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DiNardo, Fortin and Lemieux, 1996 
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Estimating the Effects of Unions, Job 
Tasks, and Labor Market 

Composition on the Changing 
Wage Distribution 

Firpo,	  For9n	  and	  Lemieux	  2011	  (working	  paper)	  
Firpo,	  Forin	  and	  Lemieux	  2009	  (Econometrica)	  



‘Check Function’ for 25th Percentile 
!
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4 Wage density decomposition: A quantile regression approach

We’ll now consider an approach to wage density decomposition based on quantile regressions. This

approach was proposed by Machado and Mata (Journal of Applied Econometrics, 2005) and slightly

extended by Autor, Katz and Kearney (2005b).

4.1 Quantile regression basics

Let Q✓ (w|X) for ✓ 2 (0, 1) denote the ✓th quantile of the distribution of the log wage given the

vector of covariates. We model these conditional quantiles as

Q✓ (w|X) = X 0� (✓) , (21)

where X is a k⇥1 vector of covariates and � (✓) is a conformable vector of quantile regression (QR)

coe�cients. For given ✓ 2 (0, 1) , � (✓) can be estimated by minimizing in �,

n�1
nX

1=1

⇢✓
�
wi �X 0

i�
�

(22)

with

⇢✓ (µ) =

(
✓µ for µ � 0

(✓ � 1)µ for µ < 0
. (23)

The latter expression is referred to as the “check function” because the weight applied to µ will be

shaped like a ’check’ with the inflection point at wi �X 0
i� = 0.

Check Function for ✓ = 0.25!

0! U+!U%!

This expression often looks mysterious at first, but it is simple to demonstrate to yourself that

it works. For example, consider the sequence [0, 11, 23, 27, 40, 50, 60]. What’s the median? By

inspection, it’s 27. Now, plug in above. Note that there are no X 0s here, we are just estimating the
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Local CDF Inversion as in FFL 
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Wage Density Changes for Males 1977- 2009 

Firpo, Fortin and Lemieux 2011 



Occupational Wage Changes 1989-2001: Plotted Lines Correspond to 
Level (x-axis) and Change (y-axis) of 10th and 90th Quantile 
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Effects of Δ Prices and Δ Quantities on Δ Wage Structure:  
1989 - 2001 
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Decomposition of Estimated Quantity Effects: 1989 - 2001 
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Decomposition of Estimated Price Effects: 1989 - 2001 

Firpo, Fortin and Lemieux 2011 



Effects of Δ Prices and Δ Quantities on Δ Wage Structure: 1977 - 
1989 
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Effects of Δ Prices and Δ Quantities on Δ Wage Structure:  
1989 - 2001 
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Effects of Δ Prices and Δ Quantities on Δ Wage Structure: 
2003 – 2009 
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Regression of Δ Slopes and Δ Intercepts on Task Measures 
Firpo, Fortin and Lem
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Regression of Δ Slopes and Δ Intercepts on Task Measures 
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