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Abstract

We consider the fixed points of nonlinear operators that naturally arise in
games and general equilibrium models with endogenous networks, dynamic sto-
chastic games, in models of opinion dynamics with stubborn agents, and financial
networks. We study limit cases that correspond to high coordination motives,
infinite patience, vanishing stubbornness and small exposure to the real sector
in the applications above. Under monotonicity and continuity assumptions, we
provide explicit expressions for the limit fixed points. We show that, under differ-
entiability, the limit fixed point is linear in the initial conditions and characterized
by the Jacobian of the operator at any constant vector with an explicit and lin-
ear rate of convergence. Without differentiability, but under additional concavity
properties, the multiplicity of Jacobians is resolved by a representation of the
limit fixed point as a maxmin functional evaluated at the initial conditions. In
our applications, we use these results to characterize the limit equilibrium ac-
tions, prices, and endogenous networks, show the existence and give the formula
of the asymptotic value in a class of zero-sum stochastic games with a continuum
of actions, compute a nonlinear version of the eigenvector centrality of agents
in networks, and the characterize the equilibrium loss evaluations in financial

networks.
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1 Introduction

Nonlinear fixed-point equations are ubiquitous in economic models including the ones
that characterize general equilibrium prices, Nash equilibria, continuation values in
dynamic games (Shapley equation), steady states under social learning, recursive pref-
erences, and equilibrium loss evaluations in financial networks. Often, these fixed points
are indexed by a key economic parameter § € (0,1) capturing, for example, strength
of coordination motives, patience, and stubbornness, with the comparative statics for
[ close to 1 playing a prominent role. The problem of solving for these nonlinear fixed
points has been tackled with different tools across these applications without a unifying
approach.

In this paper, we first highlight a few key mathematical properties shared by all
these classes of nonlinear fixed-point equations: monotonicity, translation invariance,
and normalization. These properties generalize the ones of linear averaging operators for
which the structure of corresponding fixed-point equations is well known. In fact, for the
linear case it is in general possible to derive a closed-form expression for the fixed point
at each 8 and in particular for the limit as 3 goes to 1, yielding a rate of convergence
as well. These expressions are often interpreted as (Bonacich or eigenvector) centrality
measures of agents within the context of, for example, models of production networks
(e.g., Long and Plosser [33]) or coordination games (e.g., Ballester et al. [6]) and social
learning on networks (Golub and Jackson [25]).

However, in all the aforementioned applications nonlinearities naturally arise due
to economic forces. For example, in production network models both relaxing the
assumption of Cobb-Douglas production functions (e.g., Baqaee and Farhi [8]) and/or
allowing for endogenous networks (e.g., Acemoglu and Azar [1] and Kopytov et al.
[32]) generate nonlinearities in the equation describing equilibrium prices. Similarly,
in coordination games on networks when we relax the assumption of quadratic payoffs
and/or allow for endogenous link formation (e.g., Sadler and Golub [38]) the resulting
Nash equilibria are characterized by nonlinear fixed points.

In models of non Bayesian social learning, as soon as we move from the simple De-
Groot heuristic to the class of richer models proposed by Cerreia-Vioglio et al. [12],
nonlinearities in aggregation arises. Similarly, regulation requires banks not to evaluate
loss at (the linear) expected value, but using robust scenario-conditional loss assess-
ments, as the one considered in Adrian and Brunnermeier [3].

Moreover, in some other applications such as stochastic games and recursive pref-
erences the maximization defining the value functions already induces nonlinearities
(e.g., Sorin [42]). Yet, in all these cases our three properties are still satisfied. Thus,
we exploit this common structure to derive properties of the nonlinear fixed point the

most important of which is a closed-form expression for the limit as § approaches 1.



These expressions admit a natural interpretation as nonlinear versions of the (linear)
centrality measures above. Along the way, we derive additional results extending the

conclusions obtained for the linear case.

Formally, in this paper we consider an operator T : R¥ — R* where R* is endowed
with the supnorm || ||.. Let e be the vector whose components are all 1. We assume
that:

1. T is normalized, that is, T (he) = he for all h € R;
2. T is monotone, that is, x > y implies T (z) > T (y) for all z,y € R¥;

3. T is translation invariant, that is, T (z + he) = T (x) + he for all x € R* and for
all h € R.

As we already pointed out, these three properties are often satisfied in applications
in Economics and Computer Science where T is seen as either a best-response map, or
a value function, or an opinion aggregator, or a robust risk measure. Clearly, for these
maps the set of fixed points/equilibria of 7', denoted by E (T'), contains all the constant
vectors, denoted by D, that is, D C E (T).

In these applications, the interest is in the following fixed points equations (with
variable y). Given x € R¥ and 8 € (0,1),

T((1=p)z+Py) =y (1)

and
(1-8)x+pT(y) =y (2)

it is routine to show that the two equations have each a unique solution (cf. Lemma 1).
We denote such solutions by xs and 7, respectively, to highlight their dependence on x
and /3. The goal of this paper is to provide conditions that guarantee that limg_,; 5 and
limg_,; Zp exist, characterize their value, and also comment on the rate of convergence.
We prove and state our results for x5, the solution of equation (1), but we also show
that the results immediately extend to s (cf. Remark 1).

We next introduce the linear case which is well known. This will provide a useful

benchmark to which we can compare our contributions.

Example 1 We begin by observing that further assuming 7' linear is equivalent to
impose that T (z) = Wz for all x € R* where W is a (row)-stochastic matrix. Given

r € R* and 8 € (0,1), let x5 be the (unique) vector satisfying:

T ((1 — 6) x + ﬁ(ﬂ@w) = xﬁ,W. (3)



By induction and passing to the limit, it is routine to show that

o0

raw =(1—p8)) Wtz  VzeR\LVBE(0,1). (4)
t=0

By the Hardy-Littlewood Theorem paired with the Mean Ergodic Theorem, this implies

limg_,; 2w exists and belongs to E (T').
Assume now that the unique fixed points of 7' are the constant vectors, that is,
D = E (T'). This is equivalent to assume that the matrix W has a unique left Perron-
Frobenius eigenvector vy, that is, v, /W = i and ~y is a probability vector. In
this case, we can conclude that limg_,; x5 is a constant vector whose value can be

computed by observing that
(wzsw) = (L=B) Y B (w  Wa) = (yw,z) Vo eRFEVBE(0,1).  (5)
t=0

We conclude by commenting on the rate of convergence of {zsw} 4 (0,1)- Fix again
r € R¥ and 8 € (0,1). Since vy is a probability vector, we have that minzgy <
(yw,zaw) < maxwzgw. Since (yw,zsw) = (yw,x), this implies that minzgy <
(yw,x) < maxagw and, in particular, ||zgw — (yw, ) el < maxzgw — minzgw.
In other words, bounding the rate of convergence of x3y, can be achieved by bounding

the range of zg . A
Thus, the main takeaways of the linear case are three:
1. limg_,; x4 exists;
2. If E(T) = D, then we have that

/lgin% z5 = {(yw,r)e Vo cRF

where vy is the unique left Perron-Frobenius eigenvector of the representing ma-
trix W;

3. In this case, the rate of convergence of =4 is controlled by the rate to which the

range of x3, Rg (z5), goes to 0.

Our contributions are to generalize these findings well beyond the linear case. We
here discuss an important example. To fix ideas, assume that T' is concave, rather than
linear. If £ (1) = D, we again have that limg_,; x5 exists (cf. Theorem 2). If £ (T') = D
and T is also differentiable around 0 with partial derivatives that are “nicely” bounded
away from 0 when nonnull, then

%iin?l r5=(y,7)e Vo eRF



where v is the unique left Perron-Frobenius eigenvector of the Jacobian of 7" at 0 (cf.
Corollary 1). Finally, if T has a Jacobian which is Lipschitz continuous, then the rate of
convergence of x is controlled by the rate to which Rg (z3) goes to 0 and Rg (z5) goes
to 0 at least linearly fast (cf. Theorems 4 and 5). In the paper, we go well beyond the
concave case, which we actually use to study more general functionals (cf. Propositions
1 and 1).

In the second part of the paper we provide economic applications for these results.
First, we consider two models of endogenous network formation applied to general equi-
librium in a production economy and a coordination game. In both cases, the parameter
[ captures the intrinsic coordination motives of the agents and, under the assumptions
of Cobb-Douglas production functions and quadratic costs of effort, the fixed-point
equations characterizing the equilibria are linear. However, when the agents are al-
lowed to choose their neighbors structure, either in a costly or constrained way, the
equilibria fixed-point equations become nonlinear (and in general nondifferentiable) yet
still satisfying all of our assumptions. With this, we completely characterize the limit
equilibrium as f — 1 with respect to (generally nonlinear) measures of centrality of the
agents. This allows us to extend some of the comparative statics on the equilibrium
from the linear case to the differentiable case and to obtain new ones for the nondiffer-
entiable case. Second, we study the classic issue of existence and characterization of the
asymptotic value for zero-sum stochastic games (cf. Sorin [42]). We observe that the
Shapley equation characterizing the value of the game for every level of the discount
factor is a particular case of our fixed point condition, thereby enabling us to use our
abstract results to provide a novel characterization of the asymptotic value in terms of
the value of a static zero-sum game. We then apply our results to an extension of the
dynamic opinion aggregation model in networks of Cerreia-Vioglio et al. [12] that allow
for vanishing stubbornness. Finally, we consider an equilibrium model of interconnected
financial institutions that evaluate their losses with respect to coherent risk measures.
In this case, the limit § — 1 captures the idea of increasing financial interconnectedness
and our results imply that the robustness concerns of the banks vanish in this limit,

exposing all of them to possible model misspecification and large unforeseen losses.

2 Convergence and limit characterization

In this section, we provide our main results on the existence and characterization of the
limit fixed point. Consider # € R*¥ and 3 € (0, 1), the next lemma-—a routine application
of the Banach contraction principle-shows that (1) admits a unique solution, denoted

by IB.



Lemma 1 Let T' be normalized, monotone, and translation invariant, § € (0,1), and

x € R*. There exists unique x5 € R* such that
T((1—=pB)x+ fzg) = xs.

Differentiability Our first result covers the case of continuously differentiable
operators. It is easy to see that, for every normalized, monotone, and translation
invariant operator T' that is differentiable at z € R*, the Jacobian of T at z is a
stochastic matrix, hence nonnegative. We say that a nonnegative matrix M € R’f’“
is regular if and only if it is nontrivial and its essential indices form a single essential
class.! The positive entries of M represent a directed graph over k nodes and, if this

graph is strongly connected, M is regular.

Theorem 1 Let T' be normalized, monotone, and translation invariant. If T is con-
tinuously differentiable in a neighborhood of 0 and the Jacobian of T at 0 is regular
then

}}irri xg = (y,x)e Vr € R

where 7y is the unique left Perron-Frobenius eigenvector of the Jacobian of T' at 0.

The left Perron-Frobenius eigenvector of a linear operator is often interpreted as a
centrality measures (cf. eigenvector centrality, Jackson [29]) for the nodes {1, ..., k}, an
interpretation justified by the considerations in Example 1. Theorem 1 extends this
interpretation to the (differentiable) nonlinear case and identifies the relevant matrix

for which the eigenvector centrality must be computed: the Jacobian of T" at 0.

Concavity We can dispense with the assumption of differentiability, if we impose
concavity. To this extent, we introduce some notation and terminology. We denote
by 0T : R¥ = R* the superdifferential correspondence.? Similarly to the differentiable
case, for every normalized, monotone, translation invariant, and concave operator T’
and z € R* 9T (2) is a set of stochastic matrices.

Let W be the set of £ x k stochastic matrices. Given W € W, we denote by

F(W):{'yEA:'yTW:'yT}

'Nontriviality means that M does not have a zero row. We report the standard definitions of

essential index and essential class in Appendix A.1.
2Given a function ¢ : R¥ — R and z € R¥, recall that a vector v is an element of dip (z), that is, a

superdifferential of ¢ at z if and only if (y,y — z) > ¢ (y) — ¢ (2) for all y € R¥. We denote by 97 (2)

the collection of all k x k matrices whose i-th row belongs to 9T (z).



the collection of all left W-invariant probability vectors. It is routine to show that I" (V)
is nonempty, convex, and compact. If W has a unique left Perron-Frobenius eigenvector
Yw, that is, W is regular, then I (W) = {yw}. Given a subset M C W, we denote by
I' (M) the set UyemI (W). In particular, if M is closed, then I' (M) is compact.

Theorem 2 Let T be normalized, monotone, and translation invariant. If T is concave
and E(T) = D, then

limzg = min (y,2)e Vo cRE
31 YET(8T(0))
Moreover, if all the elements of OT (0) are regular, then I' (T (0)) is the collection of

left Perron-Frobenius eigenvectors of the superdifferential of T' at 0.

Differently from the differentiable case, here the limit fixed point is not necessarily a
linear function of x. Still, the key objects to characterize its value remain the (collection
of) left Perron-Frobenius eigenvectors of the superdifferential of 7" at 0. Thus, the set
I' (0T (0)) can be interpreted as a collection of eigenvector centralities associated with
the nonlinear operator T'. Moroever, concavity of T implies that this multiplicity is
resolved by the minimum evaluation of x across all the eigenvector centralities.

The condition E (T') = D may seem hard to check, but the following sufficient

condition turns out to be useful in the applications.

Lemma 2 Let T be normalized, monotone, and translation invariant. If T is concave
and there exists W € 0T (0) such that W is strongly connected, then E (T') = D.

Concavity allows also to improve Theorem 1. In fact, we only need differentiability

at 0 without explicitly asking the derivative to be continuous near 0.

Corollary 1 Let T be normalized, monotone, and translation invariant. If T is con-
cave, differentiable at 0 and the Jacobian of T at 0 is regular then

}ginq xg = (y,x)e Vr € R

where v s the unique left Perron-Frobenius eigenvector of the Jacobian of T at 0.

Nice star-shaped operators In certain applications, the operator T is neither
continuously differentiable nor concave: for example, the Shapley operator in Zero-
sum stochastic games (cf. Section 4), which characterizes the value of the game, has a
maxmin structure. Yet, in these applications, the operator T is defined as the maximum

of a collection of concave operators, which is the case we analyze next.



Formally, consider a family of operators {9, } . 4 each of which satisfies the assump-

tions of Theorem 2. Define T : R¥ — R* by?
T (z) =sup S, ().
acA

It is immediate to show that 7' is normalized, monotone, and translation invariant. We
say that {Sa},c 4 is nice if and only if the previous sup is achieved for all x € R¥, that
is, for each z € R* there exists a, € A such that T' () = S,, (7).

Given x € R*, 3 € (0,1), and o € A, denote by zg, the unique point satisfying
So (1= B)x + Brsa) = Tp4. For each a € A, define ¢, : R*¥ — R by

@ = i y Vo € Rk
v (33') VEFI(%EE(O)) <"}/ SC> .

As shown by Theorem 2, ¢, (r)e = limg_; 25, for all z € R* and for all « € A. The
next result shows that when {S,} . 4 is nice, limg_,; 23, defined for the operator T,

exists and is given by the sup of the evaluations {¢q (2)},c 4-
Proposition 1 If {S.},c 4 is nice, then limg_1 x5 = sup,e4 Ya () €.

The importance of the above result is twofold. First, in some applications, a collec-
tion {S,},c, forms the primitives of the problem and the operator 7" is derived from
it (see, e.g., the Shapley operator in Section 4). Second, Proposition 1 will be useful in

proving a result about the rate of convergence (Proposition 6).

In the next sections, we consider several applications of the results above. We start
with an application to endogenous network formation in general equilibrium and coor-
dination games models. Here, the limit 5 — 1 captures the idea that the importance of
own idiosyncratic factors becomes negligible compared to that of the external inputs or
coordination with coplayers, respectively. We next move to zero-sum stochastic games,
where [ — 1 is interpreted as the limit for infinite patience of the players. Finally, we
consider an application to an equilibrium model of interconnected financial institutions
that use coherent risk measure to evaluate the riskiness of their positions. Here, the
limit 8 — 1 captures the idea that the institutions are highly interconnected and that
the financial sector dominates the underlying real one. Some of these applications will
feature the alternative fixed point equation (2). The next remark explains why our

results also apply to that case.*

3For a given collection of vectors {2ataeca € R*, we let sup,ec 4 2o € R denote the supremum with

respect to the coordinatewise order. Therefore,

T; (z) = sup Sq, () Ve e RF Vie {1,.. . k}.
acA

4In addition, some of the applications will feature convex rather concave operators. It is easy to

see that Theorem 2 holds as written, replacing concave with convex and min with max.

7



Remark 1 Let T be normalized, monotone, and translation invariant and consider
r € R* and 5 € (0,1). As we mentioned, many applications in Network Theory (e.g.,
Sections 3 and 5) feature the alternative fized point Tz of equation (2). This alternative
fized point can be directly computed once we have xg. In particular, we have that 1g =
(1 —B)x + Bxg. Moreover, if limg_, x5 exists, then limg_,; Tg exists and limg_,; x5 =

hmﬁﬂl f&g.

3 Application I: Endogenous networks

In this section, we consider general equilibria and coordination games on networks with
endogenous links. In both cases, when we fix a network structure, the induced equilib-
rium map is linear, a feature highly exploited in the literature of production networks
(e.g., Long and Plosser [33] and Acemoglu et al. [2]) and coordination games (e.g.,
Ballester et al. [6] and Golub and Morris [26]). However, the endogeneity of the net-
work structure introduces nonlinearities in the equilibrium map, thereby complicating
the equilibrium analysis. The nonlinear fixed point equation that we have studied in
Section 2 implicitly defines the equilibrium maps of both applications, allowing us to

characterize it for high-coordination motives among firms and players respectively.

3.1 Production networks

Following Acemoglu and Azar [1] and Kopytov et al. [32], we consider a static and fric-
tionless model of production network among cost-minimizing firms with Cobb-Douglas
production functions and endogenous networks. We completely characterize the equi-
librium prices and outputs as the relative importance of the firms’ idiosyncratic shocks
vanish.

Consider a finite set of firms {1, ..., k} each of which produces a potentially different
output. Firm ¢ can choose a set of weights w; € A specifying both the set of inputs from
the other firms that are used in production and how these inputs are to be combined.
Moreover, each firm uses an external input that is irreproducible by any other firm and
whose productivity and importance in the production function are fixed. This can be
either labor or another factor that is produced outside the economy we analyze.

Following [32], we fix a productivity shifter S; : A — [0, 1] that depends on the
technology w; selected. Given the level of inputs from the external factor and from
the firms in the economy @Q; = <Qi0, (Qij)§:1> € R*™ and technology w; € A, the
production function of firm 7 is

Fi (Qiywi) = Sy (w;) € (B,w;) (ZiQio) " H Qﬁww



where Z; > 0 is the productivity relative to the external factor for firm ¢, § € (0,1) is
the common intensity of the external factor, and & (3, w;) is a normalization constant
that only depends on the overall technology (3, w;) of firm i.> Each firm selects both a
technology w; € A and levels of all inputs ; needed given the technology selected. For
example, if w;; = 0 then the input from j is not relevant for ¢’s production. Let W*
denote the set of strongly connected stochastic matrices. We maintain the following
assumptions on the productivity shifters.

Assumption: The profile of productivity shifters S = (Si)le is such that each 5;

is upper semicontinuous, log-concave, and there exists W € W* such that

Upper semicontinuity and log-concavity are technical conditions that guarantees
existence of equilibrium and are always imposed in this literature, often times in the
stronger form of continuity and strict log-concavity. The last part of the assumption

involves the set of most efficient technologies. For a given .S, define the set
argmax (S) ={W eW:S;(w;))=1 Vie{l,. k}}.

The production networks W € argmax (S) are the most efficient ones since the pro-
duction of each firm is not being shifted down by a discount factor. Equation (6) says
that there exist efficient technologies and that at least one efficient technology induces
a strongly connected network. Instead, all those production networks W & W such
that S; (w;) = 0 for some i € {1,...,k} are either extremely inefficient or unfeasible.

The next examples illustrate natural settings where our assumption is satisfied.

Example 2 When all the feasible technologies are efficient, we have that the produc-
tivity shifter of each ¢ is S; = 1¢, an indicator function over a nonempty, convex, and
compact set C; C A of technologies. In this case, argmax (5) is the set of all stochastic
matrices whose i-th row belongs to C;. The condition in equation (6) implies that at
least one feasible configuration is strongly connected. When each C; is a singleton,
{w?}, for some W° € W*, we have that argmax (S) = {IW?°}, that is, the production
network is exogenously fixed and we get back the standard Cobb-Douglas model of

Long and Plosser [33] and Acemoglu et al. [2]. Differently, Kopytov et al. [32] consider

The normalization constant
k
& (B,wg) = (1= 8)" I T (Buwiy) ™™
j=1

is the same as the one [32] (see their Footnote 8). Differently form [32], our productivity shock Z; is

relative to the external factor ;o as opposed to be Hicks-neutral.



a continuously differentiable and strictly log-concave function productivity shifter. In
[32] the leading example is

Si (w;) = exp ( Z/ﬁm w;; — Z-j) ) Yw; € A (7)

where W9 € W* is the efficient production network for the economy and & is a positive
matrix of weights capturing the cost, in terms of productivity, of moving the j-th input
share away from its ideal value. Following a parallel logic, we can replace the quadratic

distance in equation (7) with another “distance” such as the relative entropy to obtain
Si (w;) = exp (AR (wi|[w?)) . (8)

In this case, R (-||) is the relative entropy while W° € W* and ); > 0. In both these
smooth cases, we have argmax (S) = {W°}. In general, this is the case every time that
each S; is strictly log-concave (as in [32]). A

Next, we proceed with the description of the general equilibrium. Firms are price
takers and act in a perfect-competition economy. We normalize the price of the external
factor to 1 and, given a vector P € R’j of inputs’ prices and a feasible technology w; € A,
the cost-minimization problem for firm ¢, producing at least 1 unit of output, is defined
by

k
QiR j=1
Because each firm can choose its technology w; so to minimize their unitary cost,

the equilibrium zero-profit condition is

k
w; €
=1

(wi,Qi)EAxR’f‘l
(10)
Note that the above equilibria are 5 dependent. In particular, for each 5 € (0,1), an
equilibrium is given by a vector of prices P € R* %, a matrix of inputs @) € ]ka(kﬂ),
and a network structure W € W. In the triple (P, W, Q), the vector P solves the fixed
point equation (10) and the pair (w;, Q);) solves the cost-minimization problem in the
right hand-side of equation (10).
Following the same steps in [32], the fixed point condition for equilibrium log-prices

can be written as

1

pi:(l_ﬁ)xz+ﬂmln {szjpj B

e ( 1)} Vie{1,.. k) (11)

10



where p; = In (P;), z; = In(1/%;), and ¢; (w;) = In (1/S; (w;)).6 Tt is standard to show
that, for each 5 € (0, 1), there exists a unique vector of log-prices ps that solves the
fixed point equation (11) and therefore a unique vector of equilibrium prices Ps. Given
these prices, the equilibrium network and quantities are not unique in general due to

the fact that each firm might have multiple optimal technologies, that is,

argmin {Z wi;pa,; + ; (wz)} (12)

w; EA =1

might not be single-valued. When S; is strictly log-concave, as in [32], it follows that
¢; is strictly convex and there exists a unique minimizer wg; in equation (12). This in
turn uniquely pins down the equilibrium inputs ()3. We next characterize the vector of

equilibrium prices in the limit for a vanishing intensity of the external factor.
Proposition 2 The limit equilibrium vector of prices is constant across firms and

lim pg; = min , T Vied{l, .. k}.
5—’1p67 ~veT'(argmax(S)) <’)/ > { }

Moreover, if S; is continuously differentiable and strictly log-concave for alli € {1, ..., k}
with argmax (S) = {W°}, then

éin%p,ﬁ,i = (Ywo, ), %Hn wg,; = wy hm Qp.0 =0, and hm QB#J — ?J

This result establishes that, when the share of the external factor vanishes, only the
eigenvector centralities of the efficient technologies determine the relative importance of
the firms’ productivity shocks on the equilibrium prices. Notably, due to competition,
the firms’ centralities are determined by the efficient networks that optimally minimize

the equilibrium prices.

So far, we considered endogenous production networks under a Cobb-Douglas pro-
duction function. Another potential source of nonlinearity recently studied in this
literature comes from generalizing the production function to the class of nested CES
(see for example Bagaee and Farhi [8] and Carvalho and Tahbaz-Salehi [10]). It turns
out that our method can also be applied in this case. For simplicity, fix a production

network W € W*, and assume that the production function of firm i is

Bai/(o:i—1)
Fi(Qi) = fz (B, w;) (Z; on (Z wl/ol Z;L—l)/o'7>

where o; is the elasticity of substitution among the inputs of the firm and éz (B, w;)

is a normalization constant that only depends on S and the fixed technology w;. It

6See Online Appendix F.1 for the details.

11



is standard to show that in this case the log prices are uniquely characterized by the

fixed-point condition”

k

1 .

pgios =(1-8)x —l—ﬁ:ln <Z wijexp ((1 — ai)pgfjcs)> Vie{l, .. k}.
7 =

The limit fixed point of this equation is covered by our Theorem 1, and we then

have the following result.

Proposition 3 The limit equilibrium vector of prices is constant across firms and

éirr}pg’icsz (Ywo, x) Vie{l,.. k}.
Therefore, the nonlinear effects emphasized in Baqaee and Farhi [8] matter only for
sizeable dependence on the external factor that is not tradeable within the production

network.

3.2 Coordination games

We consider a finite set of agents N = {1,...,n} playing a complementary-effort game
on an endogenous network. Each agent ¢ € N chooses how much effort to exercise in the
partnership with other agents: a; € R,. The benefit of effort is directly proportional
to a linear combination of her ability z; € R, with a weighted average of the efforts
exercised by her neighbors. The cost of effort is instead quadratic, a feature that will
guarantee linearity of the best response for a given network structure.

Formally, given a fixed weighted and directed network W € W, the payoff of agent

i for every profile of actions a = (a;);_, is

U (a’wi) = a; ((1 - 6) € +52wijaj> — %22

J=1

where 3 € (0,1) captures the relative importance of complementary efforts over the
personal skills of every agent. In what follows, we consider two different cases of en-
dogenous networks. In both cases, we assume that each feasible network structure W
has two features: (i) there is no self-link, that is, w;; = 0 and (ii) W is strongly con-
nected. The first assumption is standard in coordination games on networks (cf. [6]
and [26]). We discuss the relevance of the second assumption below. Let us denote the

set of stochastic matrices satisfying both (i) and (ii) with W .

"See Online Appendix A of [10].
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Costly link formation Here we assume that, before choosing her effort, each agent
i chooses her weighted links w; € A,,. This is costly and the cost function of agent 7 is
denoted by ¢; : A,, — [0, 00]. In particular, those weighted networks W € W such that
¢i (w;) =0 for all i € N are the free one. Instead, all those weighted networks W € W
such that ¢;(w;) = oo for some i € N are unfeasible. We maintain the following
assumption on the cost functions.

Assumption: The profile of cost functions ¢ = (¢;);_, is such that (i) each feasible
network structure W has no self-link, (ii) each ¢; is lower semicontinuous and there is

a strongly connected W with®
w; € co (c;'(0)) Vie{l,.. k}. (13)

The first assumption is standard in coordination games on networks (cf. Ballester,
Calvé-Armengol, and Zenou [6] and Golub and Morris [26]). Lower semicontinuity of
the cost functions is a technical condition that guarantees existence of a well-defined
best response map for the coordination game. In turn, equation (13) says that each
agent has at least a free vector of weights and that there is a strongly connected matrix
that can be obtained by mixing the free networks. The next example illustrates a

setting where our assumption on the cost functions is satisfied.

Example 3 (Free Network) Assume that the agents are connected on a baseline
with

gi = 0. Maintaining the links specified in G is free for all the agents. However, they can

nxn

unweighted and strongly connected network represented by a graph G € {0,1}

costly form new links in addition to the ones in GG. In particular, there is a fixed cost
k > 0 for each addition link that player ¢ forms on top of the baseline ones. We next
show how this particular case of costly link formation can be represented by a profile
of cost functions (¢;);_, satisfying our assumption. Let N; (G) C {1,...,n} denote the

set of neighbors of ¢ in the graph G. For every ¢ € N, define the set of uniform weights
D; (G {’le(s €A, N(G)QNQN\{z}}
JEN;

and the cost function ¢; : A,, — [0, 00] as

where k € Ry and Ip, ) is equal to 0 if w; € D; (G) and oo otherwise. On the one
hand, it is easy to see that c¢; is lower semicontinuous. On the other hand, the uniform
network W (G) defined by w; (G) = m > jeni(q) 0; for all i € N is free for every
player. Therefore (¢;);_, satisfy our assumption. A

SFor every set K C A,,, for example K = ¢; ' (0), we let co (K) denote the convex hull of K.
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For a fixed profile of cost functions ¢, we assume that the total payoff of each player
i € N given a profile of efforts a € R} and weighted links w; € A, is u; (a, w;) —a;c; (w;).
In words, the total cost of forming and maintaining the link is increasing and linear in the
effort chosen. The assumption that the effort and the weighted links are complementary
in increasing the total cost of the player has been already considered by Sadler and
Golub [38] in the same context of endogenous link formation, we refer to them for a
detailed motivation.

We next analyze the best response map of the total game of choosing both the
weighted links and the effort. In particular, observe that neither the payoff function w;
nor the cost function ¢; of ¢ depend on the links chosen by the other agents. Therefore,
given a conjecture a_; € R’f[l about the effort of the other agents, player i solves

L%?é &% {ui (@, wi) — aic; (w;)}

Observe that the previous maximization problem can be rewritten as

n 2
_ _ a;
max {ai Inax {6zlwijaj — ¢ (wi)} - 3} :
]:

Therefore the induced objective function is still quadratic with respect to the choice
variable a;, hence the unique best response can be still characterized by the first-order
conditions. In general, this implies that a profile of efforts a € R’} and a weighted
network W € W form a Nash equilibrium of the total game if and only if, for every
i €N,

a; = (1 = f)zi + 6 max {2 ija; — (;}Z)} (14)

and

w; € argmax {Z T (gUz) } .

S

The first condition is a standard fixed-point equation on the profile actions a. The main
difference with respect to the game with a fixed weighted network is the nonlinearity of
the fixed point equation. However, we show below that it can be still analyzed through
the results of the previous sections. The second condition instead requires that the
equilibrium network is a best response for each player given the efforts chosen by the
others.

It is not hard to see that, for every 5 € (0, 1), there exists a unique equilibrium profile
of efforts ag € R'} that solves the fixed-point equation (14). We aim to characterize the

limit for high coordination motives limg_,; ag. First, define
T()={v€A,:IWEW:Vie N,w; € co(c;"(0)),7" =+"W},
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the set of all the eigenvector centralities of networks that are free. With this we have

the following result.

Proposition 4 The limit equilibrium profile of efforts is well defined, constant across

players, and equal to limg_, ag; = max,cr() (7, ) for every i € {1,....k}.

The main implication is that the most central agent in any of the limit equilibrium
networks are those that are at the same time most efficient (higher z;) and cheaper to
link with.

Example 4 (Free Networks Continued) Observe that W (G) is the unique equi-
librium network consistent with the limit for 5 — 1. Moreover, it is well known that

the eigenvector centrality of W (G) is given by

[Ni (G)]
ZjeN |Nj (G)|

With this, we have I' (¢) = {7 (G)}, hence that

o Lgen N (@)l
Ca D SN (e

Therefore, the common equilibrium effort is relatively higher if the agents who are

7 (G) = Vi € N.

relatively more efficient (i.e., high x;) are also those that are more central in the baseline

network. A

4 Application 1I: Zero-sum stochastic games

In this section, we consider zero-sum stochastic games with finitely many states and a
continuum of actions for both players. We closely follow the textbook formalization of
Sorin [42, Chapter 5].

There are two players repeatedly interacting in a zero-sum game under uncertainty.
We identify the two player as the maximizer and the minimizer. Time is discrete t € N
and at each period the game is at a state drawn from a finite set 2. At the end of
each period, an outcome r from a finite set R C R realizes and the maximizer gets
payoff r and the minimizer gets —r. The set of feasible actions for the maximizer
and the minimizer are respectively denoted by S and ), two compact metric spaces.
Both the outcome at period ¢ and the state at period ¢t + 1 depend on players’ actions
and the state at period ¢. Formally, this is described by a continuous transition map
p:SxQxQ— A(RxQ). With a small abuse of notation, we also use p to denote
its linear extension p : A(S) x A(Q) x 2 — A (R x Q) to mixed actions as well as
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the corresponding marginal distributions over R and Q.° With this, define the state-
dependent one-period expected reward g : A (S) x A(Q) x Q2 — R as

9(3,4,w) =Y rp(5.4w)(r) Vi€ A(S),VieA(Q) YweE Q.
r€eR
This setting is equivalent to the more standard one where there are no outcomes and
the primitive objects are a transition function p : S x @ x Q@ — A () and a one-
period expected reward function g : S x @ x @ — R (e.g., Sorin [42, Chapter 5]). We
explicitly keep track of the outcomes so to obtain a cleaner limit characterization using
our methods.

Following the standard analysis of zero-sum stochastic games, we consider two dif-
ferent cases: (i) the one-period game is infinitely repeated and the agents maximize
their discounted expected payoffs with common discount factor 5 € (0, 1); (ii) the one-
period game is repeated only ¢ times and the agents maximize the time average of their
expected payoffs.

In case (i), it is well known that, for each discount factor g € (0,1), the value of
the game v° € R? exists and is the unique solution of the Shapley equation (see, e.g.,
Neyman and Sorin [36, Theorem 2 of Chapter 8]):

v? = max min {(1 —05)g(5,q,w)+p Z vl (3,4, w) (w')} Yw e Q. (15)

SEA(S) 4EA(Q) ~—

Similarly, in case (ii), for every length ¢t € N, the value of the game v’ € R exists and

satisfies the following recursive equation:

seA(S)gea@) | t o

1 t—1
v! = max min {—g (8,q,w) + — v (3,4, w) (w')} Ywe Q. (16)

We say that the game has an asymptotic value (cf. Sorin [42]) if and only if both

10 Qur abstract analysis of nonlinear fixed

limg_; v# and lim; v® exist and coincide.
points yields the existence of the asymptotic value and its explicit form under a minimal
connectedness assumption.

We first need some preliminary definitions. Let $g = A (S)? and £g = A (Q)”

denote the set of stationary mixed strategies of the agents and, for all o5 € X5 and

9The linear extension of p is defined as usual:
pl6.00) () = [ [ plssg.w) () ds (5)di o).
5JQ

for all § € A(S) and § € A (Q).
0The derivations of equations (15) and (16) can be found in Sorin [42, Propositions 5.2 and 5.3].
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g € Xg, let W (0g,0¢) denote the transition matrix between state-outcome pairs with

entries given by
Wrw) (o (05,00) = pog (W), 00 (W), w) (I,w') V(r,w),(r,w') € Rx Q.

Let n = |R x Q]. Next we state the crucial assumption that allows us to apply our
result to the current stochastic-game setting.

Assumption A: For every og € X there exists a strategy og € X such that the
matrix W (og, 0¢) is strongly connected.

In words, we assume that for every strategy os of the maximizing player there is
a strategy of the minimizing player that makes the network of outcome-state pairs
strongly connected. Moreover, these baseline links are such that there exists a unique
essential class of essential pairs (r,w). This implies that each W (0g,0¢) admits a
unique Perron-Frobenius eigenvector, denoted by 7 (0s,00) € A (R x ). With the
same abuse of notation as before we use the same symbol 7 (og,0¢g) for its marginal

over outcomes.

Proposition 5 Under Assumption A, the game has an asymptotic value that is inde-
pendent of the state and such that

él_)ﬂi VP = lignvt = ( sup min TGZRM/ (0s,00) (r)) e.

This result extends the standard result on the existence and characterization of
the asymptotic value of zero-sum stochastic games from the finite case to the class of
games considered in the current section (see for example Sorin [42, Propositions 5.12-
5.14]). As in the finite case, the asymptotic value coincides with the value of static
zero-sum game with expected payoffs given by the stationary distributions generated
by the players’ strategies. Importantly, compared to other similar conditions employed
in the literature, we allow for the possibility that for each strategy of the maximizing
player a single (and possibly different) strategy of the minimizing player makes the
outcome-state pair strongly connected .

Whenever @) is a singleton, we obtain a Markov decision process (MDP) where
the minimizer is optimally controlling her cost. With this, Proposition 5 collapses to
average-cost optimality for MDPs with a continuum of actions and finitely many states,
that is,

lim v* = limv® = < sup er (0s) (7’)) e.

B—1 t
os€EXs reR

Finally, observe that, in this setting, Theorem 4 can be applied and would deliver an

estimate on how the value of the game depends on the current state for every g € (0, 1).
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5 Application III: Opinion aggregation with stub-

bornness

Cerreia-Vioglio et al. [12] consider a finite set of agents i € {1,....,k} and let x €
R* denote an arbitrary profile of opinions for the agents. An opinion is just a real
number that can be interpreted as the estimate of agent ¢ about some fundamental
parameter of interest or the intensity with which an individual agrees with a certain
policy. Under this interpretation, they assume that the opinions of the agent evolve
according to the operator T', that is, if the current profile of opinions is x, then the profile
of opinions in the next period is 7" (x). With this, the sequence of iterates {T" (z)},,
corresponds to the sequence of profile of opinions in the population over time. For
example, when 7" = W is linear, we obtain the celebrated DeGroot’s model [18] of

opinion aggregation of experts.!!

In particular, Golub and Jackson [25] interpreted
W as a directed and weighted network where the entry w;; represents the weighted
link from j to i. In general, motivated by the fact agents may use opinion aggregators
reflecting their attraction or aversion for extreme opinions, [12] introduce several classes

of nonlinear opinion aggregators T'. For example, when

T; (z) = )\%ln (Z W;j exXp ()\iasj)> (17)

j=1
for some fixed set of weighted links w; € A and a parameter \; € R, it is possible
to model agents with heterogeneous attractions for high (A; > 0) or low (\; < 0)
opinions while maintaining the underlying linear network structure. Alternatively, we
can altogether relax the existence of a single network structure and consider opinion
aggregators such as

T; (z) = o urjflelgl (wi, ) + (1 — o) max (w;, ) (18)
where C; C A is a compact and convex set of possible weighted links to ¢ and «; € [0, 1]
is a parameter capturing the relative attraction of ¢ for high or low opinions. It is
routine to show that if each element 7; of T is defined as in equations (17) or (18), then
T is monotone, normalized, and translation invariant.

Friedkin and Johnsen [21] proposed a variation of the DeGroot’s model where the
agents have a degree of stubbornness with respect to their initial opinions. Here we
extend Friedkin and Johnsen’s model of stubbornness by considering nonlinear opinion
aggregators 1" with the functional properties introduced above. Formally, we assume

that, for every period t € N, the profile of opinions in the population is

Bp= (1= p)a+ T (277 Vie{l,.. k} (19)

HSee for example Golub and Jackson [25] for a detailed analysis of this model.
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where 5 € (0,1) is a fixed parameter capturing the degree of stubbornness in the
population and z = 7 is the profile of initial opinions. In words, each agent i aggregates
the last-period opinions #'~! with her opinion aggregator 7; and then mixes the resulting
aggregate with her original opinion, using the common weight 5. When T" = W is
linear, we exactly obtain Friedkin and Johnsen’s model. In general, it is easy to see
that the sequence of opinions {Z'},°, converges to the unique fixed point 75 defined in
equation (2), which then corresponds to the long-run profile of opinions of the agent
under stubbornness 3. Provided that it exists, the limg_,; Z3 corresponds to the profile
of long-run opinions of the agents as the stubbornness friction is vanishing.!?

The results of Section 2 can be applied to this setting. For example, consider
the standard Friedkin and Johnsen model with linear 7" = W having a single LPF
eigenvector vy and compare it to an alternative opinion aggregator T' where the agents
have the same network structure W but aggregate opinions according to equation (17)
for some profile of parameters (A, ..., \x) € R¥. Because T is continuously differentiable
with J7(0) = W, Theorem 1 states that, regardless of the value of (A, ..., \g), the
opinions of the agents will converge to the same consensus (v, z) for both 7" and T.

Alternatively, consider the opinion aggregator 7' defined as in equation (18) such

that, for every i € {1, ..., k}, we have o; = o and
C; = {(1—5)w?+8wi:wi GA}

for some a € [0,1], € € [0,1), and stochastic matrix W € W with A (W) regular. Also
fix a vector of initial opinions x € R* and define

=l —(1—e)W] " a
Observe that T can be written as T'= (1 —¢) W + S where

Si(z) = aje?ll,i..r.l,k} zi+(1—a) jer{l%?%k} 2 VzeR* Vie{1,..,k}.
Therefore, Proposition 1 implies that the long-run opinions as the stubbornness vanishes
converge to the consensus

ajegl7i--r-l,k}i§ - a)jer{rll?%k}i;'
In words, we first need to compute the vector of opinions of the agents obtained by
applying the matrix of e-weighted Bonacich centralities of W to x and then linearly

combine the maximum and the minimum of the opinions so obtained.

12Banerjee and Compte [7] provided a game-theoretic foundation for this limit by considering a noisy
version of the Friedkin and Johnsen’s model where the agents choose once and for all the stubbornness
weight to assign to their initial opinion so to maximize the accuracy of their long-run opinion. They
show that as the noise vanishes, the symmetric equilibrium weight converges to zero, that is § — 1,

providing an alternative foundation for the limit we study.
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6 Application IV: Recursive preferences

Following the seminal work of Marinacci and Montrucchio [34], in this section, we
consider recursive preferences over uncertain streams of consumption characterized by
fixed-point equation. Similarly to Al-Najjar and Shmaya [5], we focus on the stationary
limit § — 1 (i.e., infinitely patient decision maker) that we characterize exploiting our
results.

Consider a finite state space {2 and assume that time is discrete ¢t € N. The agent
needs to evaluate an infinite stream of state-dependent consumption that is i.i.d. across
dates. This is represented by a vector z € R? giving for each realized state w the
amount of consumption z, € R for the agent. We assume that the agent knows that
the data-generating process is i.i.d. but she is potentially uncertain on the exact form
of the one-period marginal p* € A (2). The agent has recursive preferences given by a
state-dependent utility v € R? defined by

vy = Wiz, S, (v))

where W : R x R — R is an aggregator and S : R® — R% is a state-dependent
certainty equivalent. An important case is the one of the Epstein-Zin aggregator
W5 (20,21) = ¢ ((1 = B) & (20) + B¢ (21)) for some 3 € [0,1] and some continuous
and strictly increasing ¢ : R — R. With this, the fixed-point equation becomes

vl =07 (1= 8) ¢ (2) + 8¢ (Su (v7)))

which we can rewrite as
2? = (1= B)x, + T, (1:5)
by letting 25 = ¢ (v7), z, = ¢ (2,), and T, = ¢ (S, (¢7)) for all w € Q. With this,

our results can be directly applied to characterize a the infinitely patient evaluation of

the consumption stream under a large class of preferences under uncertainty.

7 Application V: Financial networks

In this section, we consider an equilibrium model of systemic risk where a group of
financial institutions are exposed to idiosyncratic losses and hold cross-capital inter-
dependencies. Following the approach of Adrian and Brunnermeier [3] in modeling
systemic risk, we assume that the banks’ evaluation of uncertain return losses condi-
tional on each macroeconomic scenario are performed using conditional risk measures
(see also Detlefsen and Scandolo [19]).

Consider a finite number of banks K = {1,...,|K|} and states of the world =

{1,...,|92]}. We interpret each state w € Q) as a possible macroeconomic scenario that
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determines the nature of the idiosyncratic losses of the banks. Formally, fix x € R¥*®
and interpret zj, as the realization of the idiosyncratic return loss in real-economy
assets for bank k in state w. Each bank k is endowed with a partition II, C 2 of the
states representing the coarsened scenarios considered by k. In particular, we assume
that I, is finer than the partition induced by the random variable z;, € R representing
the idiosyncratic return loss of k, that is, each bank is able to discern the scenarios
determining their own return losses in real-economy assets. Moreover, we assume that
{I},cx are common knowledge. Finally, the banks are connected in a financial network
represented by a strongly connected stochastic matrix M € |0, I]KXK whose entries
correspond to the financial interdependencies among the banks: my s € [0,1] is the
fraction of the exposure of bank k to the financial sector that accrues to bank £’ and
my =0 for all k € K.

Each bank £ has to evaluate their total return loss in each of the considered scenarios,
that is, for each cell of II;. The total return loss of each bank is a combination of the
realized idiosyncratic return loss and the estimated return loss induced by the exposures
to the other banks. For every k, k' € K, let y; 1» € R® denote the state-contingent return
loss of bank &’ conjectured by bank k. In particular, yy s is a random variable that is
measurable with respect to II,,. With this, the total conjectured return loss of bank k

for state w is

(1—=0) ke + 5 Z M k' Yk K 0 (20)

keK
where 3 € (0, 1) captures the intensity of cross exposure of the banks.

The total conjectured return loss in equation (20) is still a random variable from
the point of view of bank £ since each yy s is only measurable with respect to II;,. We
endow each bank k with a conditional risk measure Vj, : © x R® — R that quantifies
each possible uncertain prospect in terms of return loss, conditional to each scenario
considered by bank k. Following Detlefsen and Scandolo [19], we assume that each Vj
is measurable with respect to I and such that, for every w € 2, the functional V} (w, -)

is normalized, monotone decreasing, convex, cash invariant, that is
Vi(w, 0 +ke) =V (w,l)—k VwecQVlecR?VEcR,
and information regular (or consequentialist), that is,
Vi (w, lln) + hlpwy) =V (w,€)  Vw € Q,V0,h € R™.

By [19, Theorem 1], this conditional risk measure admits the following representation

— _ M~ Q
Vi (w, 0) _pg%){ wezgprw Ch (p)} Vw € Q,V0 € RY,
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where, for every w € €2, the function ¢, : A (£2) — [0, 00] is grounded, convex, lower
semicontinuous, and such that ¢, (p) < oo implies that p € A (Il (w)).

Given conjectures {y i} /e K\[k)? the risk of bank k in state w is given by

Vi |w,(1=8)xp+ 8 Z M o Yk k!
kK eRK\{k}
where the equality follows from the fact that x, is IIz-measurable and information
regularity.
The model is closed by the equilibrium assumption that the conjecture y  of bank
k about the return losses of the bank £’ in state w is equal to bank k& own assessment
of the return losses in the scenario Il (w). Formally, for every level of connectedness

3, the vector of return losses 27 € RX*% is an equilibrium if and only if

:U/,f’w = -V (w, (1—=0)xx+ 06 Z mm/xf,) V(k,w) € K xS (21)
K eK

Observe that this is a particularly prudential benchmark: bank k& uses a prudential risk

measure to evaluate return losses in which the contribution xf/ is itself the result of a

prudential (i.e., risk-measure) evaluation.

Fixed-point conditions such as the one in equation (21), in linear or nonlinear form,
are pervasive in equilibrium analysis of financial networks (see for example Elliott et
al. [20] and the survey Jackson and Pernoud [30]). In particular, as 5 goes to 1, the
return losses from financial interdependencies dominate the idiosyncratic return losses
from own real assets.

Next, define the concave operator 7' : REX®? — REXQ a9

Tikw) (2) = pénAi(ISl)) Z Mo k' Pt Zk! o + Chio (D) Vz € REX?,
(k' W)EK XQ
Under the mild connectedness assumption that £ (T') = D C RE*® Theorem 2 implies
that the limit risk lims_; 27 exists and is independent of the realized fundamental state
as well as of the bank’s identity.

This result has particularly strong implications for the case of smooth divergence risk
measures with respect to a common ex-ante probabilistic model. Formally, suppose that
the banks share the same full support probabilistic model p° € A () in the ex-ante
stage and then update conditional on their private information. For example, bank k in
state w has interim belief p° (+|IT; (w)). Therefore, in the interim stage, the conditional

risk measure of bank k in state w is

PEA(Q)

Vi (w,f) = max {— Z&:}pw — Dy, (P||p0 g (OJ)))} Ve € RY
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where Dy, (+||-) : A (22) x A (©) — [0, 00| is a divergence that is essentially strictly convex
(cf. Maccheroni et al. [35]). The standard example of such divergences is the relative

entropy. Let u € A (K) denote the unique left Perron-Frobenius eigenvector of M.

Corollary 2 We have that

e (S (St ) -

This result follows by Corollary 1 and Golub and Morris [26, Proposition 3]. It shows
that the limit equilibrium exists, is independent on the state-bank index, and coincides
with the convex linear combination of the ex-ante linear expectation of the banks’ return
losses with weights given by the eigenvector centrality of the network. Therefore, as
£ — 1, the return losses declared by all the banks tend to ignore completely their
concern for robustness converging to an aggregated probabilistic evaluation of the return
losses. This result is even more surprising in light of two facts: (i) as stressed above
equation (21) is a very conservative benchmark, as uses a prudential risk measure to
evaluate return losses that are themselves result of a prudential assessment by the
other institutions, (ii) concern for robustness, indexed by the divergences Dy (+||-), can
be heterogeneous across the banks.

The result has also important implications whenever the common ex-ante proba-
bilistic model p° of the banks is highly misspecified. Indeed, suppose that the banks are
aware of the possibility of misspecification and evaluate their return losses with robust
risk measures such as the divergence ones. Even in this case, high connectedness and
equilibrium reasoning can completely offset the caution used in the evaluations and
lead the banks to declare return losses that become closer and closer to their original
misspecified expectations.

8 Additional results

In this section, we provide additional results complementary to our main convergence

result and illustrate them by revisiting some of the economic applications proposed.

8.1 Convergence for general star-shaped operators

The result about nice star-shaped operators generalize in the following way. Consider
a normalized, monotone, and translation invariant operator 7'. It is immediate to see
that it is Lipschitz continuous of order 1. By Rademacher’s Theorem, T" is (Frechet)
differentiable on a subset D of R* whose complement has (Lebesgue) measure 0. Denote

G (2)=0

by T; : R* — R the i-th component of T'. Since 7" is monotone, we have that
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for all 4,j € {1,...,k} and for all z € D. Since T is also translation invariant, we have
that Z?Zl gfjﬁ (x) =1foralli,5 € {1,...,k} and for all x € D. With this, we define an
adjacency matrix A (T') for the operator T, that is, a;; € {0,1}. Given i,j € {1,...,k},

we set

I1;

(x) > ey VreD. (22)

In words, a;; is defined to be 1 if and only if the partial derivative gTT; is bounded away
from 0, whenever it exists. If we think of A (7") as representing a directed graph over k

nodes, A (T') is regular whenever the graph is strongly connected.

Theorem 3 Let T be normalized, monotone, and translation invariant. If T is star-

shaped and A (T) is regular, then limg_, x5 exists for all z € RF.

8.2 Fit of the approximation

The goal of this section is to provide estimates on the rate of convergence of the nets
{25} se01) @nd {Zs}4c(01y- In order to achieve this, we observe that all our previous
results are for operators whose fixed points are the constant vectors. Conceptually, this

makes the quantities
max Iz — minZg and max g — minag

interesting. In fact, both converge to zero as [ goes to 1. We first bound these two
quantities and then use them to provide an estimate for the rate of convergence. Perhaps

interestingly, computing these bounds does not require to know that {zz} se(

{5} c(0.1) converge.

0.1) and
8.2.1 Range

Given a vector y € R*, we denote by Rgy the quantity maX;e(1,.. k} ¥ — Miljeq1,. k) Yi-
We define

= min inf — (7).
i,j:gijzl x€D 8[Ej

Next, consider the adjacency matrix A (7") V I which coincides with A (7') with the
possible exception of the diagonal where the diagonal entries of A (7') V I are all 1. We
can define the quantity

tr =min{t e N: (A(T) Vv I)" has a strictly positive column} .

It is well known that if A (7T') is regular, then tr is well defined. Moreover, if A (7)) is
strongly connected, one can show that t; < k — 1 where k is the dimension of the space

(see, e.g., 28, Theorem 8.5.9]). In proving Theorem 4, we provide a sharper, yet more
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convoluted, bound compared to the one reported below. Nevertheless, in both cases,

the rate to which the ranges of x5 and Z shrink to 0 are linear.

Theorem 4 Let T' be normalized, monotone, and translation invariant. If A(T) is

reqular, then
Rg (15) <Rg(75) < (1 - ) (1 +wr)Rg(x) Vo e R V3 € (0,1)

where

8.2.2 Rate of convergence

In this section, we prove that zs converges at least linearly fast to its limit, provided
some extra conditions, differentiability or positive homogeneity, hold. The constants
that appear in the statements below are the same defined in the section above. We
first consider maps which are differentiable and their Jacobian is Lipschitz continuous
with constant L. More formally, it is natural to view the gradient of each component
T; : R" — R as an element of the dual of R". Therefore, we use || ||, to compute the
norm of the gradient of T;.1* We say that the Jacobian of T' is Lipschitz continuous

(with constant L) if and only if
IV (2) = VT ()l < Ll -yl Yoy € RE Vi€ {1,... &},

Theorem 5 Let T' be normalized, monotone, and translation invariant. If T has a

Lipschitz continuous Jacobian and A (T) is reqular, then

H%—Wwﬂhﬁﬂ—mﬂ+mdG+Q%%L%LWM)%@)

for all z € R* and for all B € (0,1) where 7 is the unique left Perron-Frobenius

eigenvector of the Jacobian of T at 0.

In particular, the result above allows us to conclude that convergence happens at a

linear rate. We have a similar result also in the positive homogeneous case.

Proposition 6 Let T be normalized, monotone, and translation invariant. If T 1is

positively homogeneous and A (T) is reqular, then for each x € R*
17— zpllo < (1 =) (1+rr)Rg(x) V6 e (0,1)

where T = limg_,; 3.

BRecall that ||z]|, = YF_, |a;] for all z € R¥.
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8.2.3 Application: e-equilibria and approximation in endogenous networks

Beyond bounding the distance between the exact equilibrium with a fixed §and our
limit formula for the equilibrium, our results on the rate of convergence can also be
used to establish that coordinating on the constant equilibrium profile equal to the
limit value is an e-equilibrium for low . Importantly, such ¢ can be derived from the
primitives of the problem. This implies that as long as there are minimal incentives
towards not breaking the homogeneous status quo, the limit behavior is stable even with
high 3. We develop this idea in the setting of Proposition 4, but of course a similar point
could be made in any application where A (T") is regular and either 7" is continuously
differentiable in a neighborhood of 0 or 7' is positive homogeneous. Formally, define

wj EAn

15 (y) = (1 — B) v + B max {Zwijaj — ¢ (wl)} Va € R}, Vi€ N,
j=1
and

£(B,c,x) = (1—B) (2 + wre) (1 + “;t—f)w <1 — 1%5) trel Hwa) Rg (v)

Proposition 7 In the setting of Proposition 4, suppose that T is continuously differ-
entiable in a neighborhood of 0, A (T') is reqular, and fix 5 € (0,1). The constant profile
of efforts a* € R’ given by

a’ = max (v, ) Vie N
v€T(c)

18 an e-equilibrium of the game for all € > 5(6, ¢, ).

8.3 Computing the fixed point

For some applications, most notably the production networks one considered in Section
3.1, it is of independent interest to derive a formula for the fixed points even for values

of 3 relatively far from 1. The next result provides such a formula in the concave case.

Proposition 8 Let T' be normalized, monotone, and translation invariant. If there
exists a collection {Sa}aeA such that S, is monotone and S, > T for all « € A and
for each x € R* there exists o, € A such that S., (v) =T (), then

Ty = MiNTgs, VB € (0,1),Vz € R
ac

As in the linear case, the fixed point is not constant across entries and is less clean
than the one from the limit case, but nevertheless turns out to be handy in relevant

examples.
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Example 5 Suppose each S, is such that S, () = W,z +h, for all z € R* where W,, €
W and h, € R*. Recall that xgw, = (1 — 8) Yooy Wiz and W, (1 — 8) z + Brgw,) =
Tgw,. Define Zgw, = xaw, + Yoo B Whhe. We next show that Zsw, = zss,. Note
that

So (L =B)x+ Bigw,) = Wa (1 = B)z + Bisw,) + ha

Wa
W, ((1 —B)x + Braw, + Zﬁtﬂwgha) + hg

t=0

= W (1= B)z + Brgw,) + Y BT W ho + he

t=0

[e.e]
= xﬁ,Wa + Z 5tW£hO‘ = j:;/87‘/1/047
t=0
proving that Zgw, = 253,- A

8.4 Beyond normalization

So far we have always assumed that the operator 1" is monotone, translation invariant,
and normalized. In some applications, normalization is not a natural property, hence it
is natural to ask whether it can be relaxed. In this section, we show that our main results
extend to operators that do not satisfy normalization, provided that some additional
regularity conditions are satisfied.

Fix an operator T : R¥ — R* that is monotone, translation invariant, and such that
0+#E(T)C{z*+ceeR":ceR},

for some 2* € R¥. First, observe that we can still define the operator graph A (T') for
T even if it is not normalized. Next, define 7% : R¥ — R as

T (z) =T (z" +x) — x".

Also, for every 8 € (0,1) define xj and T respectively as the unique solutions of the
two equations (1) and (2) with respect to T*.

Lemma 3 We have xg = (v — 2*)5+a* for all 3 € (0,1) and all x € R*. In particular,
we have

lim 75 = lim x5 = lim (z — )% + z*.
/B~>1 ﬁ /8~>1 /B ﬁ—)l( )B+

Lemma 4 The following facts hold:

1. T* is normalized and such that E (T*) = D, moreover A(T*) = A(T).
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2. If T is continuously differentiable in a neighborhood of x*, then T™ is continuously
differentiable in a neighborhood of 0.

3. If T is concave, then T* is concave.
4. If T is such that,
T((1=XNax*+Xx)> (1 —-\NT(z")+ AT (2)

for all v € R* and \ € (0,1), then T* is star-shaped.

8.5 Vectorial 3

Given k € N, we endow R* with the supnorm. We consider a nonexpansive operator
T :R¥ — RF. Given 3 € (0,1)" and = € R*, consider the equation

y=T((1-8)r+By).

It is easy to verify that indeed there is only one point y, which we call xg, that satisfies
the above equation.!* If T is normalized, monotone, and translation invariant, then

minge(r,. xy & < Tg < MaXie(r,. k¥, that is, [|zg]| < ||z, for all B € (0, 1)k.

Lemma 5 Let T : R¥ — R* be normalized, monotone, and translation invariant. If
B.v € (0,1)", then

8=l

_ — — < 2Q——= .
||‘T‘Y xﬁHoo ||.733 x’)’”oo =1 ||,7||Oo ||$Hoo
When the vector 3 is constant, we might just denote it by : the constant value it
takes. In general, we set 3 = max;eqy,.. k) 5 and B = mineq,. 1y Bi

Lemma 6 Let T : R¥ — R* be normalized, monotone, and translation invariant and a
net {Ba},ea € (0, 1)* such that B, — e. If limg_y 25 = T and

Ba—Ba=0(1-Ba),

then lim, rg_ = T.

Y Consider the map Tg, : R¥ — RF defined by T, (y) = T((1 - B)z +By) for all y € R*. It
follows that for each y,z € R*

o0 () ~ Tp.e ()] < I~ B 4By — (1 B)a — B2l
~ 180~ 2l < (mox, 5:) Iy = 2l

proving that Tg ., is a max;c(y, .. x} Bi-contraction.

~~~~~
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A Appendix: Preliminaries

A.1 Nonnegative matrices

Given a nonnegative matrix M € R¥* let A = A(M) € {0,1}*** be the adjacency
matrix of M. For every t € N, denote by QZ(-;) the ij-th entry of A*. We write i 4 g if
and only if gg) > 0 for some t € N. We also write i <2 j if and only if ¢ 4 j and

7 A ;. An index i is essential if and only if for each j
A . A
1= ] = 1+— ],

otherwise is inessential. For each essential i, define [i] = { J:1 A, b } Note that given
two essential indexes ¢ and j we have that either [i] = [j] or [i]N[j] = 0. Moreover, given
1,j such that i A, J, @ is essential if and only if j is. Thus, we can partition {1, ..., k}

in classes of essential indexes and a, possibly empty, subset of inessential indexes.

A.2 Clarke differential

Given z € R¥, we denote by doT; (2) the Clarke differential of the i-th component of T
at z. If T; is concave, it is well known that doT; (z) coincides with OT; (z) where the
latter is the usual superdifferential of convex analysis (see, e.g., [17, Proposition 2.2.7]).

Therefore
WeoT(z) = W(y—2)>T(y) —T(2) vy € RE. (23)

Since T is normalized, monotone, and translation invariant, we have that OcT; (z + he) =
OcT; (2) for all i € {1,...,k}, for all z € R¥, and for all h € R. In particular, we also
have that 0T (he) = 0cT (0) for all h € R. Observe that dcT; (z) is a collection of
probability vectors. We denote by 0cT (z) the collection of all k x k (stochastic) ma-
trices whose i-th row belongs to OcT; (2).'® Recall that by [17, Propositions 2.1.2 and
2.1.5], the correspondence 9oT; : R¥ = R* is nonempty-, convex-, compact-valued, and
upper hemicontinuous.

For every normalized, monotone, and translation invariant 7', also denote as 3CT

the generalized Jacobian of T" as defined in [17, Proposition 2.6.2]:
dcT (x) = co {7 cRY:y = liin Jr (%) sit. 2" — z and 2F € D}

where for every z € D, Jr (z) denotes the (usual) Jacobian of T" at z.

15The notion of generalized gradient we use for real-valued functions coincides with the one of Clarke,
but our derived notion of generalized Jacobian for operators is larger than the one of Clarke (see, e.g.,
[17, Proposition 2.6.2]). With an abuse of notation, we still denote it by dcT ().
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B Appendix: A representation result

In this appendix, we consider a functional g : R* — R which is normalized, monotone,
translation invariant, and star-shaped.!® The objective is to prove that such a functional
can be rewritten as the max of a collection {gq },. 4 of normalized, monotone, translation
invariant, and concave functionals. Results of this form have appeared in Decision
Theory (see, e.g., Chandrasekher, Frick, Iijima, and Le Yaouanq [15]), Mathematical
Finance (see, e.g., Castagnoli, Cattelan, Maccheroni, Tebaldi, and Wang [11, Theorem
2]), and Mathematics (see, e.g., Rubinov and Dzalilov [37]). The version we need for this
paper is slightly different from what is available in the literature and it is a refinement
of [11], whose techniques we also exploit. Compared to their Theorem 5, we obtain a
version in which {ga},c, “inherits the derivatives” of g: a property which we badly

need for our convergence results.
Proposition 9 Let g : R¥ — R. The following statements are equivalent:

(i) The functional g is normalized, monotone, translation invariant, and star-shaped;

(ii) There exists a family {ga},cq of normalized, monotone, translation invariant,

and concave functionals such that

g(z)= mAax go (x) Vo € R”. (24)

Moreover, {ga},c4 can be chosen to be such that co (8cga (Rk)) C co (acg (Rk)) for
all a € A.

Before proving the statement, we need to introduce an ancillary object. Given
g : R¥ — R, define the binary relation Zo by

prty L gOe+(1-X0)2)>g0y+(1-Nz2) YA€ (0,1],¥z € R

It is immediate to see that x 277 y implies that g (z) > g (y). By Cerreia-Vioglio, Ghi-
rardato, Maccheroni, Marinacci, and Siniscalchi [13] and if ¢ is normalized, monotone,

and continuous, we have that there exists a closed convex set C;, C A such that
rZny = (v,x)>(y,y) Vyedl, (25)
Moreover, if 7—° is another conic binary relation such that

2%y = g(x) >g(y),

16With a small abuse of terminology, we use the same name for similar properties that pertain to
functionals and operators.
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then Z° is a subrelation of 277, that is, » Z° y implies z =} y.'" Recall that if g is
normalized, monotone, and translation invariant dcg (r) C A for all # € R*. By Ghi-
rardato and Siniscalchi [22, Theorem 2], in this case, we have that C;, = co (809 (]Rk))
where Jcg (Rk) = U,errOcg ().

Proof. (i) implies (ii). Define P = {z € R¥ : 2 7 0}. It is immediate to see that P
is a nonempty, closed, and convex cone. Define A = {z € R"\ {0} : g(z) =0}. For
each z € A define U, = co ({0,2}) + P.'"® We say that a functional § : R¥ — R is

Zs-monotone if and only if x Z y implies g (x) > g (y). Since z > y implies = 2} ¥,

;-monotonicity yields standard monotonicity.

we have that 7

Step 1. For each z € A the set U, is a nonempty, convex, and closed set such that

1. 0,z € U,;

2. if x € Uy, then g(z) > 0;

3. if yzyx €U, theny e Uy;
4. if h >0, then —he € U,.

Proof of the Step. Since 0,z € co({0,z}) and 0 € P and co ({0, z}) is convex and
compact and P is convex and closed, we have that 0,z € U, = co({0,z}) + P is
nonempty, convex, and closed, and, in particular, point 1 holds. If x € U,, then there
exist A € [0,1] and y € P such that z = Az 4+ (1 — A) 0 + y. Since ¢ is star-shaped and
g (z) =0, we have that g(Az 4+ (1 —X)0) = g(Az) > Ag(2) = 0. Since y € P, we have
that = Az+(1 — A) 04y Zs Az+(1 — A) 0, yielding that g (x) > g (Az + (1 — A) 0) > 0,
proving point 2. Next, consider z,y € R¥ such that y i; x € U, that is, y —x t; 0 and
x € U,. Since x € U,, then there exist A € [0, 1] and § € P such that x = A\z+g. Since P
is a convex cone, it follows that y = x+(y — x) = A\2+(g +y — z) € co ({0, 2})+P =U..
Finally, by contradiction, assume that ~ < 0 and —he € U,. By point 2 and since g is
normalized, 0 > —h = g (—he) > 0, a contradiction. O

Step 2. For each z € A the functional g, : R¥ — R, defined by
g () =max{h e R:x —he € U,} Vo € R,

s well defined, normalized, i;—monotone, translation invariant, concave, and such that
g-(2) =0 as well as g. (2') <0 for all 2’ € A.
Proof of the Step. Fix z € A. Consider x € R*. Define I, = {h € R: 2z — he € U,}.

Since U, is convex and closed, I, is a closed interval. Next we show that I, is bounded

1"The binary relation >° is conic if and only if there exists a subset C' C A such that z =° y if and
only if (7, z) > (v,y) for all y € C.
"8The construction of [11] differs from ours in that the cone added to co ({0, z}) is R%.
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from above. Let h > ||z||_ +||2||.,. Since z # 0 and g is normalized and monotone, note
that g (x — ||z]| e — ||zl €) < g (=2l e) = — 2], <O0. By point 2 above, we have
that « — ||z|| e —||z||., € € U.. By point 3 and since x — (||| + ||z]|..) € > = — he, we
can conclude that x — he ¢ U, proving that I, is bounded from above. Since C; C A
is compact, consider i € R such that —h > max,cc {(7,2) — (7, 2)} € R. By points 1

*

g
x — he € U, and [, is nonempty. Since I, is a nonempty, closed, and bounded from

and 3 and the characterization of =*, it follows that = — he 7

~g?

z € U,, proving that

above interval, we have that sup I, is well defined and attained, proving that g, is well
defined. In particular, x — g, (z)e € U, for all z € R*.

Consider 2/ € A. By point 2 and since 2/ € A and 2/ — g, (2')e € U,, we have
that g (2') — g. (') = g (' —g.(2')e) > 0, that is, 0 = ¢g(2') > ¢. (/). By point 1, if
2 = z,then 0 € I, and g, (z) > 0. Since 2’ was arbitrarily chosen, we can conclude that
g: (') < 0Oforall 2’ € Aand g, (z) = 0. Consider z,y € R¥ such that = Z} y. By point
3, (25), and the definition of g., we have that x — g. (y) e Z} ¥y — g- (y) e € U., yielding
that g. (y) € I, and g. () > g. (y), that is, g. is 2}-monotone. Consider z € R* and

h € R. By definition of g,, we can conclude that
(x+he)— (9. (z)+h)e=a—g.(x)e € U,.

This implies that g, (z) + h € I,y and, in particular, g, (x + he) > g, (z) + h. Since
x and h were arbitrarily chosen, we have that

g, (x+he)>g.(x) +h Vo ecRF VheR.

This yields that g. (x + he) = g. (x)+h for all z € R* and for all h € R. Finally, consider
x,y € R¥ and X € (0,1). By definition of g,, we have that x — g. () e,y — g. (y) e € U..
Since U, is convex, this implies that Az + (1 — Ay — (Ag. () + (1 — N) g. (y)) e € U.,
yielding that g, (Ax + (1 — A) y) > Ag. (z)+(1 — A) g, (y) and proving that g, is concave.

To sum up, g, is well defined, i:;—monotone, translation invariant, and concave.
Consider z = 0. By point 1, we have that 0 € U,, yielding that 0 € I, and, in
particular, ¢, (0) > 0. By point 4, we have that I, C (—o0, 0], proving that g, (0) <0,
that is, g, (0) = 0. Since g, is translation invariant and g, (0) = 0, it follows that
g. (he) = g, (0+ he) = g, (0) + h = h for all h € R, that is, g, is normalized, proving
the step. [

We can prove the implication. Consider the family of functionals {g.},_ , of Step 2.
Each g, is normalized, 2Z;-monotone (in particular, monotone), translation invariant,
and concave. Consider € R¥. Since ¢ and g, are normalized for all z € A, if x = he for
some h € R, we have that g (r) = h = g, (z) for all z € A, that is, g () = max,c 4 g, ().
If x is not a constant vector, define Z = x—g (x) e. Note that z # 0. Since g is translation

invariant, we have that z € A. By Step 2, we have that ¢, (2) <0=g¢:(2) =0=g(2)
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for all z € A. Since each g, is translation invariant, we have that

9(@)—g(x) =g(x—g(z)e) = g(2) = maxg. (2) = maxg. (v — g (z)e¢)

= max {g. (v) — g (¢)} = maxg. (v) — g (z),

proving (24).

(ii) implies (i). It is trivial.

Consider {g.},. 4 as in the proof of (i) implies (ii). Fix z € A. By Step 2, we have
that g. is 2Z7-monotone. This implies that = 7} y implies z 7} y. By the Hahn-Banach
Theorem, this yields that co (809 (]Rk)) =C,2C, =co (8cgz (Rk)), proving the last
part of the statement. |

Given a family of normalized, monotone, translation invariant, and concave opera-
tors {Sa},c 4 such that E (S,) = D for all & € A, we say that it represents T : R* — R*
(and is nice) if and only if T (z) = sup,c 4 Sa (z) for all x € R* (and the previous sup
is achieved for all x € RF, that is, for each x € R* there exists o, € A such that
T (z) = Sa, (x)).

Corollary 3 Let T be normalized, monotone, and translation invariant. If T is star-
shaped and A (T') is reqular, then there exists a collection {Sa}, 4 which represents T,
is mice, and such that A(S,) is regular for all o € A. Moreover, if T is positively

homogeneous, then S, can be chosen to be positively homogeneous for all a € A.

Proof. Note that T; is normalized, monotone, translation invariant, and star-shaped
(resp. positively homogeneous) for all i € {1, ..., k}. By Proposition 9, we have that for
each i € {1,..., k} there exists a family {S,,},.c 4, of normalized, monotone, translation
invariant, and concave functionals (resp. and positively homogeneous) such that

T (z) = max Sa; (7) Vo € R” (26)
and co (805%, (R’“)) C ¢o (8CTi (Rk)) for all a; € A;. Define A = II¥_ | A; and for
each a € A define S, : R¥ — R” to be such that its i-th component coincides with
Sa, for all i € {1,...,k}. It is immediate to see that S, is normalized, monotone,
translation invariant, and concave (resp. and positively homogeneous) for all a € A.
Since co (GCSQZ. (Rk)) C c¢o (8cﬂ- (Rk)) for all a; € A; and for all i € {1,...,k}, it
follows that A (S,) > A(T) for all @ € A. By Lemmas 10 and 11 and since A (7T) is
regular, this implies that A (S,) is regular and E (S,) = D for all & € A. By (26) and

since A has a product structure, we have that

T (xz) =sup S, (x) Vo € RF
acA
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and for each z € R* there exists a, € A such that T (z) = S,, (z). We can conclude that
{Sa},eca represents T, is nice, and such that A (S, ) is regular for all o« € A. Moreover,
if T' is positively homogeneous, S, can be chosen to be positively homogeneous for all

a € A, proving also the second part of the statement. |

C Appendix: Proofs of Section 2

The next result shows that, given z € R*, the value of T (2) can be calculated alterna-
tively by computing Wz where W is a “replicating” stochastic matrix that belongs to
the Clarke differential of T'.

Proposition 10 Let T' be normalized, monotone, and translation invariant. For each
= € R¥ and for each h € R, there exists a stochastic matriz W_;, suchthatT (z) = W_;z

and W_;, € co (U,\E[OJ](@CT (Az +(1=X) ﬁe)). i

Proof. Consider z € R¥ and h € R. By Clarke [17, Theorem 2.6.5] and since 7" is nor-
malized and Lipschitz continuous, there exists W € co (U A€[0,1] 0T ()\z + (1= ﬁe))
such that

T(z)—ﬁe:T(z)—T(iLe) :W(z—fze> =Wz — he

and the statement follows. |
A similar result applies under our more permissive definition of the Clarke differential

of an operator.

Proposition 11 Let T' be normalized, monotone, and translation invariant. For each
2 € R¥ and for each h € R, there exists a stochastic matriz W_;, suchthat T (z) =W ;2

2,

and wiﬁ € 0cT; (Ai,z,fzz + (1 - Ai,z,ﬁ) ﬁe) where A, ,; € [0,1] for all i € {1,..., k}.

Proof. Consider z € R¥ and h € R. By Lebourg’s Mean Value Theorem (see, e.g.,
Clarke [17, Theorem 2.3.7]) and since 7" is normalized and Lipschitz continuous, for
each i € {1, ..., k} there exists w' € IcT; ()\i7zﬁz + (1 - /\i7zﬁ> ﬁe) where A, ; € [0,1]
such that

Ti(z)—ﬁ:Ti(z)—Ti<ﬁe> :<wi,z—ﬁe>:<wi,z>—ﬁ.

If we define W, j, to be such that its i-th row is w’, then the statement follows. |

The next preliminary result guarantees that the adjacency matrices of the replicating
matrices and of the generalized Jacobians of 7T inherit the property of regularity of
A (T). Moreover, it provides a quantitative lower bound for the entries of the replicating

matrices. The first property will be exploited in proving that {zs} 5 ( 1) and {Zg} 5¢ 1)
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converge while the latter will be useful in the proofs that elaborate on the rate of such
convergence. Given a stochastic matrix W, we define the adjacency matrix A (W) to
be such that a;; = 1 if and only if w;; > 0 and a;; = 0 otherwise. Recall that (see, e.g.,
[17, Theorem 2.5.1])

OcT; (2) = co {7 cERF:y= lillgrn VT; (2%) st. 28 — 2z and 2* € D} : (27)

Proposition 12 Let T be normalized, monotone, and translation invariant. The fol-

lowing statements are true:

1. If A(T) is regular, then A (th) is reqular for all z € R* and for all h € R.

Moreover, we have that

() (28)

: .. 0T,
min w;; > min inf

i,5:a, ;=1 z,g;gijzl reD 8'-7;]

where w;; s the ij-th entry of W_;.

2. If A(T) is regular, then A (W) is regular for allW € 0T (0). Moreover, we have
that

. .. 0T,
min w;; > min inf
ijia, =1 ijia;;=12€D Ox;

As a consequence, if A (T) is regular, we have that W_; has a unique left Perron-
Frobenius eigenvector for all z € R* and for all h € R. We denote it by v, j,-
Proof. 1. By (22) and (27), we have that v; > ¢;; > 0 for all v € 0cT; (2), for all
i,j € {1,...,k} such that a;; = 1, and for all z € RE. By definition of W ;, and wj,
and Clarke [17, Proposition 2.6.2], this implies that w;; > ¢;; > 0 for all4,j € {1, ..., k}
such that a;; = 1 and A <Wzﬁ> > A(T) for all z € R* and for all h € R. Since A (T)

is regular, we can conclude that A (Wz,h> is regular for all z € R* and for all h e R.
By (22) and since w;; > g5 for all i,j € {1,...,k} such that g;; = 1, we have that (28)

follows.

2. By (22) and (27), we have that v; > ¢; > 0 for all v € 9c7T;(0), for all
i,j € {1,...,k} such that g;; = 1, and for all z € R*. By definition of 9-T (0), this
implies that A (W) > A(T) forall W € 0T (0). Since A (T") is regular, we can conclude
that A (W) is regular. Similarly to before, we can conclude that mini,j:gijzl W >

. . oT:
MmN jiq, =1 inf,cp e (). |

C.1 Convergence

Given T : R¥ — RF¥ define Tp, : R¥ — R* by Ts, (y) = T ((1 — B) z + By). Clearly,
the fixed points of T}, are the solutions of (1).
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Lemma 7 LetT be normalized, monotone, and translation invariant. If € (0,1) and
r € R*, then Ty, is a B-contraction. In particular, for each 3 € (0,1) and for each
r € R*, there exists unique x5 € R* such that

Ts.(y) = 25 Yy €ERY, Tpo(vg) = w5, and [, < |2l - (29)

Proof. Fix § € (0,1) and x € R*. We prove that T}, is a -contraction. Since T' is

Lipschitz continuous of order 1, we have that for each y, z € R*

1Ts0 () = T (2)loo = 1T (L = B)z+ By) =T (L =Bz +B2)| < Blly — 2l

proving that T, is a [-contraction. By the Banach contraction principle, for each
y € R* we have that T} (y) — x4 as well as Tj, (23) = x3 where x4 is the unique
fixed point of T} ,. Finally, since 7" is normalized and Lipschitz continuous of order 1,
observe that for all y € R”

1Ts0 Wl = 1T (L =B)z+By) =T (0)|lo < (1= B)z+ Byl < (1= B) 2/t 1Yl -

By induction, this implies that ||Tt7x (x)HOO < ||z||, for all ¢ € N. By passing to the
limit, (29) follows. |

Proof of Lemma 1. It follows from Lemma 7. [ ]

Consider the set L of limit points of {zs} Be 1).19 By construction and since
x is bounded, the set L is closed and bounded. We define liminfz_.; x5 = inf L
BIBe(0,1) B B
and limsupg_,; 25 = sup L where inf and sup are computed coordinatewise.

The next simple lemma yields that the limit points of {z3} 4 q ,) are fixed points of

0,1)
T and so are liminfs_,; 25 and limsupg_,; 73, provided E (T') = D.

Lemma 8 If T is normalized, monotone, and translation invariant, then L C E (T).
Moreover, if E(T) = D, then liminfs_; zg,limsupg ., x5 € E(T).

We now provide various lower and upper bounds for liminfs .; 75 and lim supg_,; 7.

Lemma 9 Let T be normalized, monotone, and translation invariant. If E(T) = D,
then

max  (y,z)e > limsupag > liminfzg > min  (y,7)e Vo€ R
v€r(8cT(0)) B—1 p—1 v€r(8cT(0))

YThat is, € L if and only if there exists {xg, Fen C {xﬂ}ﬁe(o.l) such that 3, — 1 and 2, — .
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Proof. Consider a sequence {z3,}, .y C {%s}sc(, such that §, — 1 and 25, — 7,
that is in symbols, Z is a limit point of {xz} 8e(0,1) and ¢ € L. By Lemma 8 and since
E(T) = D, we have that £ € L C E(T) and & = he for some h € R. Consider
Zp, = (1= Bn)x + Bazp, for all n € N. For each n € N consider also W; 5 as in
Proposition 10. We have that for each n € N

Wi, 5 (1= Bn)x+ Buzp,) = Ws, 335, =T (Zp,) =T ((1 — Ba) x + Buzp,) = 25,
By (3) and Example 1, we have that x5, = T Ws, & for all n € N. For each n € N
consider v, € I’ (Wi ﬁnﬁ). By definition of T’ (Wx mﬁ) and (4), we have that

(Yn, xp,) = <7"’x5mWiﬁnﬁ> = (Y, ) Vn € N. (30)

Since {Wj 5 B} is a sequence of stochastic matrices, it admits a subsequence {Wx 5 B}
n"" ) neN "7 ) 1eN

such that W P A W. Similarly, since {7y, },.y is a sequence of probability vectors,
ny?

it admits a subsequence {fynl(r)} such that v, ,, — 7. Since v, € T <Wx 5 E,)
iy’

eN
for all » € N, we can conclude that

-T T T I T T _ =T
/y W - llTI:II an(,r) Wxﬁ"l('r)7h - IITI'I‘I ’YTLI(T) - ’Y )

that is, 7 € T" (W).

We next prove that the correspondence z — U)\e[071]éCT ()xz +(1=X) ﬁe) is closed.
Let {2, pn},en With p, € UAe[O,l]éCT ()\zn +(1-=2X) 716) foralln € Nand {z,, pp },eny —
{2, p}pen- Since [0, 1] is compact, there is a subsequence {zy,, pn, },cny and a { A}y €
[0,1] with p,, € OcT (A, zn, + (1 — Ay,) he) for all | € N and \,, — . Since, by Clarke
[17, Proposition 2.6.2], the correspondence z — deT (z) is closed,

pedoT (A4 (1= 1) he) S UreoydeT (A2 + (1= ) Be)

proving that z — U,\G[OJ]@CT ()\z +(1—=X) ﬁe) is closed.
Therefore, by Aliprantis and Border [4, Theorems 17.11 and 17.35],

2+ Co (U/\e[o,l}éCT ()\Z +(1—=M) Be))
is upper hemicontinuous. Since ignl(r) — he, we can conclude that
W € co <U)\€[071]8ACT <)\;L€ + (1 — )\) iLG)) = écT (Be) = éCT‘z (0) .

Since ¥ € I'(W), this implies that 4 € I'(W) C T <éCT (0)) By (30) and since
—

Thpyyy T = he, it follows that

77’ = <’77 E> = h;n <'an(r)axﬁnl(r)> - 1171:11 <7ﬂl(r)7$> = <,77 ‘7;> )
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that is,

sup <’Y,ZE>6Z<’7,I>€:]_l€=f:;w:<’7,l’>€2 inf {(v,z)e
ver (8cT(0)) 7€l (9T (0))

Since T was arbitrarily chosen, we can conclude that

sup (y,x)e>x > inf (y,z)e Vi€ L. (31)

~er(cT(0)) ~v€r (9T (0))
Since £ (T') = D, we have that liminfg_.; 73, limsups ;25 € L. By (31) applied to
limsupg_,; 75 and lim infz_.; 75 and since lim supg_,; 73 > liminfs_,; x5, we obtain that
SUD, 1 (907(0)) (v,r)e > limsupg_, x5 > liminfg ;x5 > infyer(écT(o)) (v, z)e. Since
dcT (0) is closed, we have that T (3CT (0)) is compact, yielding that the above sup

and inf are achieved and thus proving the statement. |

Proposition 13 Let T be normalized, monotone, and translation invariant. If E(T) =
D, then

max ,r)ye > limsupxg > liminfxg > min ,T) € vz € RF.
Y€(9cT(0)) wez ﬁ—>1p b= p—1 v = Y€I(9cT(0)) @)

Proof. It follows immediately from Lemma 9 and Clarke [17, Proposition 2.6.2]. W

Given a normalized, monotone, and translation invariant operator 7' : R¥ — R*_ we

define the adjacency matrix A (7',0) by

We@cT(O)

In what follows, we will show that the regularity of A (7,0) implies E (T') = D. Before

moving there, we make few simple observations.

Lemma 10 Let T be normalized, monotone, and translation invariant. The following

statements are true:
1. If A(T) is regular, so is A (T,0).

2. If T is continuously differentiable at 0, A (T,0) is reqular if and only if A (Jr (0))

18 reqular.

Proof. 1. For ease of notation, set A = A(T) and B = A(T,0). Recall that a;; =1
if and only if inf,cpr minwes, () wi; > 0. This implies that b;; > ay; for all 4,j €
{1,...,k}, that is, A(T,0) = B > A = A(T), yielding the statement.

2. Since T is continuously differentiable at 0, we have that dcT (0) = {Jr (0)},
yielding that A (7,0) = A (Jr (0)) and proving the statement. |
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Lemma 11 Let T' be normalized, monotone, and translation invariant. If A(T,0) is
reqular, then E(T) = D.

Proof. By construction, note that A (W) > A(T,0) for all W € 0T (0). We begin
by proving the statement when A (7,0) is also assumed to be aperiodic. Assume that
there exists x € E (T)\ D such that T (z) = x. It follows that 7% (z) = z for all t € N.
By induction and [17, point e of Proposition 2.6.2 and Theorem 2.6.6], we also have
that

OcT (0) C{W eW : W =1'_ W, st. {W,},_, CoT(0)} VteN. (32

Since A = A(T,0) is regular and aperiodic, it follows that there exist ¢ € N and
h € {1,...,k} such that ag? > 0forallie {1,..,k}. By (32) and since A (W) > A(_T, 0)
for all W € 9T (0), we have that w;, > 0 for all i € {1, ..., k} and for all W € 97" (0).
Consider now 7, j € {1,...,k} such that x; = min;cy 2; and r; = maxey ;. It follows

that 2; > z; and 7 # j. We have two cases:

1. x, < xj. Define 2 = v —xje < 0 and y = xje. Define y,, = y—i—%z for all n € N. By
Lebourg’s Mean Value Theorem (see, e.g., [17, Theorem 2.3.7]), for each n € N
there exists A, € (0,1) and w, € (%T]—? (Anyn + (1 = Ap) y) such that

T (yn) = T3 (y) = (W, Y — y) = % (wy, 2) .

I &
I &

Since y, — vy, we have that Ay, + (1 — \,)y — y. By [17, point b of Propo-

neN meN g

{wn}, ey such that w,, — w € 3(;7’;(0). Since w;, > 0 for all ¢ € {1,...,k} and

for all W € 91" (0) and since w,,, — w, wy, > 0 and, in particular, there exists

sition 2.1.5] and since {w,} C A, there exists a subsequence {wy,, }

m € N such that w,,, , > 0 for all m > m. Since T' is normalized and monotone
and T* (z) = x, so is T* and it follows that

f ; ; ; 1
0=1; —z; =25~ T} (&) = 75— T} (y + 2) zT}(y)—Tf(y+n—z)
1 1 1
T (Wny =2) 2 T o hFh = o Wb (25— z1) >0,

a contradiction.

2. xp > x7. Define z = x — 27 > 0 and y = z;e. Define y,, = y—l—%z for all n € N. By
Lebourg’s Mean Value Theorem (see, e.g., [17, Theorem 2.3.7]), for each n € N
there exists A, € (0,1) and w, € T (A\nyn + (1 — \,) y) such that

T4 (52) = T4 (0) = {0 — ) = = (w0, 2).

SN
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Since y, — vy, we have that Ay, + (1 —\,)y — y. By [17, point b of Propo-

neN meN g

{w,}, ey such that w,,, — w € cT¢ (0). Since wy, > 0 for all i € {1,...,k} and

for all W € 9cT* (0) and since w,,, — w, wy, > 0 and, in particular, there exists

sition 2.1.5] and since {w, } C A, there exists a subsequence {w,,, }

m € N such that w,,, , > 0 for all m > m. Since T" is normalized and monotone
and T* (z) = x, so is T* and it follows that

i ] ) . )
0:5”%—-”52:Tf(ﬂf)—xz=Tf(y+2)—:vzZTf(y+—Z)_Tf(y)

1 1 1
= — (Wn,, 2) > — Wy n2h = — Wy n (Th — 27) > 0,
Nm m m

a contradiction.

Cases 1 and 2 prove that E (T%) = D. Since D C E(T) C E (T*) = D, we have
that £ (T) = D, provided A (T,0) is also assumed to be aperiodic. For the general case,
set Ty = Al + (1 — A\) T where X € (0,1). It is immediate to see that T is normalized,
monotone, translation invariant and such that A (7),0) > A(7,0)V I. Since A(T,0) is
regular, this implies that A (7),0) is regular and aperiodic. Since F (T') = E (T)), the
previous part of the proof yields that F (T') = E (T)) = D, proving the statement. B

Proof of Theorem 1. Since T' is continuously differentiable in a neighborhood of 0,
so is each T;. By [17, p. 32 and Proposition 2.2.4], it follows that dcT; (0) is a singleton
for all + € {1,...,k}. This implies that d-7 (0) is a singleton and coincides with the
Jacobian of T" at 0. In particular, I' (0o7 (0)) is the singleton given by v: the unique
left Perron-Frobenius eigenvector of the Jacobian of 7" at 0. By Lemmas 10 and 11,
E (T) = D. Therefore, by Proposition 13 we can conclude that

(v,x)e > limsupxg > ligli{lf xg > (y,2) e,
B—1 -

proving that limg_; x5 = (7, ) e. [

Proposition 14 Let T be normalized, monotone, and translation invariant. If T is
concave and E (T) = D, then

min ,T) > min , X Vo € R*,¥p € (0,1 33
Y€l(0cT(0)) ¢ >_7€F(8CT(O)) (7,25 Be(0.1) (33)

and

min ,r)e > limsupx Vo € R
oy PRta
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Proof. Let x € R*. Consider W € 95T (0) and 4 € T (W). Define S : R* — R* by
S (y) = Wy for all y € R*. By (23), it follows that S (y) > T (y) for all y € R*. By
induction, we have that Sj, > Tf , for all t € N and for all # € (0,1). By Lemma 7,
if we define by x3 1 the unique fixed point of Sg ., this implies that xg > 4 for all
B € (0,1). By definition of I' (W) and I' (0c7 (0)) and (4) and since ¥ € T' (W) and
W € 0cT (0), we also have that 5 € T' (W) C ' (0cT (0)) and

,r) = (¥, x > (¥,x3) > min (v,xg) >  min , T V5 e (0,1).
(Vx) =V, xaw) = (¥, 25) M(W)w 8) Vemcm))@ 5 VB e€(0,1)

Since W, 74, and x were arbitrarily chosen, we have that

min ,T) >  min , T vz e RF VB € (0,1),

vel'(0cT'(0)) @) vl (0cT(0)) v B> e
proving (33). Fix 2 € R* again. Observe that the function ¢ : R¥ — R, defined by
¢ (y) = min,er.r0) (7, ) for all y € R*, is normalized, monotone, and translation
invariant. In particular, ¢ is Lipschitz continuous. By Lemma 8 and since E (T') =
D, we have that limsupg ,; x5 is a limit point of {xﬁ}ﬁe(&l)’ that is, there exists a

sequence {g,},cy C {28} 5¢(,) such that 5, — 1 and lim, x5, = limsup,_,; 25 and

neN
limsupg_,; 5 = he for some h € R. By (33) and since ¢ is continuous, we can conclude
that

min ;) > lim  min cx5,) = limo (z3,) = ¢ (he) = h,
Y€ (9cT(0)) (o) n ~el(dcT(0)) (7, %6,) n v (25,) 90( )

proving the statement. |

Proof of Theorem 2. By Lemma 7 and Propositions 13 and 14, we have that
liminfg_.; 15 > min,cr@.r(0) (7, ) € > limsupg_,; 753 and limg_,; 253 = min,er@.r0) (7, 2),

proving the first part of the statement. The second one immediately follows. ]

Proof of Lemma 2. Suppose by contradiction that there exists y € E(T) \ D.
y ¢ D, {1,..,k} \ I* # 0. Since W is strongly connected, there is i* € I* and
Jj e {1,..,k} \ I* such that w;;« > 0. But then T;- (y) < Zle Wiy < Wi Y +
(1 — wj=j+ ) MaXieqr,. k) Yi = Winj=Yj=+(1 — wiej+ ) Y+ < Y+, & contradiction with Tj- (y) =

,,,,,

Yix [ ]

Proof of Corollary 1. If T is differentiable at 0, so is each 7;. Since T is concave, so
is each T;. It follows that 0cT; (0) = 9T; (0) is a singleton for all ¢ € {1,...,k}. This
implies that 0T (0) is a singleton and coincides with the Jacobian of 7" at 0. Since
the Jacobian of T" at 0 is regular, I" (0T (0)) is a singleton given by the unique left
Perron-Frobenius eigenvector of the Jacobian of 7" at 0. By Theorem 2, we can conclude

that limg_,; 253 = (7, 2) e. [
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Observe that if 7" is nice we have that E (1) = D. To see this, consider x € E (T).
By construction of 7', there exists & € A such that x = T (z) = S5 (z), yielding that
x € E(Sz) = D. This shows that £ (T) C D. The opposite inclusion follows from
normalization. In order to prove Proposition 1, we first provide two ancillary lemmas
which give bounds on liminfs ,; x5 and limsupg_,; 5. These bounds are in terms of

the limits of the operators S, whose sup gives T
Lemma 12 If {S,},. 4 is nice, then liminfs 1 x5 > Sup,e 4 @a (z) € for all z € R¥.

Proof. By construction, we have that 7" (y) > S, (y) for all y € R* and for all a € A.
By induction and since S, and 7" are monotone, this implies that 7% , (y) > S% 5, (y)
for all t € N, for all 3 € (0,1), for all z,y € R¥, and for all o € A. By passing to
the limit and Lemma 7, this implies that x5 > x5, for all 8 € (0,1), for all z € RF,
and for all & € A. By Theorem 2 and since E (1) = D, it follows that liminfz ,; x5 >
liminfs 1 25, = limg_1 250 = o () e for all z € R* and for all « € A, proving the
statement. |

Lemma 13 If {S.},c4 s nice, then sup,e 4 9o (¥) € > limsupg_,, x5 for all v € RF.

Proof. Fix z € R¥ and 3 € (0,1). By construction of 7" and definition of x5 and since
{Sa},ea is nice, we have that there exists az € A

Sag (1= B)z + Bxg) =T ((1 - B)x + Bxs) = zs.

By Lemma 7, it follows that w3 = x3,,. By Proposition 14 and since 3 was arbitrarily
chosen, we have that for each § € (0,1)

sup p, () > Payg (r) = min (v, z) > min <7, x57%> = min (v,238) -
acA V€T (90Say(0)) VET (80 Say(0)) VET (80 Say(0))

(34)
By Lemma 8 and since £ (T') = D, we have that there exists a sequence {23}, C

{5} sc(0.1) such that §, — 1 and limsup,_; x5 = lim, 25, = he for some h € R. For
each n € N consider v,, € I' (0cSa,, (0)) such that (v, z5,) = minver(acs%n ) (7,28,)-
We have that sup,c4 ¢ () > (v, 23,) for all n € N. Since {7,}, .y C A, there exists
a subsequence {7V, },cy € {7n}ney such that v, — % € A. We can conclude that

sup o () > lim (7, 23, ) = (3, he) =,
acA l

proving that sup,. 4 @a (r)e > he = lim supg_,; Tg. Since T € R* was arbitrarily
chosen, the statement follows. |

Proof of Proposition 1. By Lemmas 12 and 13, we have that limg_.; 25 = sup,c 4 ¥a (2) €
for all z € R*. |
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Proof of Remark 1. Define Tj, (y) = (1 — )z + 8T (y) for all y € R*. Tt is easy
to show that Tj, is a S-contraction (see, e.g., [24, Theorem 11.3]). By the Banach
contraction principle and since Tﬁ,x is also a (-contraction, for each y € R* we have
that TEI (y) — @3 as well as Tj, (73) = &g where i is the unique fixed point of Tj,,.
Fix 2 € R* and § € (0,1). Set @3 = (1 — 3) x + fag. By definition of Tj, and @4 as
well as 3, we have that

Tso (25) = (1 — B)a+BT (25) = (1 — B)a+BT (1 — B) x + Bag) = (1 — B) a+Bxs = &5,

Since g is the unique fixed point of Tﬁ,m and x and (8 were arbitrarily chosen, we can
conclude that 75 = &3 = (1 — B)x + Bz for all 3 € (0,1) and for all z € R*. The
second part of the statement follows by taking the limit for 5 when it exists. |

D Appendix: Proofs of Sections 3, 4, and 6

D.1 Endogenous networks

Proof of Proposition 2. Observe that ¢; = 1In (1/S5;) = —In (5;) and that In (5;) is the
composition of two upper semicontinuous functions where In is monotone increasing,
so it is upper semicontinuous, and thus ¢; is lower semicontinuous. It is also convex as
S; is log-concave. Since there is w; with S; (w;) = 1, ¢;* (0) # (). Therefore, it is easy
to see that p — miny,.s, (uw,)=1 Z?Zl w;;p; and p — ming,ea Z?Zl w;ip; + i (wz)} are
well defined, normalized, monotone, translation invariant, and concave.
To prove the result, we are going to use two ancillary fixed point equations:
k

ppi=(1—5)x;+ ﬁllvl}élg {Zwijﬁ@j +¢ (wz)} Vied{l,.. k}

Jj=1

and

k
Phi=0—B)z+B min > wyply, Vie{l,. k}.
7=1

It is easy to see that for all 3 € (0,1) and i € {1,...,k}, ps; > psi > Pss- Since
by Theorem 2, equation (6), and Lemmas 1 and 2 for all i € {1,...,k}, limg 1 pg; =
limp 1 pls ; = MiNyer(argmax(s)) (7 T), the first part of the result follows.

For the second part of the result, limg_,; pg; = (ywo,x) immediately follows from

the first part. Suppose by contradiction that for some i € {1,...,k} we do not have
0

limg_, wg; = w;. Since A is compact, the sequence limg_,; ws,; admits a converging
subsequence {wg, i}, With limit @; # w;. But this, by the lower semicontinuity of ¢;,

means that

n—oo

k k
(o, x)+e; () < lim Y " wg, ip; + i (wp, i) < Tim > uwbsg e (wf) = (o, )
=1 =1
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a contradiction with ¢; (@;) > 0. With this, that limg_,; @3, = 0, and limg_; Qg,; =

w; follows from equations (47).

Proof of Proposition 3. It follows immediately by Lemma 2 and Corollary 1. |

Proof of Proposition 4. For every i € {1,...,k}, let ¢; be the convexification of ¢;.
Observe that for all i € {1,...,k} and a € R”

(1 — 6) l.z—i_ﬂu”ljneaAX {Zwijaj . Ci (ﬁUN)z)} _ (1 . 5) $Z+5 maAX {Zwijaj _ C; (ﬁwz)}
==t W EAR =

by Theorem 3 of [14]. To prove the result, we are going to use two ancillary fixed point

equations:

agi = (1 —p)z; + [ ma

wiGAXn {z; @Dijdm — G (QI)Z)} Vi € {1, ,k’}
]:

and

ag; = (1-7) xi“‘ﬁg?e?giﬂ Zwija/lgd Vie{l, .. k}.
St

It is easy to see that for all 3 € (0,1) and 7 € {1,...,k}, aj; < ag; < ag;. Since
by Theorem 2, equation (6), and Lemmas 1 and 2 for all i € {1,....k}, limg_,1 ag; =

limg ) af ; = max,er() (7, 7)- |

D.2 Zero-sum stochastic games

Proof of Proposition 5. For every § € A (S), define the operator H (-, §) : RE*? —

RRXQ as

H,,(z,8) = min Z 2w p (8, ¢, w) (r',w') Y (r,w) € RxQ,Vz € R,
Gea@) (r'w")ERXQ

Moreover, define the operator T : RF*? — REX? ag

Trw(z) =max H,,, (2,0 (w)) V(r,w) € R x Q,Vz € R¥*%,

(S

Observe that, for every o € ¥g, the operator H (-, o) is monotone, normalized, transla-
tion invariant, positive homogeneous, and concave. Moreover, since A () is compact
and p is continuous, it follows by the Maximum theorem that, for every »z € RF*%,
the map o — H (z,0) is continuous. Given that A (S) is compact, Assumption A and
Lemma 2, it follows that {H (-,0)}

we have

sex 18 nice. Moreover, observe that by construction

H,,=Hy, Vr,r' € R,Vw € Q.
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Therefore, for all o € ¥ g we have
SH (0,0) = { W € Wgyq : 36 € A(Q)R ”,v rw
W), () = Jaigy P (0 (@),
B WGWRXQ:HUEZQ,V(T,W),(T',W’)ERXQ,
N { Werw),(w) = Jag P (0 (W), 4,w) (r,w') do, (§) }
={W (0,6) € Wgxq:0 € Xg}.

Next, define z € R**? as z,.,, = r. Also, for every 8 € (0,1), define 27 € RF*% as

xﬁw =92, and observe that it is the unique solution of the fixed-point equation

3€A(S) GeA(Q

xﬁw =% = max min) {(1 —B)g (8 qw)+p Z vf,p(é,(j,w) (w')}

= max min {(1 —p) Z r'p(8,q,w)(r')+ Z vglp (5,4, w) (w/)}

3€A(S) GeA(Q)

= max min ¢ (1=5) Y p(3,40) (" Nrpw+B8 Y p(34w) (" w

3€A(S) GeA(Q) (" W) E RO (r' W )ERXQ

= max min Z ((1 —p)x+ ﬁ:pf8>w7w/ p(8,q,w) (r,w)

8€A(S) GeA (@)

(r'w")ERXQ
= Hrw 1- B: S
. (1 =p)x+ pa”,3)
= m%xHW (1=B)z+ B2°,0(w)) =T, ((1 - B)z + B27) V(r,w) € R x Q.
[4S
Also, for every t € N, define 2 € RF*? as z! | = v, and observe that, for all ¢t € N

and for all (r,w) € R x Q,

1 t—1 1 t—1
xi,w =, = max H,,, (—ZB + Txﬁ,a(w)> =T (— a:ﬁ) .

o€Xs t t t
Therefore, by Propositions 1 and ?7?, it follows that

lim 2% = sup min Z e (sup min ZT”)/ (0,0) (T)) e.

=1 €r(0H(0,
8 vexs \rer@HO) | £

The equality between limg_; 2° and lim; 2! follows from Theorem 1 in Ziliotto [45].'H

20Ziliotto [45] proves the equality between the two limits without any additional connectedness
structure for the operator, i.e., without F (T") = D. For a simpler proof in our case, observe that since
{2'} ey, is bounded, that is sup,ey, [|2*]lo, < 00, {2'},cy, has at least a limit point. Using the same
techniques of [41, Lemma, 1], one can show that lim, ||z'*! — 2| = 0. Note that || T (z') — z' ™| _ <
2 (1 — By) sup,en, 27| o for all t € Ny, yielding that lim, ||T" (2*) — 2!||, = 0. Since E(T) = D, this
implies that all the limit points of {'},. belong to D and, in particular, lim, [[z*|| . = h if and
only if limg zs = he. By [31, Theorem 1.1] (see also [43, Theorem 1]) and since limg_,; 25 € D, we
have that limg_ e = lim ¢ = inf,cse |7 (o +y) — yll.o. proving that limg_; oy — lim, o,
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E Appendix: Proofs of Section 8

E.1 Star-Shaped Operators

Proof of Theorem 3. Note that T; is normalized, monotone, translation invariant, and
star-shaped for all i € {1,...,k}. By Proposition 9, we have that for each i € {1, ..., k}
there exists a family {S,,},,c4, of normalized, monotone, translation invariant, and
concave functionals such that
T; (z) = max Se,; (7) Vo € RF (35)
a; €EA;
and co ((%Sai (]Rk)) C ¢o ((%ﬂ (Rk)) for all o; € A;. Define A = I1¥_, A; and for each
a € A define S, : R* — R* to be such that its i-th component coincides with S,, for
all i € {1,...,k}. It is immediate to see that S, is normalized, monotone, translation
invariant, and concave for all o € A. Since co ((%Sai (Rk)) C co (80Ti (]Rk)) for all
a; € A; and for all i € {1,...,k}, it follows that A(S,) > A(T) for all « € A. By
Lemmas 10 and 11 and since A (T) is regular, this implies that A (S,) is regular and
E(S,) =D for all @ € A. By (35) and since A has a product structure, we have that
T (x) =sup S, (z) Vr € R
acA
and for each z € R* there exists o, € A such that T () = S,, (z). We can conclude
that {Sa},c 4 is nice. By Proposition 1, the statement follows. |

E.2 Range

Given the additivity and homogeneity properties of max and min, it is routine to check
that

Rg (\y + pz) < ARg(y) + pRg(2) VA pe Ry, Vy, 2z € RE (36)
In particular, since 5 = (1 — 8)z + Bap for all x € R* and for all 8 € (0,1), this
implies that

Rg(ig) < (1 —B)Rg(x) + BRg(xs) Vr e RF VB € (0,1). (37)

geeey — e L,y

for all y € R¥, thus
Rg (T (y)) <Rg(y)  VyeR" (38)

By definition of 75 and x4, we have that T (Z3) = x5 for all € R* and for all 3 € (0, 1)
and

Rg(z5) <Rg(ig) VYo eRF VB e (0,1). (39)
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Thus, for our purposes, (37) and (39) show that we can alternatively either study
Rg (z5) or Rg(Zs). Since some results are easier to be derived just focusing on one
of the two, we will extensively use these inequalities to go back and forth Rg (z5) and

Rg (Z3). We begin with two ancillary lemmas.

Lemma 14 Let T : R* — R* be such that there exist a stochastic matric W and
€ (0,1] such that

T(y)=eWy+(1—¢)S(y) Vy € RF (40)

where S : RF — RF is normalized, monotone, and translation invariant. If there exist
he{l,.. k} andt € N such that wf,f) >0 foralli € {1,....,k}, then

1
Re (v5) < Rg(z) VA€ (0.1), Vo e RF
t(Be)f (1-Be)
1+—

(1-8) (1-(5e)")

where § = minm;wipo Wiy -

Proof. Recall that 75 = (1 — 8)z + Sz for all z € RF and for all 8 € (0,1). Given
r € R¥ and 8 € (0,1), recall also that Tj, : R* — R* is defined by Tj, (y) =
T((1—p)z+ By) for all y € R*. By Lemma 7, x4 is a fixed point of T, and so of
T, for all t € N.

Step 1. For each x € R¥, for each 3 € (0,1), and for each t € N

t—1

T8, (25) = (L= B)e 3 (Be) W™ 4 (Be) Wias + (1— ) S (Be)T WS (25).

T

I
=)

Proof of the Step. We proceed by induction.
Initial Step. If t = 1, then

Ty (25) =T ((1 = B)x + Prp)
=(1-08)eWz+ BeWag+ (1 —¢)S (1 —5)x + Bxgs)

t—1

— (1= B)e 3 (B W+ (Be) Whap + (1— )3 (Be) W7S (75)

7=0

proving the initial step.
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Inductive Step. Assume the statement holds for ¢. We show it holds for ¢t + 1. By (40)
and inductive hypothesis T} , (x5) = 25, we have that

T5t! (25) =T (1 = B) = + BT, (v5))

eW (1= B)z + P15, (xs)) + (1 =€) S ((1 = Bz + BTj, (25))
(1=B)eWax+ BeWTs, (25) + (1 —e) S ((1 = )z + Bap)
(1-p)eWz

t—1 t—1
+ BeW e Z )W 4 (Be) Whas + (1 — ¢ Z
=0 7=0
+(1—¢)S(2s)
t—1
=(1=B)eWa+(1-B)eY (Be) W2z + (8e) ™ W'y
7=0

1—5i657+1W7+1S( 5)+ (1 —¢)S (i)

t

B)e > (Be) Wla + (Be) ™ Wit + (1— ) Y (Be) WS (@),
7=0

7=0

~+

proving the inductive step.
Step 1 follows by induction. O
Step 2. For each z € R”
Rg (Wtz> < (1 — 6£> Rg (2)
where 0 = Min; j.p,; 50 Wij-
Proof of the Step. Let z € R* and define y = W'z. Consider i,iy € {1,...,k} such

that y;, = max;ep k} ¥i- Define also z* = max;cqi . k) 2; and

7777777777777

k} %i- Define 5 = min;e(y,.. ny wl(,f) € (0,1) where wz(;) is the ih-th entry

-----

Ry — mmie{l 77777

of Wt. Note that

ko koo
Rg (Wtz> =Rg(y) =4i, — i, = ; wi(lt]) Zj = ]z: wz(;a) Zj

§<1_wggz*_(1_wggz,+(fg 5) &h_(@3_5>%-7

(1ol (1) (s20)— (o2-3)-
< (1-5) (= —2) = (1-9) Re ().

. C .. . . ) . t o
Next, by induction, it is immediate to see that mlni’j:wg;)>0 w; > (mlnm;wij <0 wij) =4

for all £ € N. Since wz(;) >0 for all i € {1,...,k}, we can conclude that § > &, proving
the statement. O

48

o)



By Steps 1 and 2 as well as (36), (37), and (38) and since Té:x (x3) = x5 and the
composition of normalized and monotone operators is normalized and monotone, we
have that for each € R* and for each 3 € (0,1)

Rg (ws) = Rg (75, (5))
—Rg |(1-8)e Y (Be) W + (Be) Wiag + (1 — ) (B) WS (7p)

T

Il
=)
Il
=)

T

H—
)_I

< (1= )= Y (9 Re (W) + (5) R (W) + 1—52_3 )" R (W7S ()

H~>~|

= o

(8e) Re (x) + (5)' R (Wias) + (1) Y (8e)" Re (3)

T

S(l—ﬁ)é‘

gl

wﬂ

LL
Il
o

i—1

< (- By (5 Ra(e) + (32) Re (Wiay) +(1-2) (1 -

L (1-9)8Y (Be) Re (x5)
~(1-9) % Re (a) + (82) R (Wias) + (1 = &) B R (o)
g(1—ﬁ)%fig(x)ﬂﬁ@f(l—ﬁ)Rg(wﬁ)ﬂl—e)ﬂ 1 W;) Re ()

5 Rg (z5) -

t £ i+1
1= () ey + (6—66—6(56) (52) — 8" (pe)' + 8" (Be)"* )
Since (65)5 (1 - 6£> +(1—¢) B%@?f € (0,1), this implies that

-8 (1-(5))
(1= 8) (1 - (8e)') + 3 (8) (1 - Be)

Rg (z5) < Rg(z) VreR:V3e(0,1),

proving the statement. n

From the previous lemma, we obtain an estimate on the range of x3, provided T’
admits a decomposition as in (40) and W has eventually a strictly positive column. This
latter property is achieved whenever A (W) not only is regular, but also “aperiodic”.
As for the former property, by [12, Proposition 5], we have that if 7" is normalized,
monotone, and translation invariant and A (7) is nontrivial, then there there exist a
stochastic matrix W and e € (0, 1] such that

T(y)=cWy+(1—-e)S(y) VyeR
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where S : R¥ — R* is normalized, monotone, and translation invariant. Moreover,
W can be chosen to be such that A (W) = A(T). Thus, if A(T) is also regular and
aperiodic, so is A (W). Since in our statements we have the property of regularity, but
not aperiodicity, we consider an auxiliary operator closely related to T" and which will
satisfy the property of aperiodicity.

Given T : R¥ — RF¥, it will be thus useful to consider the averaged operator Ty =
M + (1 — )T with A € (0,1) where I is the identity.?! Note that A (7)) > A(T) and,
in particular, the only difference between A (7)) and A (T') consists in the entries of the
diagonal of A (7)) which are all 1, while those of A (T") might be 0.

Building on Lemma 14, the next result provides a result on the convergence of
Rg (z5.,) where for each x € R* and for each 3,\ € (0,1), x4, is the unique point
satisfying

T (L= B)x + Prgp) = 2.

Lemma 15 Let T : R¥ — R* be normalized, monotone, and translation invariant. If
A(T) is regular, then

1
5(53) (1)

(1-m(1-(9)")

Rg (75,) < Rg(z) VreRF V3, )€ (0,1), (41)

1+

where 6 = min {\, (1 — \) 48}, 6 = min; j.q, =1 infzep 377;"_ (z), and t € N is the smallest

natural number such that A (T,\)IE has one column with all positive entries.

Proof. Since T is normalized, monotone, translation invariant and A (7") is nontrivial,
we have that 6 € (0,1]. Since A (7)) > A(T) and A (T) is regular, we have that A (7))
is regular. By [12, Proposition 5|, we have that there exist a stochastic matrix W and
e € (0, 1] such that

T\(y) =eWy+ (1 —¢)S(y) Vy € RF

where S : R¥ — R is normalized, monotone, and translation invariant. Moreover, W
can be chosen to be such that A (W) = A (T)). By the proof of Proposition 5 in [12],
it follows that € can be chosen to be equal to § and all the strictly positive entries of
W are greater than or equal to 6. This implies that A (W) is regular and A (W) > I.
In particular (see, e.g., [39, Exercise 4.13]), the set of natural numbers ¢ € N such that
A (W)t = A(T ,\)'g has one column with all positive entries is nonempty and # is well
defined. By Lemma 14, the statement follows. |

2IWith a small abuse of notation, we denote with I both the identity matrix and the identity

operator.
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Remark 2 Note that

X ) (1-5) (1 - (55)£>

H% -0) (1= () ) + 8 (59)" (- 59)

Consider the quantity at the denominator of the fraction on the right-hand side. It is

immediate to see that it is equal to

(1- 85) (1_@%%%(55)5 (- a) (a3 (s + 5 (59)

H

I
o

T

> (1-68) (1- 55 (83)' ).

Consider now the function h : R — R defined by h(5) =1 — 5+ §% Bt for all 8 € R.
Since 6 € (0,1) and £ € N, & is convex and differentiable on R with derivative &’ (3) =
-1+ f32£6£*1 for all § € R. Clearly, A’ is negative in a neighborhood of 0. We thus
have two cases:

1. W (B) <0 for all g € [0,1]. This happens if and only if § < (%)2% and, in this
case, h(3) > 6% > 0 for all 3 € [0,1].

2. W (B) > O for some g € [0,1]. Since A/ (6) > 0 for some € [0, 1], we have that
o > ( ) Since h is convex and § > ( )“ that is 1 > 1/£6% > 0, this implies

that h is minimized at 3, € (0,1) where 8, = "1/1/6% € (0,1) and

1
=1 ()

. 1 i—1
of [ L
i <t5>

1 1

. 1 1 t—1
2t
+90 <552£> (,gng>
t—1
1 1 1 1
:1—(AAA) <1—7)21—(1—7>27>0
P52 i i i

1 1
NN N S (1 - ﬁ) ~ A )
IRACONCDN (1-6) min {4,057}
(1-8) (1—(58)z)
Finally, since 6 = min {\, (1 — A) 8} and A can be arbitrarily chosen, 6 is maximized for

A=6/(1+6). In this case, § = 6/ (14 ). We will use (42) with this choice of 4 later

on. A

We can conclude that

(42)
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Lemma 15, paired with Remark 2, is instrumental in proving Theorem 4. In fact,
it only provides an estimate for the range of the fixed points of the averaged operator
Ty with A = d/ (1 + ). The next formula describes the relation between the points 74
which solve (2) for the operator 7" and the points 3 which solve the same equation,
but for the operator 7). In turn, this provides a relation between Rg (Z5) and Rg (Z3,),
and via (37) and (39), between Rg (z3) and Rg (x5.)).

Lemma 16 If T is normalized, monotone, and translation invariant, then

- k
Tp=0_8 ., Ve e RY, VG, A€ (0,1).

Moreover, for each A € (0,1) the function f\ : (0,1) — (0,1), defined by fr(8) =
B/ (L —=X)+ N3] for all € (0,1), is strictly increasing and limg_,; fy (8) = 1.

Proof. Define the averaged operator Ty = A\ + (1 — A\) T with A € (0,1). By definition

of Zg ), note that

(1—=pB)x+ BAigy+ B (1= N)T (Tp)
=1 =B+ B [Asx+ (1 —=N)T (T5,)]
= (1= fB)z+ BTy (isp) = Tsn Yz eRF VA Ne(0,1),

that is, ( )
1-8  B(1-A
TS S

yielding that s solves equation (2) for the operator 7" with weight B 1(:&) By the

uniqueness of the solution, we can conclude that Zsu-n = g, for all z € R* and
1-BA

for all 5, € (0,1). Fix A € (0,1). If we define gy : (0,1) — (0,1) by g\ (5) =

B(1—=A)/(1—pA) for all € (0,1), then gy is well defined and ¢} > 0. The inverse

of gy is f\ and shares the same properties and, in particular, limg_; f\ (8) = 1. Since

T (Zpn) = s VB,A€(0,1),Ve € RF,

A was arbitrarily chosen, it follows that
Tnen = Tnuwe) =T Yo €REYABE(0,1),

proving the statement. ]

Proof of Theorem 4. Set A = §/ (1 +J) € (0,1). By Lemma 15 and Remark 2 and
since A (T5) = A(T) V I, we have that for each z € R* and for each 8 € (0,1)

Rg (25) < (1-5) Rg (x) < (1 —f) rrRg(2) .

By (37), we have that
Rg (¥55) < (1— 8) (1 + Brr)Rg(x) Vo € RE VB € (0,1).

52



By Lemma 16, recall that

fg=T_p5 5=1Irps YBE(0,1),VzeR"

(1=X)+x8"
We can conclude that
Rg (Zg) = Rg (T, 50) < (1= f2(8)) 1+ fx (8) kr)Rg (z) Vo e R¥,VE e (0,1).

By (39), we have that

Rg (z5) < Rg (75) < (1 fx(8)) (1 + fx (B) kr)Rg (z) Vo € R", VB € (0,1).

Finally, observe that (1 — 5\) + A3 € (3,1), that is, 1 > ﬁ > [ for all § € (0,1).
This implies that 1 > f5(8) > >0and 0 < 1— f5(8) < 1—p for all 5 € (0,1). Since

kr > 0, we can conclude that
(I=/B) A+ fx(B)rr) <1 =)L +rr) VB€E(0,1),
yielding that
Rg (15) <Rg(T5) < (1 - F) (1 +wr)Rg(z) Vo e R VB € (0,1),

proving the statement. n

E.3 Rate of convergence

Proof of Theorem 5. Consider z € R*¥ and 3 € (0,1). As usual, we have that iz =
(1 — ) x+ Szg. By point 2 of Proposition 12 and since 7" is continuously differentiable
and A (T) is regular, I' (OcT (0)) consists of only one element, denoted by 7. Set
h = {7, z). By definition of W 4.h (see proof of Proposition 13), we have that

Wipi (L= B)a + Pug) = Wi, 57 = T (15) = T (1 = B)w + Pug) = wp.

By (3), we have that z3 = LW, By point 1 of Proposition 12 and since A (7T) is
regular, I’ (W~

= th> consists of only one element which we denote by ~4. It follows that

25 = (v, 2) ell oo < llzs = (vps ) ell o + [10vs, 2) € = (7, 2) €

= Hl’ﬁ,wiﬁ,,; = {8, 2) €Hoo + (s = 7, )]

< [[wsme,n = Gse]|+ s = Al e
[e.e]

We next bound the two terms on the right-hand side.
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a By Example 1, we have that
chﬁ,wi.ﬁ,ﬁ — (18, ) €HOO <Rg (Jfﬁ,wiﬁ,,;> = Rg (2).

b We next bound ||vs — ||, = ||y —73l/,- Consider W = Jr (0). By Proposition
12, we have that min jq, =1 Wij > 5. Set W = M + (1 —=X)W and W =\ +
(1 — A) W5, » where A can be arbitrarily chosen in (0,1). It is immediate to see

that yTW* = 4T and WEVAV’& = 7; for all t € N. Note that A (W) and A (W)
are both regular and such that A (W) VA (W) > A(T)VI. It follows that there

i

exist h € {1,...,k} and £ € N such that u?ih) > 0 for all i € {1,...,k} and #
can be chosen to be ¢7. Since minngw_:l wy; > 0, MiNjeqr 1} ﬁ)Z(ZT) > 07 where
0 = min {\, (1 — \)&}. By Seneta [40], this implies that

1 Tt T7tr

Iy =l < o [ er e

Since Since A can be arbitrarily chosen, we then choose A = 6/ (1+4) so to
maximize 4, yielding that

(1+0)"7

|y —8ll; < 5 Wit — Wi

(43)

[e.9]

Next, by induction and since the space of matrices endowed with || || is a Banach

algebra and HWHOO = 1 for all stochastic matrices 1,22 we have that

~ A - A 4]
HWtT || <y HW - WH —(1- 2 V¢ HW W, hH L (44)
22First, recall that, given a k x k matrix E,
k
IE] = max €3] -
i€{1,...k} =

In other words, ||E| is the dual norm of the operator  — Ez when R* is endowed with || || . For
this reason, it can be computed by calculating the || ||; of each row of E and then take the maximum of

these values. By induction, we prove that

HW:&_Wt

gtHVT/—WH vt € N.
The statement is trivial for ¢ = 1. Assume it holds for ¢, we show it holds for ¢ 4+ 1. Observe that

it vt = o (3 =)+ (7w o]

o0

IA

W (Wt - Wt)

)

oo

W

IN

[ e =]

wt—w!

# =],

oo

IA

tHW—VT/H +\v~v_wH :(t+1)HVT/—WH ,
oo o0 o0

the statement follows by induction.
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Consider the i-th row of W — W ;. By definition of W;_ ; and since VT; (he) =
VT, (0) for all b € R, we have that the i-th row of W—Wj_j is equal to VT; (ﬁe) —

VT, ()\ij&,;i:[g + (1 — Ai@gﬁ) }_l€> where A; 3, 7 € [0,1] and h we chose it to be an

element of

|:min <)\Z',Cfﬁ,f_Li‘B + <1 —_— )\i,jg,fl,) }_le) ,maX <)\Z',:fﬁ,f_Li.B + (1 _— )\i,igjl,) ]TIIe)] .
Since the Jacobian of T is Lipschitz continuous, we also have that

HVE (ile) — VE (Ai,fﬁ,ﬁjﬁ + (]. — Ai,i‘g,ﬁ) 716)

’iLe — (Ai,ig,ﬁiﬁ + (1 — )\ivjﬁv}_l> Be) ”oo .
By (36) and given our choice of h, we can conclude that
‘ ];/6 — ()\ivi'ﬁ7ﬁj5 + (1 - Ai,iﬁ,ﬁ) }_le) ‘OO — H (Ai,i‘[j,]jbjﬁ + <1 - Ai,ig,fl) 77/6) — he
<Rg </\i,:zﬁ,ﬁjﬁ + (1 - Ai,f;;,ﬁ) Be)
< Aizgn RE (Tp) + <1 - )\i,iﬁ,ﬁ) Rg (ﬁe)
< Rg (is)

1
<L

By definition of HW — W; B’BH and (43) and (44) and since i was arbitrarily

chosen, this implies that >

14 6)7 |~ . 14 6)” b
I =l = S i i< B (1 g o - i
(1+0)""

o
< — T3) -
S T n (1 T 5) trL Rg (Zs)

By points a and b and Theorem 4 an since Rg (Z3) < Rg (x3), we can conclude that

wra (o

) oL 2]l Re ()

<= 0nn) (14 S (1 Y el Y re o)

proving the statement. |

..........

Lemma 17 If {S.},. 4 is nice and such that S, is positively homogeneous for all o €
A, then for each x € R¥

max Tz > Sup ¢, () > minxg vVp e (0,1).
acA
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Proof. Recall that T : R* — RF is defined by T (y) = sup,ec4 Sa (y) for all y € R*
and for each y € R* there exists a,, € A such that T (y) = S,, (y). Fix z € R* and
f € (0,1). Recall that x5 =T ((1 — B) x + Bag) and @, () = min,cr@qs, (o)) (7, *) for
all o € A. It follows that there exists & € A such that

Sa (1= B)a + fag) = T (1 - )z + Brg) = a5

This implies that x3 = x5 5. By Proposition 14 and since S5 is normalized, monotone,
translation invariant, concave, and such that F (S5) = D as well as I' (0055 (0)) C A,
we have that sup,c 4 ¢a () > va () > va(2pa) = s (xg) > minazg, yielding one
inequality. For each n € N define a,, € A to be such that ¢,,, () > sup,c4 @a () —1/n.

Fix n € N. By construction, we have that

San (L= P)x+ Pag) <T((1 = B)x+ Pfrg) = 5.

Fix h € R. By Proposition 11, there exists a stochastic matrix Wfﬁ,h such that

where w b € 0cSa, i(/\ #Ts+ (1 —)\m h) he) where A, ; oh € [0,1] for all i €
{1,.. k} By [23, Proposmon A.3] and since S, ; is po:31t1vely homogeneous w' i €
OcSa,,i (0) for all i € {1,..,k}, yielding that W; ; € 0cSa, (0). Since W;_; €
0cSa, (0) and is a stochastic matrix, we have that there exists 47 € A such that

’_YTWQ;B,E =A~T and 4 € T (0¢Sa, (0)). It follows that
<,77:EB> 0l x5>7 ngh(( 6)x+ﬁx5>::}/T ((1—5)$+ﬁ$5) = (1_ﬁ) <§/7$>+ﬁ <f_>/7x,3>7

yielding that (¥,z3) > (¥,2) and maxxg > (7,25) > (¥, 2) > minyer@gs., ) (1, 7) =
Can, () > SUPLes Yo () — 1/n. By passing to the limit and since n was arbitrarily

chosen, we have that max s > sup,c 4 ¢« (), proving the statement. |

Proof of Proposition 6. By the same techniques of Castagnoli, Cattelan, Maccheroni,
Tebaldi, and Wang [11, Theorem 2] or Chandrasekher, Frick, Iijima, and Le Yaouanq
[15], there exists a collection {S,},. 4 which is nice, represents 7', and such that A (S,)
is regular and S, is positively homogeneous for all o € A.** Fix 2 € R*. By Proposition
1 and Lemma 17, Z = limg_,; ¥ = suP,e4 Pa () € Where @, () = min,craqs, o)) (7, )
for all « € A and

max T > sup ¢, (r) > minzg VB € (0,1),
acA

yielding that ||z — 25||, < Rg(xs) for all 3 € (0,1). By Theorem 4, the statement
follows. u

23 A proof is available upon request.
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Proof of Proposition 7 Fix § € (0,1) and observe that if
s = {7.2) ello < €(8B,,2)
then

Ui (b({y,2) e), (v, ) ei) = Ui ({7, 2) €)| =

U () e-s) = Ui () )|
U (o) es) = U7 ()

< (L7 (B) + L(B) € (B, ¢, x)

max U; (z5) = Ui ((v,2) )| < L |lg = (v,2) el < LE (B, ¢,7)

<

+ Ui (25) = Ui ({7, 2) €]

E.4 Computing the fixed point

Consider a nonexpansive operator T : R* — R*. Given 8 € (0,1) and z € R*, define
Tpe, Tpa : R — R* by

Tpo(y) =T ((1—B)ax+By) and Ty, (y) = (1= B)x+ BT (y) vy e R"

Lemma 18 Let T be nonexpansive. If 3 € (0,1) and x € R*, then Tp, and T@m are
B-contractions. In particular, for each 3 € (0,1) and for each v € R*, there exist unique
xg,i5 € R¥ such that

Th.(y) = as Yy eRE, Ty, (x5) = a5

and
Th, (y) > &g VyeRF, Ty, (i5) = @

Proof. Fix 3 € (0,1) and z € R¥. We prove that Tj, is a S-contraction. A similar

argument holds for 7, 2. Since T' is nonexpansive, we have that for each y, z € R¥
1T5.0 (¥) = Tpa (2)loo = 1T (1 = B2+ By) =T ((1 = B)z + B2l
<[A-=Baz+By—1-PB)z— Bzl =B8lly — 2l

proving that Tz, is a [(-contraction. By the Banach contraction principle, for each
y € R* we have that T}, (y) — 23 as well as T, (13) = x5 where x4 is the unique
fixed point of T} ,. |

Consider two nonexpansive operators S, T : R¥ — R¥.If for each 3 € (0,1) and for

each 2z € R" we define x5 ¢ and 257 to be such that

2ps=S((1—p)x+ Brss) and xgr =T ((1 — )z + Bxsr),

then we have the following simple monotonicity result.

o7



Lemma 19 Let S and T be nonexpansive. If S is monotone and S > T, then
rg,8 = TBT Vi e (O, 1) Vo € Rk,

Proof of Proposition 8. Fix 8 € (0,1) and z € R*. By Lemma 19, x5 < 75, for all
a € A, proving that 257 < inf,ea 75,5, Since for each € R* there exists a, € A such
that S,, (x) = T (=), we have that there exists & € A such that S; (1 — 8) z + Srgr) =
T((1—p)z+ Brgr) = xpr, proving that inf,caxp5, > 2p1r = 255, > infocazss,,

proving the statement. |

E.5 Beyond Normalization

Proof of Lemma 3. Fix 3 € (0,1) and = € R*. We have

@2 =T (= B) (e =)+ 6 (@~ 2);)
—1 (=Bt 8 (- a;+a7)) -t
— (x—x*);er*ZT((1—5)$+5<@_$*);+$*>)

= = (v —a")5+ 2"

Proof of Lemma 4. 1. Fix k£ € R and observe that
T* (ke) =T (2" + ke) — 2" =T (2*) — 2" + ke = ke

proving that 7* is normalized and that D C FE (T*). Assume that there exists y €
E (T*)\D. It follows that

y=T"(y) =T +y) -
— " +y=T (2" +vy),
thatisz*+y e E(T) C {x* +cecRF:cc ]R} yielding a contradiction with y ¢ D.

2. Let B (2*) be neighborhood of * where T is continuously differentiable. Ob-
serving that for all y such that ||y|| < 5,

limT (y + hv) — T* (y) :hmT(x +y+hv) =T (2" +y)
h—0 h h—0 h

and the right hand side by construction exists and is a continuous function of y, proving

the statement.
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3. Let T be concave and fix z, 2’ € R* and \ € [0,1]. We have

T*(1=XNa"+ ) =T+ (1 =N a2+ r) —z
=T((1-=XN (@ +2")+A(z+2a")) -z
>(1=NT (2 +2")+ AT (2 +2*) —
=1=-N(T @ +2)—2*)+ AT (z +2%) — z%)
=1 =T (@) + AT" (z) .

This proves that T™ is concave.

4. Fix z € R* and X € (0,1). We have

T" M) =T+ M) —z"=T(1-Nz"+ A(z+2")) — 2"
>(1=NT (") + AT (x +2*) —a”
= AMT(z +a%) —a)
= \T" ().

This proves that T™ is star-shaped. |

Proof of Lemma 5. Consider 3,7 € (0,1)". Since lzsll, < ||lz||, and T" is nonex-

pansive, note that
25 — 2]l S [(L=B)x+ Bag — (L =)z — v,
= [|(v = B)z + Bag — vz +vT8 — VT4l
=[[(v = B) (@ — ) + v (zs — 74,
< v =Bl llz = zall o + 17l lzs — 241l

proving the statement. |

Proof of Lemma 6. Define v, = 3¢ for all & € A. By the previous lemma and since

limg_,; 23 = T, we have that

o= | < 12 = 0 | + o, = 0, < |2 = ]+ 208 Yols g
0 1Yol
_ 5B~ Pa
:H“f—%H+ f_—B—HxH — 0,
proving the statement. ]
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F Online appendix: omitted proofs

Proof of Lemma 8. Consider 7 € L. By definition of L, there exists {zg, }, . C
{5} c(0.1) Such that 3, — 1 and x5, — 7. By definition of 23 and since T" is Lipschitz

continuous and lim,, [(1 — 8,) © + B,xs,] = T, we have that
T=limzg, =lUmT ((1 - 5,)z+ Burs,) =1 (Z),

proving that z € E (T), that is, L C F (T'). Next, assume that £ (7)) = D. By the
previous part of the proof, we have that L C E(T) = D. This implies that there
exists a set H C R such that {he},_,, = L and, in particular, liminfs_,, x5 = (inf H)e
as well as limsupg ,; 75 = (sup H)e. Since L is closed and bounded, it follows that
(inf H)e,(supH)e € L C E(T), proving the second part of the statement. |

Proof of Lemma ??7. We start with a preliminary observation. By induction and
since T is nonexpansive and normalized, it is obvious that ||2*|| < ||z||, for all ¢ € N.
Note that for each [,1 € N

Hztﬂ - xﬁl”oo - HT ((1 — Biy1) T+ Bt+1xt) ~T((1-8)z+ ﬁlﬂ?ﬁz)”oo
<|T (1 = Biyr) &+ Braz’) = T (L= B) =+ Buz') ||
+|T (1= B)z+ ') =T (1= B)z + Biwg)||
<@ = Bip1)  + Bz’ — (1= B = — 5l$tHoo
+[(1=B)z+ Bz’ — (1= B) x — Brag ||
= (8 = Buin) (& = )| + B [J" — |
< Bi||2" = wp |, + 1B = Bl ||z — 2|
< B ||t =z || + 22l |Bira — Bl -

Since {f;},.y is an increasing sequence, we have that for each t >

12 = sl < Brfla' = a0 + 2wl (Bria — ). (45)

We next prove (??) by induction. By (45) and setting s = ¢, the statement is true for
m = 1. Assume (??) holds for m. We show it holds for m + 1. By (45) and inductive
hypothesis, we have that

o777~y € 827" =+ 2ol v = )

< Bl = wg o + 212l Zﬁm“ " Botr = B1) + 2|7l (Bstmrr — 51)

m+1

=B 2 = 2l + 202l D BT (Berr — B)

r=1



proving the inductive step. |

Proof of Lemma 19. Fix 3 € (0,1) and * € R*. We prove by induction that
Sk (x) > Tf, (x) for all t € N. For t = 1, note that S; (z) = S((1 - 3)z + fz) =
S(x)>T(x) =T((1—-p)x+ px) =Ts, (x). Next, we assume the statement is true

for t and we prove it holds for ¢ + 1. Since S is monotone and S > T', we have that

She () = Sp.a (S5, (2)) = S (1= Bz +BSj, (2)) = S (1 - B)z + BT}, (x))
>T((1=B)a+pBT5, (7)) = Tpa (Tha () = Tg, (@),

proving the statement. By Lemma 18 and passing to the limit, x5 ¢ = lim, Sfj’z (x) >
lim, T , () = 25,7 |

F.1 Computations for Section 3.1

The first-order conditions for the cost-minimization problem given w; € A read as
Qio = p (1= B) F; (Qs, wi) (46)
1 .
Qij = F,UﬁwijFi (Qi, wy) Vi€ {l,...k}
j

where 1 is the Lagrange multiplier of the only constraint. Given that F; (Q;, w;) =1 in
the optimum, by plugging the previous conditions back in the production function we

have:

K Bwij
L= 8 (wi) & (8, wi) (Zipn (1 = B) Fi (@i, wi))l_ﬁ H ( MBUJU (Qi, wz))
Bw;

— 1S: (wi) (Z0)° ﬁ (%)mj

which implies that

Next, observe that, in the optimum, for every ¢ we have

1\18_k
Qn-0-9)(5) 117" 5 (a7
1 1\~ ﬁ b ﬁww ,
Qij = F]ﬂwij (Z) H ) Vie{l,.. k}



as well as

k k
K; (P,w;) = Qi + ZPJ’QU =pn(1=0)F (Qiw;) + Z P; (%Mﬁwijﬂ (Qiawi)>
7j=1 j=1 J

k 1\ 18 k 1
—ut=prwye=n=(z) 112" g0
jil 2 -1 2 1

Given that each firm can pick its technology so to minimize their unitary cost, he

zero-profit condition for every i € {1, ..., k} reads

L\18F o1
P = ufnelg K; (P,w;) = glég (Z) HP] JSi (w;)

Jj=1

Taking the logarithms on both sides we get

In (P) :gleig{u ~ A)In (Zi) +ﬁéwijln(ﬂ)+ln (Si Sw)>}

Next, by defining p; = In(P;), z; = In <Zi>, and ¢; (w;) = In <Si(lwi)>, we finally get

k
pi=1-8)z+ 55111(& {Z wiipj + %Ci (wz)} :
i€ =1

Similarly, defining ¢;o = In (Qi0) and ¢;; = In (Q;;) we get
k
Gio (B) =In(1—B)+ (1 —B)z; + ﬁzwzj (B) p; (B) + ci (wi; (8))
j=1

!
g (B) = In (Bwi; (B)) —p] + (1 — Bz + Z wij (B) pj (B) + ¢i (wi; (B))



