This approach is however not very satisfactory
since OECD countries are likely to be affected by the same shocks. Indeed Card et al. (1995) find that the
measures of skilled biased technological change to be identical for the United States, Canada, and France.
They also find that despite the much higher relative wages for unskilled workers, the increase in unskilled
employment has not been any slower in France (and Canada) than in the United States, which is not easily
reconciled with the most popular account of the increase in inequality, the skill-biased technological view.

2. Appendix B in Acemoglu (1995) demonstrated the robustness of the results to a general transmission rule of
the formhy;1 = ¥ (wt, hy). Note also that if (1) were changed such that parents cared about their offspring’s
human capital rather than the education expenditure, (4) would still apply as the law of motion of human
capital and the dynamics would not change at all, but the decision rules in (3) would be nonlinear.

3. Analternative is to have a linear household technology with a rate of rBtufhen a simple condition, namely
[(1—a)A/R]Y2as < y, ensures that the economy always invests some funds in this linear technology and thus
fixes the cost of capital &. In the absence of a linear technology and other investment opportunities, all the
results would hold except those regarding the growth rates. This is of course natural; growth in this economy
is driven by the total amount of investment and in the absence of an alternative investment opportunity, all that
is saved will be invested, and moreover, with logarithmic preferences, savings are independent of the rate of
return—i.e. (4)—hence the economy would achieve the same growth rate irrespective of the rate of return on
capital.

4. If the poorest agent had less thann, then in the first period there would be a contraction in inequality and
inequality would self-replicate forever from then on.

5. Appendix C in Acemoglu (1995) shows that all results here are unchanged if parties can change as many
partners as they like, i.e., infinite sampling. The analysis here is limited to one round of separation to simplify
the expressions and the discussion in the text. The advantage of having infinite sampling is)that s
the economy would converge to the perfectly competitive case analyzed in the last section (e.g., Gale, 1987)
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and this shows that the only difference between the economy of Section 2 and the one analyzed here is labor
market frictions.

6. This is trivially true whem = 0. The expression faof* is derived in Appendix C of Acemoglu (1995).

7. See Appendix C of Acemoglu (1995) for a derivation of this bargaining rule from first principles. Note that
given the preferences as in equation 1, workers are risk-neutral, which is key to this simple form of rent-sharing.

8. | will not compare the results to a constrained efficient allocation because this allocation would crucially
depend on the discount factor used by the social planner. But it can be shown that when matching is random,
andn > n*, the planner would also choose the same level of physical capital for all firms (but this level of
capital would be higher), and then she will redistribute output to regulate the evolution of the skill distribution.

9. Note that when the poor Hitnin, the curve no longer applies and the system convergggite—see proof of
Proposition 2 the Appendix.

10. A different way of expressing the same intuition is that the firm has the same outside option when bargaining
against the skilled and unskilled workers but this outside option is |laejgive to the value of the matéh
the case of a match with an skilled worker.

11. The limiting case of fully efficient technology,= 1, is obviously unrealistic as it relies on an invisible hand
arranging the right matches.
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