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Abstract

The theory of repeated games explores how mutual help and cooperation are
sustained through repeated interaction, even when economic agents are completely
self-interested beings. This thesis analyzes two models that involve repeated interac-
tion in an environment where some information is private.

In the first chapter, we characterize the equilibrium set of the following game.
Two players interact repeatedly over an infinite horizon and occasionally, one of the
players has an opportunity to do a favor to the other player. The ability to do a favor
is private information and only one of the players is in a position to do a favor at a
time. The cost of doing a favor is less than the benefit to the receiver so that, always
doing a favor is the socially optimal outcome. Intuitively, a player who develops the
ability to do a favor in some period might have an incentive to reveal this information
and do a favor if she has reason to expect future favors in return.

We show that the equilibrium set expands monotonically in the likelihood that
someone is in a position to do a favor. It also expands with the discount factor. How-
ever, there are no fully efficient equilibria for any discount factor less than unity. We
find sufficient conditions under which equilibria on the Pareto frontier of the equilib-
rium set are supported by efficient payoffs. We also provide a partial characterization
of payoffs on the frontier in terms of the action profiles that support them.

In the second chapter, we use numerical methods to compute the equilibrium
value set of the exchanging favors game. We use techniques from Judd, Yeltekin and
Conklin (2003) to find inner and outer approximations of the equilibrium value set

which, together, provide bounds on it. Any point contained in the inner approxima-
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tion is certainly an equilibrium payoff. Any point not in the outer approximation is
certainly not in the value set.

These inner and outer monotone approximations are found by looking for bound-
ary points of the relevant sets and then connecting these to form convex sets. Working
with eight boundary points gives us estimates that are coarse but still capture the
comparative statics of the equilibrium set with respect to the discount factor and
the other parameters. By increasing the number of boundary points from eight to
twelve, we obtain very precise estimates of the equilibrium set. With this tightly
approximated equilibrium set, the properties of its inner approximation provide good
indications of the properties of the equilibrium set itself. We find a very specific shape
of the equilibrium set and see that payoffs on the Pareto frontier of the equilibrium
set are supported by current actions of full favors. This is true so long as there is
room for full favors, that is, away from the two ends of the frontier.

The third chapter extends the concept of Quantal Response equilibrium, a statis-
tical version of Nash equilibrium, to repeated games. We prove a limit Folk Theorem
for a two person finite action repeated game with private information, the very spe-
cific additive kind introduced by the Quantal Response model. If the information is
almost complete and the discount factor is high enough, we can construct Quantal
Response Equilibria very close to any feasible individually rational payoffs. This is

illustrated numerically for the repeated Prisoners’ Dilemma game.
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Chapter 1

Efficient Exchange of Favors with Private Informa-
tion

1.1 Introduction

The theory of repeated games explains how mutual help and cooperation are
sustained through repeated interaction, even when economic agents are completely
self-interested beings. This paper examines how cooperation is sustained in the pres-
ence of private information and when there is a lack of immediate reciprocity.

Imagine a technology intensive industry where technological breakthroughs are
hard to come by and the market is served almost entirely by two firms who use
similar but not identical technologies. Suppose one of these firms makes a significant
cost saving discovery which is more suitable to the other firm’s technology. While
communicating this discovery to the rival firm will be the socially efficient thing to do,
will this firm consider sharing the information? With this setting in mind, we study a
model where two players interact repeatedly over an infinite horizon and occasionally,
one of the players has an opportunity to do a favor to the other player. The ability
to do a favor is private information and only one of the players is in a position to do
a favor at a time. The cost of doing a favor is less than the benefit to the receiver so

that, always doing a favor is the socially optimal outcome. Intuitively, a player who



develops the ability to do a favor in some period might have an incentive to reveal
this information and do a favor if she has reason to expect future favors in return.

One can think of several other situations in economics and in political economy
which can be modelled as people exchanging favors. For example, politicians might
support legislation introduced by other politicians, expecting similar support in the
future, when trying to pass their own legislations. Our model is a repeated game
with privately informed and impatient players and we focus on the set of equilibrium
outcomes for this game. It is instructive to think about the reasons why players
may not be able to implement the socially optimal outcome that requires them to
do favors whenever in a position to do so. The first is impatience. If a player values
future payoffs less than current payoffs, she will attach a lower value to a promised
favor to be delivered in the future. Moreover, the more favors a player has already
accumulated, the less inclined she will be to collect yet another future favor due to
its lower marginal value. The second factor is the frequency with which the opponent
receives the chance to return a favor. If one player is in a position to do a favor
much more frequently than her opponent, her incentive to do the favor is likely to
be significantly lower than in the case where they are more equally matched. Given
these constraints, we ask what are the most efficient outcomes that can be supported
as equilibria in this game.

A two person model of trading favors was first studied by Mobius (2001). He
analyzed one particular equilibrium where players provide favors on the basis of an
intuitive counting mechanism. Players keep track of the difference between favors
done by them and by their opponent, in particular, how many favors are owed by a

player. Since the value of each additional favor owed to her gets progressively lower, a



player provides a favor only if the favors she is owed is less than a finite number. The
last favor provided is the first one for which the marginal value becomes negative.

Hauser and Hopenhayn (2008) characterize the Pareto frontier of equilibrium out-
comes in the Mobius model. In Mobius’ equilibrium, the rate of exchange of favors
is always one. Hauser and Hopenhayn show that there are significant efficiency gains
over this equilibrium by allowing the terms of trade to vary. In particular, on the
Pareto frontier, each additional favor provided commands a higher price in terms of
future favors promised. This induces players to provide more favors than in the case
where the price is always one. Our model differs from that of Hauser and Hopen-
hayn (2008) in two respects. First, it is in discrete time as opposed to their model
which is in continuous time. Second, their paper assumes a symmetric arrival rate
of the opportunity to do a favor for both players. Our model allows for asymmetric
opportunities of doing favors.

To characterize the equilibrium set of this infinitely repeated game, we follow
Abreu, Pearce and Stacchetti (1990) and use the recursive approach to analyzing
repeated games. This approach builds on the fact that perfect public equilibria
can be viewed as combinations of current strategies and continuation values. More
generally, restricting attention to public strategies, one can define payoffs that are
supported by certain current actions and continuation payoffs. These continuation
payoffs reflect the expected value of future favors and also act as state variables. At
any point in time, the repeated game is characterized by these state variables. These
determine the current actions and the impact of the observable public outcomes on

future continuation values.



In the standard model from Abreu, Pearce and Stacchetti (1990), the set of current
actions is discrete and finite. Our model differs in that the action space is continuous
and we allow for favors ranging from no favor to a full favor (zero to one). Some
results that are standard for the finite action but continuous signal model also extend
to our model. In particular, we can establish the compactness (Lemma 1.1) and
convexity (Lemma 1.2) of the equilibrium set.

In Section 3, we analyze the Pareto frontier of the set of equilibrium payoffs.
Under certain intuitive parametric conditions, equilibrium values on the frontier are
supported by efficient continuation payoffs (Lemma 1.4). In general, if no favors are
observed, players might be punished with continuation values that are inefficient. We
find that if with high probability, no one is in a position to do a favor, then inefficient
punishments will not be used. Intuitively, if no favor is done, the likelihood that the
opponent cheated is low and the value from such severe punishments is low.

Hauser and Hopenhayn (2008) find in the continuous time model that the frontier
of the equilibrium set is supported by payoffs also on the frontier or, is self-generating.
They argue that this is because of the negligible information content, in a continuous
time model, of the event that no favor is done. Our result shares the property that
inefficient continuation values are not used when the information content of no favors
is low but is weaker than their result. We can show that for payoffs on the frontier,
the continuation values must be drawn from the outer boundary of the equilibrium
set, a set that includes the Pareto frontier but is potentially larger.

We also want to understand what strategies support equilibrium payoffs on the
Pareto frontier and on the entire outer boundary of the equilibrium set. We find that

boundary points that are not in the interior of the Pareto frontier are supported by



one player doing zero favors (Proposition 1.1). Such payoff pairs are reached when
one player has done many more favors than their opponent. The interpretation is
that when one player has collected many favors for the future, they wait for some
favors to be returned before doing any more.

We also find that some payoff pairs in the interior of the Pareto frontier are
supported by players doing full favors. This is the case if there is a region on the
frontier where the slope lies between two ratios: the ratio of the benefit of a favor to
the cost of a favor and its reciprocal. These are also the slopes of the two arms of the
set of feasible long run payoffs for this game which is similar to that of the repeated
Prisoner’s Dilemma.

We find cooperation among the players supported in equilibrium even when they
receive opportunities to do favors with unequal probabilities. Our model does impose
some restrictions on how much asymmetry is allowed in the ability of the two players
to do favors. Assuming without loss of generality that ¢, the probability that player
2 will be in a position to do a favor in a period is greater than p, the probability that
player 1 will be in a position to do a favor, we have to assume that p/q is greater
than ¢/b. The larger the gap between the cost and benefit of a favor, the larger the
asymmetry allowed.

In Section 4, we do comparative statics for the equilibrium set. As long as the
asymmetry in p and ¢ is within the required bounds, increasing either probability
increases the amount of cooperation that can be supported in equilibrium. Theorem
1.1 shows that holding one player’s probability of being in a position to do a favor
constant, the higher the probability of the other player, the larger the equilibrium set

(weakly).



Theorem 1.2 shows us that in equilibrium, the potential for cooperation is en-
hanced with more patient players. Specifically, the equilibrium set expands monoton-
ically in the discount factor, in terms of weak set inclusion. Again, this is a standard
result for the Abreu, Pearce and Stacchetti (1990) model. However, the proof here is
different due to the structural differences of the model.

In a similar vein to this paper, Athey and Bagwell (2001) apply techniques from
the theory of imperfect monitoring in repeated games (Abreu, Pearce and Stacchetti
(1990), Fudenberg, Levine, Maskin (1994)) to a repeated game with private informa-
tion. They study optimal collusion between two firms with privately observed cost
shocks. They find a discount factor strictly less than 1 with which first-best payofts
are achieved as equilibria. In contrast, in the model in this paper, an exact Folk
Theorem is not obtained. For any discount factor less than 1, there exist feasible
individually rational payoffs that are not in the equilibrium set. This is shown in
Theorem 1.3.

A potential source of this difference in findings is the difference in the shapes of the
feasible sets. The Athey and Bagwell (2001) game has a feasible set that has a straight
line Pareto frontier. In our game the set of feasible individually rational payoffs has a
kinked Pareto boundary, similar to that of a repeated Prisoner’s Dilemma. Azevedo
and Moreira (2007) show that the generic repeated Prisoner’s Dilemma has no efficient
equilibrium for any discount factor. They also generalize this result to an Anti-Folk
Theorem for a larger class of games.

Abdulkadiroglu and Bagwell (2005) analyze a repeated trust game with private
information which has a similar flavor. In each period, either player might receive

some income and this is private information. This player can then choose to exhibit



trust by investing this income with the other player. The investment either succeeds
or fails and this outcome is privately observed by the trustee. If the investment is
successful, the trustee can choose to "reciprocate" and share the returns with the
investor. They found that players are "willing to exhibit trust and thereby facilitate
cooperative gains only if such behavior is regarded as a favor that must be reciprocated

either immediately or in the future."

1.2 Model

There are two players represented by i = 1,2. At each time periodt =0, 1,2, ...., oo,
one of the players might get a chance to do the other a favor. The cost of doing a
favor is c¢. The benefit to the recipient of the favor is b. b > ¢ and the socially efficient
outcome is that a favor is always provided. There is a common discount factor ¢ and
players seek to maximize the present discounted values of their utilities. We assume
that the players are risk-neutral.

At any time period t, the state space is Q = {F}, Fy, Fy}. In state Fy, player 1 is
in a position to do player 2 a favor; in state Fy, player 2 is in a position do player
1 a favor and in state Fj, neither player is in a position to do a favor. The ability
to do a favor is private information. In other words, player i’s information set is
{(F}), (Fizj, Fs)} and a player who is not in a position to do a favor does not know
whether or not her opponent is in a position to do a favor. The state at time ¢ depends
on the realization of the random variable S?, S* = s € Q. S! is independently and
identically distributed over time and in any period, takes the value F; with probability

p, I with probability ¢ and Fyy with probability r = 1 —p—q. Throughout this paper



(chapter), we assume that r > 0 so that there is always a positive probability that
neither player is in a position to do a favor.

Without loss of generality, we assume that ¢ > p, so player 2 is in a position to do
a favor with a higher probability in any period. We assume that p/q > ¢/b. Under
this assumption the set of long run feasible payoffs of the game looks like the feasible
set of the repeated Prisoner’s Dilemma (Figure 1). By making this assumption, we
are restricting the amount of asymmetry allowed or how much larger ¢ can be than
p. The larger the gap between b and ¢, the more the asymmetry allowed.

Favors are perfectly divisible and players can provide full or partial favors, z; €
[0,1], i« = 1,2. Figure 1 shows U, the set of feasible long run payoffs of the repeated
game. If players do a favor each time they get a chance, the long-run payoffs are
(gb— pc, pb— qc). Since p/q > ¢/b, (gb— pc, pb—qc) > (0,0). If player 2 always does a
favor while player 1 never does one, the payoffs are (¢b, —qc). If player 1 always does
a favor while player 2 never does one, the payoffs are (—pc, pb). We restrict attention
to non-negative payoffs.

In the stage game, a strategy for player i is a decision whether to and how much of
a favor to provide, if she finds herself in a position to do so. Let X! be a variable that
records, for period ¢, both the identity of a player who does a favor and how much of
a favor is done. X' = (X*(1), X*(2)) where X*(1) € {1,2} records the identity and
X*(2) € (0,1] records the quantity. Let X*(1), X*(2) = 0 when no favor is done.

In the repeated game, at time ¢, player i observes her own private history (when
she was in a position to do a favor) and a public history of when and what size of
favors were provided in the past. At time ¢, let A = {X° X1 ... X*"!} denote a

public history. H! is the set of all possible public histories at time ¢t. We restrict



Figure 1: Set of feasible long run payoffs (q > p)
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attention to sequential equilibria in which players condition only on public histories
and their current type but not on their private history of types. Such strategies
are called public strategies and such sequential equilibria are called perfect public
equilibria (Fudenberg, Levine and Maskin (1994)). Let of : H* x Q — [0, 1] denote a
public strategy for player i at time ¢ and let o; denote a sequence of such strategies

for t =0,1,...00, such that,

zi(ht) € 0,1] if s' = F;
0if st £ F,
From Abreu, Pearce and Stacchetti (1990), it is known that perfect public equi-

libria can be expressed recursively. More generally, if we restrict attention to public

strategies, any payoff pair (v,w) can be factorized into current and continuation



values, (v, w.) : X* — U, that depend only on current public outcomes. For our pur-
poses, it will be convenient to adopt the following notation. If, at time ¢, X*(1) = 1,
let the continuation values be denoted by (vi(z1),ws(z1)), where z; = X*(2) > 0;
if X'(1) = 2, let the continuation values be denoted by (vq(z2),ws(x3)), where
ry = X%2) > 0; and finally, if X*(1), X*(2) = 0, let the continuation values be
denoted by (vg4, wy). Also, define v1(0) = v3(0) = vy and w;(0) = w(0) = wy.

We define an operator B that maps sets of payoff pairs to sets of payoff pairs. For
W C R?, B(W) is the set of payoffs that can be supported by continuation payoffs

in W. More precisely, B(W) = {(v,w) : there exist (z1,75) € [0,1]*> and

(V1(z1), wi(21)), (V2(22), wa(T2)), (Vg, wy) € W

such that

v =p(—(1—0d)cx; + dvi(x1)) + q((1 — §)bxg + dva(xa)) + 1oV, (1.1)
w = p((1 — §)bxy + dwi(z1)) + ¢(—(1 — §)cxg + dwa(x2)) + rdw, (1.2)
—c(1 —0)z1 + 0v1(xq) > vy (1.3)

—c(1 — 0)xo + dwa(x2) > dwy }. (1.4)

For (v, w) € B(W), we say that (v, w) are implemented by x1,r5 and
(v1(z1), w1(21)), (V2(22), wa(22)), (Vy, wy) € W. Note that (vi(x1), wi(x1)),
(va(22), wa(z2)) and (ve, we) may not be distinct. If (v, w) is implemented by z; = 0,
then (v1(0),w1(0)) = (vg, wy). Similarly, if (v, w) is implemented by x5 = 0, then

(v2(0), w3(0)) = (v, w)-
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The operator B(.) holds a unique place in the repeated games literature. It has
several well known properties. It maps convex sets to convex sets and is monotonic,
B(W) C W for any W C R% Let E(d) be the set of perfect public equilibrium
payoffs, given ¢. Following the literature, if W C B(W), we say that W is a self
generating set. It is well known that for any self generating set W, W C E(§), and

E(9) is the largest bounded self generating set.

1.3 The Equilibrium Set and its Pareto Frontier

The set of equilibrium payoffs F(J) depends on p and ¢q. Lemma 1.1 shows that
E(9) is compact. To establish compactness of F(J), we cannot directly apply the
standard result from Abreu, Pearce and Stacchetti (1990) (Lemma 1). In the stan-
dard model, the set of actions is finite. Once compactness is established for equilibria
associated with an action pair, the finite union over all action pairs yields the com-
pactness of E(d). In our model, the set of actions is continuous. Compactness can
still be established directly as shown below.

Let CIW denote the closure of W C R%. We show that C1E(d) is a self-generating
set which implies that CIE(§) C E(d) and that E(0) is closed. Since E(§) C U, it is

bounded. A closed and bounded set in R? is compact.
Lemma 1.1 E(§) is a compact set.

Proof. We will show that B(CIE(0)) is a closed set which implies C1B(CIE(J)) C
B(CIE(0)). For any W C R?, consider a converging sequence (v",w") € B(W) sup-

ported by (.I?,I‘g) - <$1,$2)7(’U?,U)?) - (U17w1>7(vg7w3) - <U27w2)7<vg7w$) -
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(vg, wg). Since (v1,w1), (Va, wa), (Ve, wey) € CIW, (v, w), the limit of (v", w"), is in
B(CIW). So B(CIW) is a closed set.

Now we have C1E(§) C CIB(E(8)) C CIB(CIE(S)) C B(CIE(5)) where the third
set inclusion follows from the monotonicity of B(.). This implies that C1E(0) is self

generating and hence CIE(d) C E(J), E(J) is closed and hence compact. m

In Lemma 1.2, we see that FE(9) is convex. Let C'olV denote the convex hull of

W C R% We show that CoE(§) C E(6) which implies that E(§) is convex.
Lemma 1.2 E(J) is a convex set.

Proof. We will show that for any W C R?, CoW C B(CoW). Consider some
A € [0,1]. If (v, w) is implemented by x1,x2 € [0,1] and (vy,w:), (V2, w2), (Ve, We) €
W; and (0,w) by z1,75 € [0,1] and (01, wn), (U2, ws), (Ug, wg) € W, then (Av +
(1 = N)v,\w + (1 — Mw) is implemented by Ax; + (1 — Az, Azg + (1 — M)z €
0,1] and (Avy + (1 — A1, dwy + (1 — Nwy), (Avg + (1 — A)Oa, Aws + (1 — Nwa),
(Avg + (1 = XN)vg, Awy + (1 — Nwy) € CoW. To see this, we check:

p(—c(1 — 8)Aar + (1 — N)F) + 601 + (1 — N)1)) + q(b(1 — 8)Aag + (1 — X))
+5(Avz + (1 — N)2)) + r6(Avg + (1 — N)Ty) = M+ (1 — Ao
p((1 = 8)bat + (1 — NF1) + 00w + (1 — Nan)) + g(—e(1 — 8)Aas + (1 — N)as)

S (Awz + (1 — N @z)) + 16 (Mwg + (1 — N)iig) = Aw + (1 — \)@.

12



Figure 2.1: Shape of E(5) and F,

Possibility 1
m
I
F
E(3)

We also check the incentive constraints (1.3) and (1.4):

—c(1 = 8)(Azy + (1 = N1 + d(Avg + (1 — A)0y)
= M—c(1 = &)y + 0vy) + (1 = N)(—c(1 — 81 + 66y
> Mvg + (1= Nty
—c(1 = 8)(Aws + (1 — \)F + 6(Aws + (1 — \)ii)
= M—c(1 — 6)z + dws) + (1 — N)(—c(1 — 8)d3 + o)

2 A5w¢ + (1 — )\)5@

Now we have CoE(0) C B(CoE(d)) and from self-generation, CoE(J) C E(J).

This implies that F(J) is a convex set. m
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We now consider E?, the boundary of the equilibrium set. In Figure 2.1, which
shows a possible shape of the equilibrium set, E? is given by the segment (I, j).

E? is partly defined by the following optimization problem. Problem 1: g(v) =

Mazx {w : (v,w) € E(9)}. This is stated in an expanded form
(1,22,(vi,w1),(v2,w2),(vg,we))
below.
Problem 1:
g(v) = Mazx p((1 = 0)bxy + owq) + q(—(1 — §)cxg + dws) + rdwy
{ml,mg,(’ul,wl),(vg,wg),(vd,’wdg)}
s.t.
p(—(1 = d)cxy + dv1) + q((1 — 0)bxs + dvg) + rdvy = v
—c(1 —0)z1 + 0vy > by (1.5)
—c(1 — 0)zy + dwe > dwy (1.6)
x1,xo € [0, 1], (v1,w1), (Va, wa), (Vg we) € E(0).
Also consider Problem 2: h(w) = Max {v:(v,w) € E6)}.

(z1,22,(v1,w1),(V2,w2),(Ve,We))

Lemma 1.3 The value functions in Problems 1 and 2, g(v) and h(w) are concave

and continuous.
Proof. This follows from Lemma 1.1 and Lemma 1.2. =

We can define EZ, the boundary of the equilibrium set. To avoid cluttering, we

suppress the dependence on p, ¢ and 9.

14



Definition 1.1 E? = {(v,w) € E(§) such that w = g(v)} U {(v,w) € E(5) such
that v = h(w)}.

We now define the Pareto frontier of E(¢), the "downward sloping" part of EZ.
Call it F'. Let m = (v, wy,) and n = (v, wy,) denote the endpoints of F. These are

shown in Figure 2.1, which shows one possible shape of the equilibrium set E(9).

Definition 1.2 F = {(v,w) € E(9) such that w = g(v)} N {(v,w) € E(0) such that
v=h(w)}.

The next Lemma shows that under certain parametric conditions, the Pareto
frontier F is supported by "efficient" payoffs or payoffs on EZ. This is to be compared
to a result in Hauser and Hopenhayn (2008) who find in a similar model that efficient
equilibria are always supported by efficient continuous values.

In general, supporting (v, w) on the frontier might require inefficient continuation
values. For example, the punishment payoffs (v,, w,) might have to be inefficient in
order to give incentives to the players to do favors when they can. For (v,w) € F,
it is easy to check that the continuation values (vi,w;) and (vq,ws) are efficient.
We find that for high values of r, punishments payoffs are also efficient. Recall that
r = 1 — p — q is the probability that neither player was in a position to do a favor.
Intuitively, if r is high, the public signal of no favor is not a good indicator that the
opponent shirked from doing a favor. In this case, a severe inefficient punishment is
just not worthwhile.

These conditions are sufficient conditions. It remains to check whether they are
necessary. In a similar continuous time model, Hauser and Hopenhayn (2008) find

that the Pareto frontier is self generating and efficient equilibria are always supported
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by efficient continuous values. The reason is again that in a continuous time model,

(a signal of) no favor has very low informational content.

Lemma 1.4 (v,w) € F is implemented by (vi,w:), (va, ws) € EB. If p,q < ﬁ,

(v,w) € F is implemented by (vg,wg) € EB.

Proof. Suppose (vi,w;) ¢ EP. Then there exists (v + ¢, w; + €) in the equilibrium
set. Replacing the original continuation values with these makes both players better
off. This contradicts the fact that (v,w) € F. Similarly, it can be argued that
(vg,wy) € EB.

Suppose (vg,wy) ¢ EP. Suppose 21,25 > 0. Then we can add ¢ to both v and wy,
still be within £(0) and make both players better off thus contradicting (v, w) € F.
To make sure that the incentive constraints still hold we reduce z; and x5 as shown

below:

o€
(1-2d)c

oe
(1—9)c

—c(1—0)(zy — )+ ovr > 0(vy +e€)

The expected payoffs for player 1 is now:

v =p(—c(l =) (xy — ﬁ) + dv1) + q(b(1 — 0)(zy — ﬁ) + dvs)
+7“5(U¢+6)
U/_U:—qg(55+(p+r)5s>0<:>q< ﬁ
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And for player 2:

' = p(b(1 =)o = ) + )+ a1 = 8o~

+ro(wy + €)
b
w —w=—p-de+ (¢+7)0e >0 <= p < ——=
w = —p=de +(q+7) ey
If 1 = 0, then by definition, (vi,w;) = (vg,wy). Replacing (vy, wy) with
(vg + €,wy) € E(6) makes one player better off without making the other worse
off, contradicting (v, w) € F. Similarly for when z, = 0.

QED =

Now we try to further characterize the Pareto frontier of the equilibrium set.
Proposition 1.1 shows what action profiles support the end points of F'. In Figure
2.1, these would be points m and n. Point m must be supported by x5 = 0 and point
n by 1 = 0. Proposition 1.1 also states that all points between [ and m are supported
by x5 = 0 and points between n and j are supported by x; = 0. The interpretation
is that in the region from [ to m, player 2 has collected many favors and stops doing
them and the same is true for player 1 in the region from n to j. In between points
m and n we expect players to do non-zero favors. (However, note that we have not
proved that in this region they must do non-zero favors.)

When one player has done many more favors than the other, they are in a good
position and stop doing any more. Only when the opponent returns some of these
favors and the players are back in the region (m,n) does this player start doing favors

again.
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More precisely, we can show that if (v, w) € F' is supported by z; > 0 and x5 > 0,
then the slope at (v,w) lies between %b and +°. At points between [ and m and
between n and k, the slope is outside these bounds.

In Lemma 1.5, we show that for any v on the frontier supported by z; > 0
and xo > 0, the left derivative of ¢(.), ¢'(v™) and the left derivative of h(.), h'(w™) is
weakly smaller than 3¢, For points in the interior of F', h'(w™) is the same as the right
derivative of ¢(.), ¢’(v™). This formulation is required as g(.) may not be differentiable,
that is, there might be kinks in the frontier. The proof (in the appendix) is based on
the following idea. Suppose the slope at a point supported by x; > 0 and x5 > 0 on
the frontier was less than _Tb Consider reducing x; by a small amount . This means
that player one does a smaller favor. Now note that player 2’s loss relative to player

1’s gain will be —g. If the slope is lower than —g, we can lower z; and support a pair

of payoffs outside the frontier. This would be a contradiction.

Lemma 1.5 If (v,w) € F and ¢'(v™) > 3¢, then 2o = 0. If (v,w) € F and

h'(w™) > 3¢, then 21 = 0.
Proof. In the Appendix. =
Lemma 1.5 allows us to state the following.

Proposition 1.1 The endpoints of F, m = (U, wy) and n = (v, w,) must be
supported by xo = 0 and z; = 0 respectively. Moreover, (v,w) € EB such that
v < v, must be supported by o = 0 and (v,w) € EP such that w < w,, must be

supported by xq = 0.

Proof. This follows from Lemma 1.5. =
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Figure 2.2: Shape of E(6) and F,
(pepp) | Possibility 2

v

(ob,-q0)

As mentioned above, we expect payoffs in between m and n, in the interior of F,
to be supported by non-zero current actions. That is, neither player has collected
so many favors that they wait for some to be returned before doing any more. We
define below a region F* C F where the slope ¢/(.) lies between _Tb and =¢. This is a
subset of F' and is to be thought of as points lying close to the middle of F'. Figure
2.2 shows one other possible shape for ' and E(J). We can see how at the ends of

F', the slope might be outside these bounds.
Definition 1.3 F* = {(v,w) € F such that =2 < ¢'(v") < ¢'(v™) < F£}

Proposition 1.2 below shows that for payoffs in F' supported by continuation
payoffs in F™*, players must do full favors. Roughly this shows that payoffs away from

the extremes of F' are supported by full favors.
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Proposition 1.2 (1) If (v,w) € F is implemented by (v1,w;) € F* then 1 = 1. (2)

If (v,w) € F is implemented by (ve, wy) € F* then x4 = 1.

Proof. (1) Suppose (v,w) € F' is implemented by (vi,w;) € F* and 27 < 1. Then

for a small £, we can make the following adjustments in z; and v; without violating

the incentive constraint (1.5): —(1 — d)c(z1 + ¢) + d(vy + %) > dvs and make

player 2 better off without making player 1 worse off.

The players’ expected payoffs are:

(1 —6)(—pe(x1 +€) + qbza) + 6(p(vy + %) +qua+rvg) = U
(1= 8)(pblar +2) — ger) + 8(po(wr + ) 1 quy ) =
(1 —=9)ce

w + (1 — §)pbe — pd(g(v1) — g(vy + T))

_ (1—6)ce
From the definition of F* and Lemma 1.5, at vy : ¢'(v]) > _Tb, pg(yl) 9(5’12?;5 i) <
=0

p2 or (1—68)pbe — pd(g(v1) — g(v1 + %)) > 0 which means that player 2 is better
off.

The proof for (2) is analogous.

QED =

To summarize, it is not completely clear what action profiles support payoffs in
the interior of F. There might be points in F' that do involve partial or even zero
favors. However, if there is a region in F' such where the slope lies between _Tb and

= then we do expect to see some efficient payoffs that are supported by full favors.

20



1.4 Comparative Statics

In this section, we examine how the equilibrium set F(J) changes with changes
in the parameters p,q and 6. We find that the amount of cooperation that can be
sustained in equilibrium is enhanced by more patient players and also by increasing
either p or q.

For the next theorem, we denote the equilibrium set be denoted by E,, , (for given
9), hence making the dependence on p and ¢ explicit. Theorem 1.1 shows that,
holding ¢ constant, the equilibrium set expands (weakly) in p. Similarly, holding p
constant, the equilibrium set expands (weakly) in q. However, we have to make sure

that as ¢ expands, the condition IE’ > ¢ is still satisfied.

Theorem 1.1 Given 6, for1>p >p, E,, C Ey,. Given d, for p—cb >q >q,E,, C

Ep,q"

Proof. First, we show that for any convex W C R?, B,(W) C B, (W) where B(W)
is the operator defined above and ¢ is held constant. Consider (v,w) € B,(W)
supported by @1, 3 € [0,1] and (vi, wy), (v2, w2) and (vy, wy) € W. Let v} = Loy +
(1 = B)vy and let wy = Lw; + (1 — B)wy. (v, w) can be supported by p, (215, z2)

and (v}, wy), (Vh, wy) and (ve, wy) € W

(1-— 5)(—p’c:c1§ + gbxs) + 6(p’(§v1 +(1-— 5)%) +qua+(1—p —quy) = v

(1-— 5)(p’bx1§ — gbxs) + §(p/(§w1 + (1 — 5)1%) +quy+ (1—p —Quwy) = w
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We also check that the player 1’s incentive constraint is satisfied (player 2’s is

unchanged):

p D p
—(1 - 5)61’1}; + ;(51}1 + (1 - 17)5’U¢ > (5U¢
p D p
or —(1-— (5)0331]7 + ]7(51)1 > 176U¢ from (1.3)

We have shown E, C B,(E,) C By(E,). Hence E, is a self-generating set under
p' and E, C E,. The proof for ¢’ > ¢ is analogous.
QED =

Theorem 1.2 shows that F(§) expands with 4.
Theorem 1.2 Given p,q, for 1 > 4§ > 4§, E(6) C E(§).

Proof. First, we show that for any convex W C R? that includes the point (0,0),
Bs(W) C Bg(W) where Bs(W) is the operator defines above with respect to § and
p,q are held constant. Consider (v,w) € Bs(W) supported by xi,z5 € [0,1] and
(v1,w1), (v2, w2) and (vg, wy) € W. (V',w') (see below) can be supported by &', (0, 0)
and (Sv1, Swy), (Fv2, Sws) and (Zvy, Sws) € W. Be definition, for (z1,z2) = (0,0),
(v1,w1) = (vg,we) and it is easy to check that the incentive constraints (1.3) and

(1.4) are satisfied.

Vo= 6’(p£,v1 + qé,vg + ré,v¢)
) ) )
= v—(1-=90)(—pcxy + gbzs)
w = 5’(pé,w1 + qiwg + riw@
) o o

= w— (1—9)(pbr; — qcxs)
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(v”,w") below can be supported by &', (%:cl, %xg) and (%Ul, %wl), (%Ug, %wg)

and (%%, %wqg) € W. First we check that the incentive constraints are satisfied:

5 (1-4) 6 (1-6),6
y(Ul —vy) 2 5 (yfﬁl) (from (1.3)) > T(gﬂfl)
5 (1-4) 6 (1-6),6
y(wg —wy) > 5 (yl’g) (from (1.4)) > T(yxg)
, 5 5 5 5 5
v = (1- 5’)(—p0yx1 + qbyazz) +6 (pyvl + vz + 7’3%)
N
= U+((1—5)§— (1 —=0))(—pcz1 + gbzs)
-4
= v+ ( 5 )(—pc:cl + qbx,)
., s 5 5 5 5
w' = (1-96¢ )(pbyxl — QC§ZL’2) +9 (pywl + —l—q?wg + Tyuw,)
N
= W (1 8) 5 — (L= )b — gem)
1-0
= w+ ( 5 )(pbxl — qcas)
(1-8)8'

Now (v, w) = (1 —a)(v',w') +a(v”,w") where a = 3=55-. Since W is convex, we
have shown that (v,w) € By (W). Since (0,0) € E(0) and E(J) is convex, we now
have that E(d) C Bs(FE(d)) C By (E()). Hence E(9) is a self-generating set under ¢’
and F(0) CE(Y). m

Having shown the monotonicity of the equilibrium set in the discount factor, the
question arises whether in the limit as 6 — 1, a Folk Theorem is obtained. Before
tackling that question, we first establish that it is not possible to get an exact Folk
Theorem. There are no equilibria that lie on the frontier of the feasible set U for

any 0 < 1. This is established in Theorem 1.3 below. For the proof, we use the
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fact that equilibrium payoffs on the frontier must be supported by current payoffs
and continuation values also on the frontier. More specifically, in supporting an
equilibrium payoff profile on the line segment [L, M| (or [M, N]), continuation values
for public histories with positive probabilities must lie on [L, M| (or [M, N]). This
follows from the fact that the ex-ante average payoff is a linear combination of current
payoffs and continuation values.

Lemma 1.6 shows that any equilibrium payoff profile (v, w) on the line segment

[L, M] (or on [M, N]) (see Figure 3) must be part of a self-generating interval.

Lemma 1.6 An equilibrium payoff profile (v,w) on the line segment [L, M| (or on

[M, N]) belongs to a self-generating interval of equilibrium values, [(vq,w,), (Vy, wp)].

Proof. Consider an equilibrium payoff profile (v, w) € E(§)N [L, M] = B(E(6)) N
[L, M]. Since any payoff profile in [L, M| must be supported by continuation values
also on [L, M], for any W, B(W)N [L,M] C B(WnN [L, M]). Therefore B(E(5))N
[L,M] C B(E(0)N [L,M]) and E(6)N [L, M] is a self-generating set. Let E(4)N
(L, M] = [(va, wa), (vp, wp)]. m

Theorem 1.3 There does not exist a 6 < 1 such that any point on the Pareto frontier

of the feasible set is obtained as a point in E(J).

Proof. Consider supporting some equilibrium on [L, M|. From Lemma 1.6, it must
be part of a self generating interval [(v,, w,), (vy, wy)]. Also, the current payoffs must
lie on [L, M]. This implies that x; = 1.

We show that there is no such self-generating interval. Note that the equation of

[L,M]isv==2w+ M. Suppose there were such an interval [(v,, w,), (Vp, ws)] as
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Figure3

L
(poppy~]_(v_aw_a)

(v_b,w_b)
M (gb-pc,pb-qc)

(v_cw_o)

(v_d,w_d)

\ N (ab,-qc)

shown in the figure above. That is, suppose (vy, w;) can be implemented with z1, 2

and continuation values that satisfy v, < vy < vy < v < v,. From the incentive

c(1—6) b(1-4)
5 5

. 1-6
constraints, we have Vg < U1 — o 3 )

Let vy = v1 — 0(15_5)@ and vy = vy — @@. Then v = (1 — §)(gbza — pc) + 0 (pvy +

x1 and vy < vy— Tg (Or wy > wy+ Ta).

qua + 10y) = dv1 — ¢(1 — 6) < vy, for § < 1. This is a contradiction.

Similarly it can be shown that there are no equilibria on [M, N]. =

Theorem 1.3 is similar to the impossibility result of Azevedo and Moreira (2007).
They show that for almost every game with imperfect monitoring, there are feasible
strictly individually rational payoffs that are not public perfect equilibria. Specifi-
cally, they show this for an imperfect monitoring version of the Prisoner’s Dilemma
game or the partnership game. This is to be contrasted with the Athey and Bagwell
(2001) who found a § strictly less than 1 with which first-best payoffs are achieved as

equilibria.
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We now try to use the framework of Fudenberg, Levine and Maskin (1994) to
check if a Folk theorem (inexact) is obtained in our game. We are able to show
that a Folk theorem holds for a discretized version of the game. In particular, we
allow, instead of a continuum of favors z; € [0, 1], partial favors in discrete amounts:
x; € {0,¢&;,2¢, ..., kigi, ...me; } where ¢; > 0 and m;e; = 1. In this modified model,
Proposition 1.3 shows that in the limit as ¢ goes to 1, E(J) approaches the feasible
set U. In the terminology of Fudenberg, Levine and Maskin (1994), it can be shown
that all stage game strategy profiles have pairwise full rank.

The argument here applies to a modification of our original model. It shows that
for arbitrarily small ¢;, for any W C U, there exists a § < 1 such that for § > §, U
belongs to E(J). We would like to show that this is also true in the limit as &; goes
to 0 (continuous actions). We do not have a formal argument for that yet. One of
the issues that might arise is that as €; goes to 0, d might go to 1 . We have not ruled
this out.

In the modified model, for £ = 0, 1,2, ..., m;, let a;(k) = ke; denote the strategy:
do ke; favor if in a position to do a favor, none if not. To be able to compare directly
with Fudenberg, Levine and Maskin (1994), let y = {0, €1, 21, ..., 11, €2, 2¢9, ..., 15} be
the set of possible public outcomes where 1; stands for player ¢ doing a full favor. Let
7(y | a1,az) be the probability of observing y given strategy profile (aj,as). It can
be shown that the rank of matrix II(as,as) = 7(y | .,a;) is 1 less than full rank.
Then from Theorem 6.2 in Fudenberg, Levine and Maskin (1994), we get the Folk

Theorem.

Proposition 1.3 In the discretized version of the game, for any ¢; > 0, for any

W C U, there exists § < 1, such that for all § > 6, W C E(J).
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Proof. Let 7(y | ai,az) be the probability of observing y given strategy profile

(a1,az). Given strategy profile (a1, as), II;(a1,as) is the matrix 7(y | .,a;») and
[Ty (a1, az) , .

(ay,as) = . For any profile of strategies (a1, as), the matrix I1(ay, az)
Iy (a1, az)

has 1 less than full rank. That is, all stage game strategy profiles have pairwise full
rank and from Theorem 6.2 in Fudenberg, Levine and Maskin (1994), we get the Folk
Theorem. =

As an example, consider the strategy profile: (a1,as) = (2¢1,2¢3). The matrix
II(aq, as) is shown below. Row ke; denotes the strategy: Do ke; favor if in a position

to do a favor, none if not; while column ke; denotes a public outcome.

0 €1 261 ... ... 1 &9 289 ... ... 1

0 1-p 0 0 0 000 ¢g 0 0O
er. 1—-2p p 0 0 0 0 O ¢ O O O
21 1-2p 0 p 0 0 0 0 ¢g 0 0 0
1-2» 0 0 .. .. 00 ¢q¢ 0 00
M(a,a5)= 1 1-=2p 0 0 0 0 p 0 g 0 0 O
0 1-p 0 p 0 000 0O 0 0O
g 1—-2p 0 »p 0 0 0 ¢g O O O O
%2, 1—-2p 0 p 0 0 0 0 ¢ 0 0 0
1-2p 0 p 0 0 0 0 O .. 0

1 1-2p 0 p 0 000 0 0 0 ¢

To see that the rank of matrix II(ay, as) is 1 less than full rank, note that the rows

corresponding to a; = 2¢; and as = 2¢, are identical.
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1.5 Conclusion

This paper studied cooperation in an infinitely repeated game with private in-
formation. We provide a discrete time version of the Hauser and Hopenhayn (2008)
model. We also generalize their model to the asymmetric case where both players may
not get the opportunity to do favors with the same probability. Moreover, we answer
questions about the equilibrium set not addressed by them. These include showing
the monotonicity of the equilibrium set in the discount factor, the monotonicity of
the equilibrium set in the likelihood that somebody will be in a position to do a favor
and that an exact Folk Theorem does not hold in this model.

A natural extension of the present model is to an n-player game. However, this
would raise a number of interesting issues. In a two person model, the meaning of
exchanging favors is very clear. With more than two players, when in a position to
do a favor, it is not so clear whom a player will provide a favor to. This will require
careful modelling with respect to the values of favors from different opponents and
the cost of doing favors to different opponents. If we assume that the benefit and
cost are identical for all players, we will still have to incorporate in the strategies
some rules on how favors are done. For example, a player might do one favor for
each opponent before doing any second favors. With an appropriate generalization
to the n-player case, it is reasonable to still expect the comparative statics results for
the equilibrium set that we see in the current model. It is harder to say what the
equilibrium strategies for the Pareto frontier will look like.

An n-person extension suggests a possible application to the recent economic
innovation of microcredit or credit to poor rural households who were earlier deemed

un-creditworthy. A lot of excitement has been generated by loan repayment rates
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of close to 95 percent (Morduch (1999)) in institutions like the Grameen Bank of
Bangladesh. Several studies' have attributed the high repayment rate to the novel
"group-lending" or joint liability feature found in these lending contracts.

As Besley and Coate (1995) explain, joint liability leads to interdependence be-
tween the buyers, especially at the time of repayment of the loan. The resultant
"repayment game" can also be analyzed in the setup of my model. If one group
member has a failed investment and another member has a high enough return from
her investment that she is in a position to repay the former’s loan along with her
own, then the second group member is in a position to do a favor. If borrowers take
repeated loans from the bank, they can trade favors and repay each others’ loans.

The model here is general enough to accommodate several economic applications.
For one, it shares the adverse selection feature of a rich literature in risk-sharing.
Atkeson and Lucas (1992) study an exchange economy where, each period, a certain
endowment has to be allocated among a large number of consumers who receive
privately observed taste shocks that affect their marginal utility of consumption.
If reporting a high value of the shock leads to a higher current allocation, then all
consumers have an incentive to report a higher shock. They characterize the incentive
compatible efficient equilibria in this environment. Thomas and Worrall (1990) study
a model where a risk neutral lender offers insurance to a risk-averse borrower who
receives i.i.d. income shocks. The income shocks are private information and not
observable by the lender. The borrower has an incentive to report low income in
each period and they characterize the Pareto frontier of equilibrium outcomes in this

set-up?.

ISee Stiglitz (1990), Varian (1990) and Besley and Coate (1995).
2 Also see Townsend(1982) and Green (1987) and Hertel (2004).
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This connection suggests a possible application of the model. Think of a two
person model with two possible income levels: high and low. In the presence of risk
aversion, the high income person can stabilize the low income person’s consumption
and the benefit to the latter would be greater than the cost to the former. In a
repeated game, there is a possibility to exchange favors.

In the model here, as in Hauser and Hopenhayn (2008), opportunities to do favors
are independent across time periods. A possible direction for future research is a
model where the opportunities are correlated rather than independent across time
periods. For example, a player’s ability to do a favor might be negatively correlated
to her ability in the past. This set up would likely aid greater cooperation. Allowing
for asymmetric probabilities as in this paper is a first step in that direction. If current
probabilities are to depend on what transpired in the previous period, we must first

relax the assumption of symmetric probabilities.

1.6 Appendix - Proof of Lemma 1.5

Proof. Part 1: We show that if x; > 0, then h/(w™) < 3°.

Suppose /' (w") = lim 1)=H=)
E—

> —°. Then there exists * such that for all e <

e* and (h(w),w) and (h(w — €),w — €) on the frontier,

h(w) — h(w —¢) > %08 (1.7)

*

Let €1 = m. If 21 — el > 0, let 17 = 21 — el. If we replace x; by 77, the

players’ payoffs will be the following. Player 1:

p(—(1 = d)c(zy — (1_6—;)[)5,) +0v1) + q((1 — §)bwy + dvg) + 1vy = h(w) + F€*
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Player 2:

p((1—9)b(xy — (1—8—;);;1;) +dg(v1)) + q(—(1 = d)cxa + dg(ve)) + rdwy = w — e*.

Note that replacing x; by Z; does not violate the incentive constraints (1.5) and
(1.6). Therefore, we have a new point on the frontier (h(w) + j&*,w — €*) where,
compared with (h(w — £*),w — £*) player 2 is equally well off and player 1 is better
off since h(w) — h(w —¢) > 7% from (1.7). Therefore (h(w + £*),w + €*) is not on
the frontier. This is a contradiction.

If 2y —

< 0, let z; = 0. Note that z; — < 0 implies (1 — d)pbx; < e*.

{a—o)pb 5)b a—o)pb 6)b

Let (1 — §)pbzy =€ < €*. With 77 = 0, player 1’s payoff:

p(dv1) +q((1 = 0)bxy + dvz) + rdvg = h(w) + §€

Player 2’s payofft:

pog(vy) + q(—(1 — )cza + dg(va)) + réwy = g(v) —bp(l —d)z1 =w —¢

Note that replacing z1 by Z; does not violate the incentive constraints (1.5) and
(1.6). Therefore, we have a new point on the frontier (h(w) + f,w — €) where,
compared with (h(w —€),w —€) player 2 is equally well off and player 1 is better off
sinceh(w) + € > h(w — €) from (1.7), which is a contradiction.

Part 2: We show that if 25 > 0, then ¢'(v™) < 3¢ or f'(g(v)™) > =2 where
f=g"

Suppose f'(g(v)T) < =2. Then there exists £* such that for all ¢ < e* and (v, g(v))

and (v + ¢, g(v + €)) on the frontier,

or

31



flglv)+e)<v— bf (1.8)

Let €1 = %. If 9 — el > 0, let 75 = x5 — 1. If we replace x5 by T3, the

-
players’ payoffs will be the following. Player 1:

p(=(1 = d)c(wr + dv1) + q((1 = 8)b(x2 — 75552) + 0v2) +rdvg = v — be”

Player 2:

p((1 —0)bxy + dg(v1)) + q(—(1 — §)c(xe — e T dg(ve)) + rowy = g(v) +*.

Note that replacing xo by Z2 does not violate the incentive constraints (1.5) and
(1.6). Therefore, we have a new point on the frontier (v — %=, g(v) + &*) where,
compared with (f(g(v) + €*),g(v) + €*) player 2 is equally well off and player 1 is
better off since v — = > f(g(v) 4+ &*) from (1.8). Therefore (f(g(v) + &%), g(v) +€*)
cannot be on the frontier. This is a contradiction.

If 23 — el < 0, let 25 = 0. Note that 25 — el < 0 implies (1 — §)gczy < €*. Let
(1 —9)qcxy =2 < e*. With 73 = 0, player 1’s payoff:

p(—(1 = 8)cxy 4 dvr) + q(0v2) + 1évg = v — q(1 — §)bzy = v — 2.

Players 2’s payoft:

p((1 = 6)bxy + 0g(v1)) + q(0g(ve)) + réwy, = g(v) + q(1 — d)cxy = g(v) + €.

Note that replacing 2 by Z2 does not violate the incentive constraints (1.5) and
(1.6). Therefore, we have a new point on the frontier (v— %‘5, g(v)+¢€) where, compared
with (f(g(v)+¢),g(v) +¢) player 2 is equally well off and player 1 is better off since
v—%> f(g(v) + %) from (1.8). Therefore (f(g(v) +€),g(v) + &) cannot be on the

frontier, which is a contradiction.

QED =

32



Chapter 2

Efficient Exchange of Favors with Private Informa-
tion: Computing the Equilibrium Set

2.1 Introduction

We use numerical methods to compute the equilibrium value set of the exchanging
favors repeated game from Chapter 1. We use techniques from Judd, Yeltekin and
Conklin (2003) that focus on finding inner and outer approximations of the equilib-
rium value set which, together, provide bounds on it. Any point contained in the
inner approximation is certainly an equilibrium payoff. Any point not in the outer
approximation is certainly not in the value set.

The numerical methods of Judd, Yeltekin and Conklin (2003) use techniques sug-
gested by the recursive analysis of repeated games (the details of the algorithm are
presented in Section 3). In Abreu, Pearce and Stacchetti (APS) (1990), finding the
equilibrium set involves finding the largest bounded fixed point of a monotone set
valued operator. The key properties of the APS operator are that it maps convex
sets to convex sets and is monotone. Judd, Yeltekin and Conklin (2003) use two set
valued operators which inherit these properties: inner and outer monotone approxi-
mations of the APS operator. Moreover, the largest bounded fixed point of the inner

monotone approximation yields an inner approximation to the equilibrium set while
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the largest bounded fixed point of the outer monotone approximations yields an outer
approximation.

Roughly, inner and outer monotone approximations of the APS operator are found
by first looking for boundary points of the relevant sets and then connecting these.
The computations here are done with two different degrees of precision.

First, we find the required approximate sets using a set of eight boundary points.
Despite being coarse, these estimates are able to get a handle on the comparative
statics of the equilibrium set. We find that the (inner and outer approximations of
the) equilibrium set expands as the discount factor gets larger (Section (4.1.1)). In the
model we analyze, players are occasionally in a position to do a favor to an opponent.
In the case of symmetric probabilities of doing favors, the larger the probability,
the larger the equilibrium set suggested by our estimates (Section (4.1.2)). Holding
one player’s probability constant and expanding the other’s also results in a larger
equilibrium set.

Next we make the approximations more precise by using twelve instead of eight
boundary points. By increasing the number of boundary points to connect in each
iteration, we obtain smoother sets that result in smoother inner and outer approxi-
mations. This small adjustment is good enough to greatly improve the precision of
the estimates. We find that the inner and outer approximations of the equilibrium
set are very close to each other and almost coincide (Section (4.2)). These superior
estimates suggest a very specific shape of the equilibrium payoff set. The Pareto
frontier of the set extends from the x-axis to the y-axis.

With this tightly approximated equilibrium set, the properties of its inner approx-

imation provide good indications of the properties of the equilibrium set itself. We
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see that payoffs on the Pareto frontier of the equilibrium set are supported by current
actions of full favors. This is true so long as there is room for full favors that is, away
from the two ends of the frontier.

Judd, Yeltekin and Conklin (2003) develop techniques for repeated games with
perfect monitoring. Our application of their algorithm to the current game shows
that these can be extended to games with imperfect monitoring. The algorithm also
requires a discrete action space. For this, we alter the basic model slightly. Besides
no favor and a full favor (one), players can do a range of favors in between and these
go up in small discrete amounts.

The rest of the paper is organized as follows. Section 2 reviews the model from
Efficient Exchange of Favors with Private Information (2009). Section 3 presents the

details of the algorithm used to obtain the results in Section 4. Section 5 concludes.

2.2 Model

There are two players represented by ¢ = 1,2. At each time periodt =0, 1,2, ...., 0o,
one of the players might get a chance to do the other a favor. The cost of doing a
favor is c. The benefit to the recipient of the favor is b. b > ¢ and the socially efficient
outcome is that a favor is always provided. There is a common discount factor ¢ and
players seek to maximize the present discounted values of their utilities. We assume
that the players are risk-neutral.

At any time period ¢, the state space is 2 = {F}, Fy, Fy}. In state Fy, player 1 is
in a position to do player 2 a favor; in state F,, player 2 is in a position do player
1 a favor and in state Fj, neither player is in a position to do a favor. The ability

to do a favor is private information. In other words, player i's information set is
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{(F}), (Fizj, Fs)} and a player who is not in a position to do a favor does not know
whether or not her opponent is in a position to do a favor. The state at time ¢ depends
on the realization of the random variable S¢, S* = s* € Q. S! is independently and
identically distributed over time and in any period, takes the value £} with probability
p, F» with probability ¢ and F}, with probability » = 1—p—q. Throughout this paper,
we assume that » > 0 so that there is always a positive probability that neither player
is in a position to do a favor.

Without loss of generality, we assume that ¢ > p, so player 2 is in a position
to do a favor with a higher probability in any period. We assume that p/q > ¢/b.
Under this assumption the set of long run feasible payoffs of the game looks like the
feasible set of the repeated Prisoner’s Dilemma. By making this assumption, we are
restricting the amount of asymmetry allowed or how much larger ¢ can be than p.
The larger the gap between b and ¢, the more the asymmetry allowed.

Favors are perfectly divisible and players can provide full or partial favors, z; €
0,1], i = 1, 2. Figure 1 shows U?, the set of feasible long run payoffs for the game in
the symmetric case when players 1 and 2 receive the chance to do a favor with equal
probabilities. Let this probability be p. Note that 0 < p < % and r =1—2p > 0.
The feasible set looks like that of the standard Prisoner’s Dilemma, scaled according
to p. For example, if players do a favor each time they get a chance, the long-run
payoffs are (p(b — ¢), p(b — ¢)). If player 1 always does a favor while player 2 never
does none, the payoffs are (—pc, pb). This is a discrete time version of the Hauser and
Hopenhayn (2008).

Figure 2 gives the set of feasible payoffs for the general case and we call it U. If

players do a favor each time they get a chance, the long-run payoffs are (¢b — pc, pb —
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Figure 1. Feasiblelong run payoffsin the symmetric
case.

qgc). If player 2 always does a favor while player 1 never does one, the payoffs are
(gb, —qc). If player 1 always does a favor while player 2 never does one, the payoffs
are (—pc, pb). We restrict attention to non-negative payoffs.

In the stage game, a strategy for player i is a decision whether to and how much of
a favor to provide, if she finds herself in a position to do so. Let X! be a variable that
records, for period ¢, both the identity of a player who does a favor and how much of
a favor is done. X' = (X*(1), X*(2)) where X*(1) € {1,2} records the identity and
X*(2) € (0, 1] records the quantity. Let X*(1), X*(2) = 0 when no favor is done.

In the repeated game, at time ¢, player ¢ observes her own private history (when
she was in a position to do a favor) and a public history of when and what size of

favors were provided in the past. At time ¢, let hY = {X° X! ..., X*~!} denote a
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Figure 2: Feasiblelong run payoffsin the
asymmetric case (q > p).
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public history. H! is the set of all possible public histories at time t. We restrict
attention to sequential equilibria in which players condition only on public histories
and their current type but not on their private history of types. Such strategies
are called public strategies and such sequential equilibria are called perfect public
equilibria (Fudenberg, Levine and Maskin (1994)). Let of : H' x Q — [0, 1] denote a
public strategy for player ¢ at time ¢ and let o; denote a sequence of such strategies

for t =0,1,...00, such that,

xi(h') € 0,1] if s' = F;
0if s' # F;
From Abreu, Pearce and Stacchetti (1990), it is known that perfect public equi-

libria can be expressed recursively. More generally, if we restrict attention to public

38



strategies, any payoff pair (v,w) can be factorized into current and continuation
values, (v.,w.) : X* — U, that depend only on current public outcomes. For our pur-
poses, it will be convenient to adopt the following notation. If, at time ¢, X*(1) = 1,
let the continuation values be denoted by (vy(z1),w:(x1)), where z; = X*(2) > 0;
if X*(1) = 2, let the continuation values be denoted by (vo(z2),ws(x2)), where
zy = X%2) > 0; and finally, if X*(1), X*(2) = 0, let the continuation values be
denoted by (vg4,ws). Also, define v1(0) = v9(0) = vy and wq(0) = w2(0) = wy.

We define an operator B that maps sets of payoff pairs to sets of payoff pairs. For
W C R?, B(W) is the set of payoffs that can be supported by continuation payoffs

in W. More precisely, B(W) = {(v,w) : there exist (z1,7s) € [0,1]*> and

(v1(w1), w1(1)), (Va(22), wa(22)), (Vg We) € W

such that

v=p(—(1 = 9d)cx1 + dvi(x1)) + q((1 — 6)bxs + dva(x2)) + IV,
w = p((1 = )by + dwi(x1)) + ¢(—(1 — ) cxg + dwa(xa)) + row,
—c(1 = d)xy + 0v1(x1) > dvy

—c(1 — 0)xo + dwa(x2) > dwy }.

For (v,w) € B(W), we say that (v, w) are implemented by x1,z5 and

(v1(21), w1(21)), (V2(22), wa(22)), (Ve, wy) € W. Note that (vi(x1), w;i(x1)),

39



(va(22), wa(x2)) and (v, w,) may not be distinct. If (v, w) is implemented by z; = 0,
then (v1(0),w1(0)) = (vg, wy). Similarly, if (v, w) is implemented by xo = 0, then
(02(0), w5(0)) = (vg, w,).

The operator B(.) holds a unique place in the repeated games literature. It has
several well known properties. It maps convex sets to convex sets and is monotonic,
B(W) C W for any W C R?. Let E(d) be the set of perfect public equilibrium
payoffs, given ¢. Following the literature, if W C B(W), we say that W is a self
generating set. It is well known that for any self generating set W, W C E(¢), and

E(6) is the largest bounded self generating set.

2.3 Methodology

We use iterative procedures from Judd, Yeltekin and Conklin (2003) to find inner
and outer approximations for the equilibrium value set, F(J).

For a convex set IV C R?, inner approximations are convex hulls of points on the
boundary of V. For W C U, we use Algorithm 1 from Judd, Yeltekin and Conklin
(2003) to find points on the boundary of the set B(WW). Convex hulls of boundary
points yield inner approximations to B(.). These inner approximations are convex
and monotonic sets and we call them inner monotone approximations to B(W).

The method to find the boundary points (Algorithm 1 in Judd, Yeltekin and
Conklin (2003)) is the following. We fix a set of subgradients, call it H, and locate
boundary points z = (v, w) of B(W) where the subgradient of B(W) at z is in H.
The input for Algorithm 1 is a set of vertices Z, such that Co(Z)=W. For each
subgradient h; € H, we find the action pair and continuation values in W that

maximize a weighted sum of the players’ current and future discounted payoffs, while
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satisfying the incentive compatibility constraints. The weights are given by h;. Each
h; € H gives a point z;, the maximized payoff pair, on the boundary of B(W).

The convex hull of all such z/s gives an inner approximation to B(W). We then
look for a fixed point in inner approximations as this gives us a self generating set
which is an inner approximation to the value set, £(0) (see Theorem 7 and Proposition
8 in Judd, Yeltekin and Conklin (2003)). We define a function that keeps track of the
distance between consecutive iterations and perform the iterations until the distance
is less than some number . This is our stopping rule. Precisely, the distance function
sums the distances between pairs of points where each pair corresponds to the same
subgradient, h;.

Inner approximations are contained in the value set but might be significantly
smaller. Outer approximations for any convex set W C R? are polytopes defined by
supporting hyperplanes of W. The boundary points for B(.) generated in Algorithm
1 can also be used to find outer approximations to B(.). This involves constructing
hyperplanes (in our case, lines) through these boundary points. If 2 is a point
on the boundary of W and h; is the corresponding subgradient, then the required
line is z.h; = z;.h;. The outer approximation is the intersection of the half spaces
defined by these hyperplanes. This too maps convex sets to convex sets and preserves
monotonicity.

For the results in the next section, the value of b is 2 and that of ¢ is .5. Par-
tial favors can be done in discrete amounts, x; = {0,.1,.2,...,.9,1}. Each simulation
starts by finding B(U) where U is the set of feasible individually rational payoffs.
The stopping rule used is e = 1075, In Section 4.1, we use a set of eight subgradients,

H® = {(-1,-1),(0,-1),(1,-1),(1,0),(1,1),(0,1),(—=1,1),(=1,0)}, in that order
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(counter-clockwise). In Section 4.2, we use a larger set of twelve subgradients, H'? =
{(-1,-1),(0,—-1),(1,-1),(1,0),(1,.33),(1,.66),(1,1),(.66,1),(.33,1),(0,1),(—1,1),

2.4 Results
2.4.1 Eight Subgradients

As mentioned above, we look for the largest fixed point of inner monotone approx-
imations of B(.). Figure 4.1 shows a few iterations of the inner monotone approxi-
mation operator on the way to finding the fixed point. Here, p = ¢ = .35 and § = .9.
For each iteration, we form a convex set by connecting the eight points described
above. We can see in Figure 4.1 that these iterative sets are nested. We also find
that the distance between consecutive iterations decreases monotonically with each
subsequent iteration. We use a cutoff rule so that when the distance is small enough,
we consider the last iteration to be the fixed point. With the stopping rule ¢ = 107¢,
a fixed point is achieved at the 34th iteration with these parameters. Note that the
outermost set in Figure 4.1 is the feasible set, U (or U, in general).

For the first iteration, we pick eight points on the boundary of the feasible set U.
These are the vertices of U (four points) and the midpoints of its four arms. These can
be seen as dots on the boundary of the outermost set in Figure 4.1. Each subsequent
iteration potentially yields eight points. However, the subgradients (1,—1),(1,0)
always yield the same point. This point is the same point for each iteration and lies
on the x-axis. Also, (0,1),(—1,1) always yield the same point. This point is always
the same point on the y-axis. For each iteration we end up with six boundary points.

The subgradient (—1, —1) always yields the point (0, 0).
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Figure 4.1: Inner monotone approximations of
B(.): 5th, 15th, 25th and 34th iterations, delta=.9
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Table 2.1 below shows the boundary points from the last iteration (the fixed
point) for the parameters used above, 6 = .9 and p = ¢ = .35. It also shows the val-
ues of 1, x5 and the continuation values (vy,w;), (vg, w2) and (v4w,) that support
the each of these boundary points. The first row gives the different values of h;, the
subgradients used. For example, the symmetric boundary point corresponding to sub-
gradient (1,1), (.3889,.3889) is supported by (z1,x2) = (1,1) and continuation values
(v1,wy) = (4448, .2897), (v, w2) = (.2897, .4448) and (v, w,) = (.3892, .3892).

If we look at the points corresponding to the subgradients (1,0), (1,1) and (0, 1),
this suggests that points on the Pareto frontier, except the end points, are supported

by full favors. At the boundary point corresponding to (1,1), the expected payoff is
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h [ (-1L,-1) (0, -1 [(1,-1)](@0)]@1)](01)](-11)](-1,0) |
v |0 1530 | .6060 | .6060 | .3889 | 0 0 0
w |0 0 0 0 .3889 | .6060 | .6060 | .1530
x1 | 0 0 0 0 1 1 1 9
29 | 0 9 1 1 1 0 0 0
v | 0 1 6064 | .6064 | 4448 | .0556 | .0556 | 0.5
wy | 0 0 0 0 2897 | 5754 | 5754 | .1
vy | 0 1 5754 | 5754 | 2897 | 0 0 0
wy | 0 .05 0556 | .0556 | 4448 | .6064 | .6064 | .1
vy | 0 1 6064 | .6064 | .3892 | 0 0 0
wg | 0 0 0 0 3892 | .6064 | .6064 | .1

Table 2.1: Eight point inner approximation of symmetric £(0)

(.3889,.3889). If player 1 is in a position to do a favor, she does one and the resulting
continuation values are (.4448,.2897). If player 2 is in a position to do a favor, she
does one and the resulting continuation values are (.2897,.4448). If neither players
does a favor, the continuation values are (.3892,.3892).

The subgradient (1,0) yields a boundary point on the x-axis: (.6060,0). Here,
player 1 does not do a favor. Since players 2’s continuation value here is 0 and cannot
be lowered further, there is no room to compensate player 1 for an additional favor at
this point. However, if player 2 gets a chance to do a favor, she does and the resulting
continuation values are (.5754,.0556). Similarly, at the boundary point corresponding
to subgradient (0, 1), player 2 does a zero favor while player 1 does a full favor.

Note that the above discussion is for the inner approximation of E(d). If we had

a much tighter and better approximation (as in Section 4.2), these assertions could

be made for E(9) itself.
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Table 2.2 shows the values of z1, x5 and the continuation values (vy,w;),

(v, ws) and (vy,wye) that support the boundary points for the last iteration (the fixed

point) in the case where § = .9, p = .35 and ¢ = .5. The first row gives the different

values of h;.
b [ (-1,-1) [ (0,-1) [ (1,-1) [ (1,0) [ (1,1) [ (0,1) [ (-=1,1) | (—1,0)
v |0 19 9042 | .9042 | .7532 |0 0 0
w |0 0 0 0 3783 | .6412 | .6412 | .1530
1 | 0 0 0 0 1 1 1 9
zy | 0 9 1 1 1 0 0 0
vy | 0 1 9046 | .9046 | .7536 | .0556 | .0556 | 0.5
wy | 0 0 0 0 3787 | .6220 | .6220 | .1
vy | 0 1 8824 | .8824 | .7536 | 0 0 0
wsy | 0 .05 0556 | .0556 | .3787 | .6414 | 6414 | .1
vg | 0 1 9046 | .9046 | .6980 | 0 0 0
wy | 0 0 0 0 3231 | 6414 | .6414 | .1

This table suggests that as in the symmetric case, points on the Pareto frontier of
the inner approximation of E(d), except the end points, are supported by full favors.
Consider the boundary point corresponding to the subgradient (1,0)
Player 2 does a full favor here. resulting in the continuation values (.8824,.0556)
while player 1 does none. This is because there is no room to compensate player 1 for
any more favors. Similarly, at the boundary point corresponding to the subgradient
(0,1) : (0,.6412), player 1 does a full favor while player 2 does none.

Again, what we are describing here is the inner approximation of the equilibrium

set which is contained in it but probably a strict subset with the coarseness of the

Table 2.2: Eight point inner approximation of asymmetric £(0)

approximation here.
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Inner Monotone Approximations - Comparative Statics with respect to 9 :
For the symmetric case p = ¢ = .35, Figure 4.2 also shows the inner approximations
of E(6) for different values of the discount factor, 6 = .7,.9 and .99. These are
fixed points of the inner monotone approximations operator (see Figure 4.1). We
see monotonicity in § for the inner approximations. This illustrates Theorem 1.2 in
Chapter 1 and suggests strict monotonicity of the equilibrium set in the discount

factor.

Figure 4.2: Inner approximations for symmetric
value set (delta=.7,.9,.99)
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In Figure 4.2, the outermost set is the feasible set, U® (see Figure 1). In Figure
4.3 below, we observe the same monotonicity in the asymmetric model where p = .35

and ¢ = .5. Again, the outermost set is the feasible set, U.

Figure 4.3: Inner approximation for asymmetric value set
(delta=.7,.9,.99)
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Since outer approximations use the same points as inner approximations, monotonic-

ity in ¢ is also seen in outer approximations (see Figures 4.4 and 4.5).
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Outer Monotone Approximations Figure 4.4 shows the inner and outer approx-
imations (thick, red lines) for the value set for the case p = ¢ = .35 and 0 = .7, = .99.
The outer approximation was found by finding the tangent hyperplanes through the
boundary points that are perpendicular to the subgradients in H® and the intersection

of the corresponding half spaces.

Figure 4.4: Outer and Inner approximations of
symmetric E(.), 8 subgradients, delta =.7,.99
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We do see monotonicity in 0 in the outer approximations just as we did for the
inner approximations. The result would be sharper if any points on the Pareto frontier
of E(6 = .99) were ruled out from the Pareto frontier of E(J = .7). This is probably
not the case due to the coarseness of these estimates. We do expect to see this with

the much tighter approximations obtained with twelve subgradients.
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Figure 4.5 shows the inner and outer approximations (thick, red lines) for the

value set for the case p =.35,g =.5and 6 =.7, 6 = .99.

Figure 4.5: Inner and Outer Approximation of asymmetric E(),
8 subgradients, delta=.7,.99
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The Pareto frontier of the equilibrium value set must lie within the bounds pro-
vided by the inner and the outer approximations. Our estimates suggest a very
specific shape of the equilibrium set. In particular, the Pareto Frontier extends from
the x-axis to y-axis or in other words, the outer boundary of the set does not bend

backwards.
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Inner Monotone Approximations - Comparative Statics with respect to
p,q : Figure 4.6 shows inner approximations of F(§) for the symmetric case for
three different values of p(= ¢). These are p = .25,.35 and .45 respectively. The
discount factor is 6 = .9 in all three cases. We see monotonicity in p. This confirms

Theorem 1.1 from Chapter 1.

Figure 4.6: Inner approximations , delta=.9,
p=0=.25, p=0=.35, p=0=45
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Figure 4.7 shows inner approximations of E(0) for p = .35,¢ = .35; p = .35,¢ = .45
and p = .35,q¢ = .5 respectively. The discount factor is 6 = .9 in all three cases.
This shows how the equilibrium set becomes larger as we increase ¢ while holding
p constant. Again, this expansion of the inner approximations suggests a stronger

version of Theorem 1.1 (strict rather than weak monotonicity).

Figure 4.7: Inner approximations, delta=.9
p=.35, 04=.35,.45,.5
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2.4.2 Twelve Subgradients

In this section, we expand the set H to include twelve subgradients, H'? =
{(=1,-1), (0, —1), (1, —1), (1,0), (1,.33), (1,.66), (1, 1), (.66, 1), (.33, 1), (0, 1), (—1,1),
(—1,0)}. Each iteration now yields twelve points, potentially. (However, for each
iteration we end up with ten boundary points. The subgradients (1, —1), (1,0) always
yield the same point. Also, (0,1),(—1,1) always yield the same point.) We have
expanded the number of subgradients in a way that we are able to get more points

on the Pareto frontier of each iteration.

Figure 4.8: Inner monotone approximations of B(.):
12 subgradients, 5th, 15th, 25th, and 34th iterations,
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Figure 4.8 shows some iterations of the inner monotone approximation operator
for the symmetric case: p = ¢ = .35 and § = .9. With the stopping rule, ¢ = 1079, a
fixed point is achieved at the 34th iteration.

Figure 4.9 shows, for the parameters p = ¢ = .35 and ¢ = .9, the inner (fixed point
from figure 4.8 above) and outer approximations of £(d). These provide a very tight
bound for F(J). By increasing the number of subgradients to twelve, the precision
of our exercise has increased greatly. We can also confirm what we found with eight

subgradients: the Pareto Frontier extends from the x-axis to y-axis.

Figure 4.9: Inner and outer approximations
of symmetric E(.): 12 subgradients,
delta=.9
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Table 2.3 shows how the boundary points of the inner approximation of E(9) are

supported. It also shows the values of x1, xo and the continuation values (v, wy),
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(vg, ws) and (ve wy) that support the each of these boundary points. The first row
gives the different values of h;, the subgradients used. The columns for the subgradi-
ents (—1,—1), (0,—1) and (—1,0) have not been shown. These columns are identical
to those in Table 2.1, the case of eight subgradients.

Since we have such a tight approximation of F(J), the boundary points of the
inner approximation of £(d) can be thought of as boundary points of E(J) itself. For
instance, the boundary point corresponding to the subgradient (1, 1), (.4564,.4568)
is supported by (v, w;) = (.5053,.3921), (vg, we) = (.3915,.3915) and
(v, wy) = (4497, .4501).

([ (1,-1)](1,0) | (1,.33) [ (1,.66) | (1,1) [ (.66,1) | (:33,1) ] (0,1) | (=1,1) |

v | .6494 .6494 | .6022 5056 | 4564 | 3918 | .1613 | O 0

w |0 0 1613 3915 4568 | 5054 | .6022 .6494 | .6494
1 |0 0 1 1 1 1 1 1 1

x9 |1 1 1 1 1 1 1 0 0

vy | 6495 .6495 | .6495 5541 5053 | 4568 | .2235 .0556 | .0556
wy | 0 0 2759 | 3921 | 4566 | .5762 6332 | .6332
vy | 6332 6332 | .5762 4568 | 3915 | .2766 | O 0 0

wa | 0556 0556 | .2235 4566 | 50567 | 5539 | .6495 .6495 | 6495
vy | 6495 | 6495 | .5995 4986 | 4497 | 4012 1680 | 0 0

wg | 0 .1680 4010 | 4501 | 4984 | .5995 .6495 | 6495

Table 2.3: Twelve point inner approximation of E(d)

If we look at the values of (z1,z5) supporting the boundary points, we see that
points on the Pareto frontier, except the end points, are supported by full favors. For
example, at the boundary point corresponding to the subgradient (1, 1), if player 1 is
in a position to do a favor, she does a full favor and the resulting continuation values

are (.5053,.3921). If player 2 is in a position to do a favor, she does a full favor and
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the resulting continuation values are (.3915,.5057). If neither players does a favor,
the continuation values are (.4497,.4501).

Corresponding to the subgradient (.66, 1), the expected payoffs on the frontier are
(.3918,.5054). Corresponding to the subgradient (1,.66), the expected payoffs on the
frontier are (.5059,.3915). At both these points, both players do full favors if in a
position to do one. This is also true for points corresponding to (.33,1) and (1,.33)
so for all points on the Pareto frontier except the endpoints.

Extending the approximation with twelve subgradients to the asymmetric case is

part of future work.

2.5 Conclusion

This paper estimates numerically the equilibrium value set of a repeated exchang-
ing favors game with private information. We adapt techniques from Judd, Yeltekin
and Conklin (2003) to evaluate equilibria in repeated games of perfect information.
These techniques utilize the usual recursive analysis of repeated games.

We get a lot more precision when we expand the set of subgradients from eight
to twelve. Essentially, by looking for more boundary points with each iteration, we
find smoother inner and outer approximations. Future work will involve extending
the twelve point approximation to the asymmetric model. We expect to see much
tighter approximations just as in the symmetric case and better insights into players’

behavior on the Pareto frontier of the equilibrium set.
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Chapter 3

Quantal Response Equilibrium in Repeated Games

3.1 Introduction

Quantal Response Equilibrium (McKelvey and Palfrey, 1995) is a statistical ver-
sion of Nash Equilibrium with probabilistic best response functions in which better
strategies are more likely to be played than worse strategies. This paper extends the
Quantal Response Equilibrium (QRE) concept to repeated games and proves a limit
Folk Theorem.

An attractive property of QRE is that systematic deviations from Nash equilibria
are predicted without introducing systematic errors. In the basic setup, the payoff
from each action that a player can take is subject to random error which can be
interpreted as error in calculating payoffs or as privately known payoff disturbances.
By imposing a certain structure on the errors (the marginal distribution of the error
associated with any action has an extreme value distribution), we can focus on Logit
Quantal Response Equilibria.

Logit QRE are a class of QRE parameterized with a parameter A that is inversely
related to the level of error. Given other players’ probabilistic strategies, players

evaluate their payoffs from alternative actions. Based on these payoffs, the logistic
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quantal response function prescribes probabilities for playing different actions and
QRE is defined as a fixed point of the quantal response function.

Logit Quantal Response Equilibria in extensive form games (McKelvey and Pal-
frey, 1998) are defined by using the agent model of how an extensive form game is
played. At each information set, the log probability of choosing an action is propor-
tional to its continuation payoff where A is the proportionality factor. Finding the set
of Agent QRE involves solving a system of equations, one for each player, for each
information set, for each possible action.

It is possible to extend the concept of Agent QRE to infinite horizon games and to
infinitely repeated games in particular. We can solve for Agent QRE in such games by
restricting attention to strategies that are measurable with respect to a finite number
of states. Battaglini and Palfrey (2007) use QRE to study an infinite horizon policy
game with endogenous status quo outcomes. This dynamic bargaining problem has
proved hard to solve theoretically once non linear utility functions are introduced.
They solve the game numerically by finding the limit of the Markov Logit QRE as
the error term A\ goes to infinity. In this paper, we do not focus on finding the limit
equilibrium of a game. Rather, we show that for all finite (two player) repeated games
any individually rational and feasible payoff profile can be supported by a limit QRE.

In general, in the limit as A — oo, players choose perfect best responses. This
paper shows that for large enough A and a discount factor close to one, repeated game
QRE payoffs can get arbitrarily close to any feasible individually rational payoff of
the static game. This is shown in two steps. At first we assume that the minmax
strategies are pure strategies. It is then possible to show that the following strategies

constitute a QRE. If in any period, a player deviates from the prescribed action, this
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triggers a punishment phase in which players play the minmax strategies against one
another with probabilities close to one. The punishment phase is long enough that
for high A, deviation is unlikely in the first place, that is, the prescribed action is
played with probability close to one.

Next we allow the minmax strategies to be mixed strategies. The punishment
phase still requires players to play the minmax strategies. The complication is that
mixed strategies are not observable. To make sure that players play the strategies
in the support of the mixed minmax strategies in the right proportions, there is
a punishment linked to each action in the support of the minmax strategy. The
punishment linked to the least desirable action for the player is zero. At the end of
the punishment phase, the cumulative punishment from all the other actions is meted
out. This is done in a way that ensures that players play their minmax strategies in
the correct way.

The rest of the paper is organized as follows. Section 2 defines QRE in infinitely
repeated games by extending the concept of Agent QRE. In Section 3, we prove a
limit Folk Theorem for a repeated Prisoner’s Dilemma Game. This result is illustrated
with computations that find equilibria to support different individually rational and
feasible payoffs for high values of A. Section 4 proves the Folk Theorem for a general

two person finite action repeated game and Section 5 concludes.

3.2 Model
3.2.1 The stage game G

The stage game G is a finite normal form game. For each player i = 1,2, ..., L, the

set \S; represents the finite set of actions in the game. Let |S;| denote the number of
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stage game strategies available to player i. The set of action profiles is S = Hle S;.
S_; is the set of action profiles of all players except i, S_; =[] i )

The payoff vector is u = (uy, us, ..., uy) where the function u; : S — R gives player
i's payoff. Let A\; be the set of probability measures on .S;. Also assume that there

is a public randomization device available to players.

3.2.2 The repeated game G*(J)

The stage game is played repeatedly at t = 1,2,...00. Let h' = {s"},—1. 4, sT € S
denote the history of play up to period t. If h'™t = {s7},—; ; 1, then we can write
ht = {h'=1 s'}. H; denotes the set of all ¢ period histories.

Player i's strategy p; = {p;,p?,...,p.,... }, pt : H® — /\;, specifies a probability
distribution over actions for any possible history h;. A strategy profile is given by
p = (p1, .., pr). Let p?f denote the probability of playing s;, following a history of
h: in accordance with strategy profile p.

The common discount factor is §. Let W’ = {W]* ... W}*} be the vector of

expected continuation payoffs after history h;.
Wh = (1—6)Y 6" "u(s™ | p, )
T=t

Given strategy profile p, let U Sh; (p) be the payoff to player i from playing s;, after

history h;. Then

Ul(p) = Y pl (1= 8)ui(si, 5_) + oW o)

S_;ES_;
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Definition 3.1 A Logit(\) Quantal Response Function is given by

AUShit (p)
ht ) =
SjGSi
Definition 3.2 A Logit(\) Quantal Response Equilibrium is a fixed point of the Logit
Quantal Response function or, a strategqy profile p that satisfies

h
AU (p)

hit
b, = e,
i AU
o Us; (P)
Sj €S;

forallht € H', i=1,....L, s; € S;.

3.3 Repeated Prisoners’ Dilemma

3.3.1 Folk Theorem

For the standard Prisoner’s Dilemma (Table 3.1), infinitely repeated, we con-
struct a Quantal Response equilibrium that supports expected payoffs very close to
u(st, s5) > 0. We assume that a public randomizing device is available and (s}, s3)

can be correlated strategies.

C D
C a,a | -ba+t
D |a+t-b| 0,0

Table 3.1: Prisoner’s Dilemma

We partition the set of possible histories into the following two states. If both

players have always played (s}, s3) then they are in the cooperative state, State C'
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which has a continuation value V,°. If either of them has ever deviated, then they
are in the defection state, State D which has a continuation value V7.

In State C, the probabilities of the players playing s7, s3 are pscT and p% respec-
tively. In State D, the probabilities of playing C are pPand p?. We construct a Quan-
tal Response equilibrium for the repeated game such that psc% ~ 1, p% ~ 1,pP ~ 0

and pY ~0. Let p = (p%, {pi}si#sz«,p?)izl,g. Note that for i = 1,2, j # 1,

VO = pEpll0 = )uils),s3) + 0V + D pGpC (1 = S)uils, 5) + 0V
sjyés
+ ) PGl = Oui(si,s5) +ViPI+ Y pOpC (L = S)uilsiy s5) + V7]
7,755
Si 7£ 8;(7
Sj # 8}
and
lim V¥ = (s}, s3) (3.1)

c . C
ps’!"ps’f_)l
g J

Also,
V.2 = (1=8)ppPa—pP(1—p))o+pl (1 —pP)(a+1)] +6V,°

llm VD 0 (3.2)

pP Pj D0
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In state C, the payoff from playing s is US and the payoff from s; # s} is U, SC :

U = p%l(1 = )ui(si, ) + 0V + D pCI(1 = 8)uils], s5) + V"]

. *
S at

Us, = pal(L = 8)ui(siys))] + Y 08 [(1 = O)ui(si, s5) + V"

S8}

In state D, U¢ is the payoff from playing C and UP? is the payoff from playing
D:

UL =py (1= 8)a+ (1 —p7)(1—8)(=b) + 4V,

UPP =pP(1—6)(a+1t)+ 6V

7

These are the Logit Quantal Response functions for ¢ = 1,2, j # ¢ in States D

and C respectively:

1
Dy . p) =
pi (A, p) 1+ eXp)\(UiDD — UP%)
1
= 5 5 (3.3)
1+ exp )\(pj (1=0t+(1— pj )(1—0)b)
ps: (A, p) = !
s 14+ > expAUS —UE)
8i#£S] ¢
1 3 exp AGE (1 - 0)(uilsiy ) — st 7))
8i#S]
+ > 5 (1= 6)(uilsi, s5) — ui(s], 57)) +pGo(VP = V)™ (3.4)
Sj;ﬁs;f
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Proposition 3.1 Fore > 0 and any feasible individually rational payoff profile of the
Prisoner’s Dilemma, u(s3, s5), there exist § < 1 such that for all § > 9§, there exists
A(0) with the following property. For 6 > § and X > A(9), there exists a Quantal

Response equilibrium in the repeated game in which V.€ > u(s}, s3) — €.

Proof. From (3.1), , lim VC = w,(s}, s3) and we can find small enough ¢ such
ps’r 7ps"f —1
i %

that if psc,{ =1—¢%, then

ViC > u(s],s5) — € (3.5)

We show that for Player i, there exist £¢ and g which ensure (3.5) and there exists
J < 1 such that if § > § and we assume that p% > 1 — &% in the current period and
J

psq{,pc >1—¢% and pP,p? < &P in all future periods, then }E{}Opscr (\,p) = 1. For

@
S2

SZ'GSZ',Si#S;(Z

lim  US —US
pS—1,pP—0 ’
K3

:l&g%%@u—&mwmp_m@£M+
8575

_ ékgﬁquﬂ—ﬁﬂw@mﬁf—mwﬁﬁﬂ—p%&m@}ﬁ)

(from (3.1) and (3.2))

<0 (3.6)
u;(si, 5;) — u(s], S;)

when 6 >
u;(si, 5;)
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Let § — maxui(si,s]) u;(s},s%) _ aft- u;(s7,8%) " For (S 5* ) _ (C, C) = _ Con-

X G att 05

sider the Logit Quantal Response function in State C for i =1,2,j # i (see ( 4)):

1

14+ > expAUS —UY]
8i#£S] ‘

P\ p) =

From (3.6), for 6 > 4, limy pg()\,p) = 1 and we can find a ﬁ such that for
b >0, > )\C, P C(A\p) > 1—¢g% For {pf}s4s, we can find AY such that for

)\ > >\s 9 ps (A7p) S §C' Let AC = maX<)\C )\C {)\51}315£317 {—82}527£52)

ST 52

Now assume that pf € [0,eP]. Consider the Logit Quantal Response function in

State D for i = 1,2, j # i (see (3.3)):

1

P’ (Ap) = 1 +exp ApP (1= )t + (1 — pP)(1 — 6)})

Since p? (1 — 0)t + (1 — pP)(1 - )b > 0, limy s p’ (X, pf’) = 0 and we can find a
AP such that for A > AP, pP(), py) < g”. Define A\(0) = max(A9, AP AD).

Let 0 > 9, A > A. The Quantal Response Function is then a continuous function
mapping a compact and convex set: [1—£€ 1]2 x 0,5 x [0, eP]? into itself where
K° = |S)| + |S,| if (s}, s3) is a correlated action profile and K° = |S;| + |Sy| — 2 if
(s}, s%) is a pure action profile.

From the Brouwer fixed point theorem, there exists a Quantal Response Equi-
librium. As required, for A > A, we have a Quantal Response Equilibrium pSCI()\),
P& (A) > 1 =% and pP (M), pP' (M) < €”. From (3.5), Vi > u(sj, s3) — .

QED =
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3.3.2 Computations

We compute exact values for Quantal Response Equilibria (QRE) that support
u(sy, s3). More precisely, we find equilibrium strategies that involve playing (s3, s3)
with probability close to 1 in the State C and defecting with almost certainty in the
state D.

We look for (pSC,{, p%, pP, pP) that are fixed points of the Quantal Response
function, for a range of values of A\. We set some initial values for these probabilities:
p0 = (p()g{, pO%, p0P p0L). These imply values for the continuation values V¢, V,”
and for the payoff functions Uscg , USC; ,UPC UPC. Through the Quantal Response
function, Ug, Ug_, UPC and UPC imply values for (pSCI, p%, pP, pP): call these (]351,
ﬁ%, pP, pP). We find p0 to minimize the difference between p0 and (ﬁscl, ﬁ%, PP, p).
If the minimized distance is 0, we have a fixed point.

Since the QRE for A = 0 must be (.5,.5,.5,.5), we set p0 = (.5,.5,.5,.5). Then
for each successive value of A\ from 0 to 100 (or more), we set p0 to the fixed point

for the previous value of A. In the following simulations, a = 1,¢ = 1,0 = 1 and

t/(a+t) = .5. The specific Prisoner’s Dilemma game used is shown in Table 3.2.

C | D
Cl 1,1 [-12
D|2-1]0,0

Table 3.2: Prisoner’s Dilemma

We first examine the case where 6 = .9 and (s7,s3) = (C,C). According to
Proposition 3.1, we should be able to find Quantal Response Equilibria to support

the cooperative outcome so long as § > t/(a +t).
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For (s3,s3) = (C,C) let pgf =p¢{ and p% = p¢. The results are shown in Figures
1 and 2 (to be read together). Figure 1 plots p¢, player 1’s probability of playing C
in the cooperative state C, as a function of \. p§, player 2’s probability of playing C
in the cooperative state C is identical to p{’ as we would expect given the symmetry
of the game, and is not shown here.

As shown in Figure 1, we find two branches for p{ (= p$). The solid, blue series
begins at .5 for A = 0 and converges to 0. For values of A\ larger than 10, there is a
branch staring close to 1 and quickly reaching 1'. This is the dashed, pink colored
series. These probabilities comprise QRE in the repeated Prisoner’s Dilemma game
together with the values of pP (= pL’) shown in Figure 2.

Figure 2 plots pP, player 1’s probability of playing C in the defection state D,
against different values of A\. The solid, blue series begins at .5 for A = 0 and
converges to 0. The dashed, pink series corresponds to the dashed, pink series in
Figure 1 and represents equilibrium probabilities for A > 10. It happens to coincide

with the solid, blue series (for A > 10) and is hard to see on its own in the figure.

T first ran the program for A = 0 : 100. This gave the solid, blue branch. Then I checked to
see if (1,1,0,0) was a fixed point for A = 100. It was and then I ran the program for A = 100 to 0.
I found that I got fixed points (minimized distance is 0) for values of A > 10. I followed a similar
procedure for other values of § and u(s}, s3).
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Figure 1: pC_1, delta=.9
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As noted above, we should be able to find Quantal Response Equilibria to support
the cooperative outcome so long as 6 > t/(a +t) = .5 here. We check the case where
this condition is just met, 6 = .51. Figures 3 and 4, which should be read together,
show equilibria that support the cooperative outcome (C, C') when 6 = .51. Here too
we use the notation: for (s, sy) = (C,C) let pg« =p¢ and p% =p9.

In Figure 3, there are two branches for p¢ (= p§). The solid, blue series begins
at .5 for A = 0 and converges to 0. For values of A > 265, there is a branch of p{
at 1. This is the dashed, pink colored series. In Figure 4, we see p? (= p2). The
solid, blue series begins at .5 and converges to 0. The dashed, pink series begins at

A > 265, is exactly at 0 and is not clearly visible in the figure.

Figure 3: pC_1, delta=.51
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Figure 4: pD_1, delta=51
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We compute Quantal Response Equilibria that support u(s}, s3) = (.3,.8). These
are shown in Figures 5 and 6 below, which should be read together. For values of
A < 43, we see a unique equilibrium. This branch starts at (.5,.5,.5,.5) converges to
(0,0,0,0). For values of A > 43, there is a second equilibrium. As X increases, this
quickly converges to supporting u(s}, s3) = (.3, .8) with probability one.

In Figures 5 and 6, the dashed lines represent player 1 and the solid lines player
2. The plots sometimes coincide and are difficult to distinguish. In figure 5, the
solid, blue and dashed, pink series begin at A\ > 43, represent the two players and
support u(s}, s3) = (.3,.8) . The solid, red and dashed, dark blue series represent the
other branch. In figure 6, there are four series converging to 0. Two of these begin
at A = 43. These represent the equilibrium that supports u(s},s3) = (.3,.8) and

correspond to the solid, blue and dashed, pink lines in Figure 5.
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We find Quantal Response Equilibria that support: u(sf,s3) = (.2,.8). These
are shown in Figures 7 and 8 below, which should be read together. Again, for low
values of A, we see a unique equilibrium, which starts at (.5,.5,.5,.5) and converges
to (0,0,0,0). For higher values of A, we see a second branch that supports u(s}, s3) =
(.2,.8).

In Figures 7 and 8, the dashed lines correspond to player 1 and the solid ones to
player 2. The series sometimes coincide and are difficult to distinguish. In figure 7,
the solid, blue and dashed, pink series begin at A > 163, represent the two players
and support u(s}, s3) = (.2,.8). The solid, red and dashed, dark blue series represent
the other branch. In figure 8, there are four series converging to 0. Two of these
begin at A = 163. These represent the equilibrium that supports u(s}, s3) = (.2,.8)

and correspond to the solid, blue and dashed, pink lines in Figure 7.

Figure 7: (0.2,0.8) pC_s1*, pC_s2* delta=.99
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Figure 8: (0.2,0.8) pD_1, pD_2, delta=.99
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3.4 A limit Folk Theorem for a two player game.

We will construct Quantal Response equilibria to support expected payoffs very
close to any feasible and individually rational (v, vs) = u(aq,as) where (ag, as) can

be correlated strategies.

3.4.1 Minimax strategies are pure strategies

Let m; € argmin maxu,(s; s;) be a minimax strategy against Player i. Let
8; S;
v; = max u;(s;, m;). v, is the maximum payoff player ¢ can achieve when her opponent
Si
is playing their minimax strategies against her. Normalize (v;,v,) = 0. Let b; =

maxu;(s;, s;). First note that, following Fudenberg and Maskin(1986), given (v, v2) >
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0, we can find § and n such that the following conditions hold:

v; > bi(1—0) + (1 — 6™)u;(m;, m;) + ", (3.7)

(1 — éﬂ)ui(mi, mj) + éﬂ’l}i >0 (38)

To see this, note that for J close enough to 1, v; > b;(1—0). If (3.7) does not hold
for n = 1, since for large enough ¢, (1 — 0™)u;(m;, m;) + &;v; is decreasing in n, we
can raise n until it does. Also, by picking J large enough, we can ensure that (3.8) is
satisfied with this n.

Condition (3.7) says that player i prefers v; to getting her best possible payoff
once, u;(m;, m;) for n periods and v, forever after that. Later, in the proof of Theorem
3.1, we will use a perturbed version of (3.7) as an incentive compatibility condition
(C2) that shows that under certain conditions, players do not gain from deviating
from a strategy where (a1, az) is played with probability close to 1. (3.8) will be useful
in establishing a condition (C3) that shows that players are willing to punish, with

probability close to 1, a player who deviates from (aq, az).

States: For (vy,v2) = u(ai,az) > 0, § > J and the corresponding n(é), we
partition the set of histories into n + 1 states. The initial state is 0.

In State 0: If Player i(i = 1,2) plays a;, the system stays in State 0. If either
player plays s; # a;, the system moves to State B,. Player ¢ plays s; € S; with
probability p? .

In State B, (w = n,n — 1,n —2,....,2): If Player i plays m; move to B,_;. If

either player deviates then move to B,,. Player i plays s; € S; with probability pg.
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In State B;: If Player i plays m; move to State 0. If either player deviates then

move to B,,. Player ¢ plays s; € S; with probability p;i.

Continuation payoffs: Given a strategy profile p, let W= be the continuation

payoff for player i in state w, where w =n,n —1,n—2,....,2,1,0.

wy = pgipgj[(l — v + oW + (1 — 5)[1021- Zpgjui(@u s5) +p2j Zpi’,.ui(si, a;)

sjF#aj siFa;
570000 wilsi, 5)] + (1 — p2p0, )W (3.9)
§iL7s5 U\ TL 7] ail’a; 7 .
siFa;
sj#a;
Note that:
lim W =wv,. (3.10)
g, —1.pQ,—1
W = phom (1= 0)ui(ms,my) + 0W7] (3.11)
+(1 = O)pE, Y pTuilma,s;) + 5 > pluil(si,my)
Sj;ﬁ’m/j Si#mi
+ ) pEpZui(si, 5] + (1 - p5.p5 )oW;
SiFEm;
s;7£m;
wherew = n,n—1,n—-2,...,2,1,0. (3.12)
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Note that:

Hm W7 = (1 —0)ui(mimy) + 6 lim W=! (3.13)

= (1—8)u(m;,m;)+ 6> im W= !
J 7

= (1= 6%)u(my, m;) + 6% lim W}

= (1 —=0%)u;(m;,m;) 4+ 0%v; (from 3.10).

where the limits are over pgi, p2j7pnww P, — L

Now we show that for § > ¢ and & > 0, we can find € and ” (w =n,n —1,n —
2,....,1) such that for the set of strategies which satisfy p) =1 —¢° > 1 —¢” and
pi = 1—¢% >1—¢%, the following four conditions (C0-C3) are satisfied.

In the following conditions, the limits are over p° o p22, Py Py, — 1. Bach of
the following inequalities is strictly satisfied in the limit as pQ ,pS , pfy , po, — 1.
Therefore each is satisfied for small enough £° and ¥ and all are simultaneously
satisfied by the minimum, £ and the minimum, £. (Sometimes we do not need to

take all these limits. See specific discussion below.)

CO. Fore > 0, W? > v; —e. (From 3.10, for any ¢ > 0, we can find small enough

g% such that W > v; —¢.)

Cl. Form=nn—1n—2,..,2:
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a. WZ < WZ ' From (3.13) since im W7 = (1 — §%)u;(m;, m;) + 0%v; <

(1—6%"Yu;(my, m;)+6% v = lim W=, In particular, this implies that W < W=

form=n—1,n—-2,..., 1.

b. W}! < W?. Since im W}' = (1 — 6)u;(mi, m;) + dv; < v; = lim WY from (3.10),

(3.13) and because masxui(si, m;) = v, = 0 by assumption.
5;€05

C2. For all s; € S;,

(1=0)[p2, (wisi, as)+ Y p2 wilsi, 57)]+0p0, Wit < (1=8)[vit Y pd wilas, s7)]+0p0, W

sjFaj sj7a;

or

(1= 0)[BS, (uilsi, az) —vi) + > pluilsiy s) — > p%uilas, s7)]+0po, (W)= W) < 0
s;#a; s;#a;

(3.14)

(3.14) can be thought of as a perturbed version of Condition (3.7). It will be used

in the proof of Theorem 3.1 to show that when pgj (j # i) in the current period and

P, pgj, Pin;» Pin, in the future periods are close enough to 1, /\lim p) = 1. Note that
—00

we only need pgj (j # i) in the current period and p , pgj, Prmis P, in the future
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periods to be close enough to 1. (3.14) is true for small €° and &% since:

lim(l - 5)[]9 (gz<517 aj Z Dy, ul Si SJ Z pgjui(aiﬂ SJ')]

s;7a; sj7a;
+opy, (Wi = W7)
= (1 = 0)[ui(ss, a;) — vi] + UM W, — lim W)
= (1 —d)ui(s;, a;) + 0[(1 — 0™)u;(mj, m;) + 0"v;] —v;  (from (3.10)
and (3.13).)

< 0 From (3.7)
C3. Form=n,n—1n-—2,....,1, for all s;,

(1= 0)[p5 wilsiomy) + Y pZui(si, 57)] + py OW;"

s;#m;

< (1= 0)[pg ua(mi,my) + Y pSui(ma, s;)] + pig, oW

Sj;émj

or

(1 - 5)[pnw1j (ui<5i7 mj) 517 m] Z ps Ui ml, Sj (3‘15)

sj#m;
— > pTui(my, s;)] + pi S = WFH) <0
sjFmM;
(3.15) will be used later to show that when pj (j # ¢) in the current period and
P, pgj, Pris P, in the future period are close enough to 1, )\h—{go P, = 1. Again,
note that we only need p,,; (j # i) in the current period and pgi, pgj, Prnis Py, 10 the

future period to be close enough to 1 for C3 to hold.
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(3.15) is true for small for small €% and ¥ since:

lim (1 — 0)[pf, (ui(si,my) — wims,my)) + > pEui(mi, s5) — > pEui(m, ;)]

sj7m; sj7#m;

+p O(W = W)

= (1 = 8)[ui(si,m;) — ui(my,my)] + SUm W — lim W=1)

= (1 = &)ui(si, my) + S lim W)* — [(1 — 8)us(my, my) + 6 lim W=~ (from (3.13).)
< (1= 8)ui(si, my) + S lim W* — [(1 — 8)us(my, m;) + 6 lim W] (From C1.)
= (1= 8)u(ss,m5) + (6 — D[(1 — ™) u;(my, m;) + 6™v;]  (from (3.13).)

< (6 = D[(1 = ")u;(ms, m;) + 6™v;] (since maxw;(s;,m;) = v; = 0.)

<0 (since (1 —0")u;(m;, mj) + 6"v; > 0 from (3.8).)

Theorem 3.1 For ¢ > 0 and any feasible individually rational (v1,vs) = u(ay, az),
there exists 6 < 1 such that for all 6 > ¢, there exists A(§) > 0 with the following
property. For 6 > § and A\ > \(0), there exists a Logit Quantal Response equilibrium

of the infinitely repeated game G*(8) in which |W? — u;(ay, as)| < .

Proof. Use (3.7) and (3.8) to find 0. For § > § , we are looking for a strategy profile
with p’s that solve a system of equations: one equation for each action for each state
for each player. In the analysis below, we assume that when deciding on their current
action, players take as given that in all future periods, the strategy profile satisfies
P° . p22 >1—¢%and pZ® s Py > 1 — 7. If in addition to this the opponent’s current

period strategy satisfies these conditions, we know that C2 and C3 are satisfied.
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State 0: Let p{ = (p{,, {P, }sia;)- Assume p) > 1—¢”. Consider the Logit QRE
function:

1
0 —
Pa () = 77 3 UL )-8, 55)

SiESl'

where Uy (p9) is player 1’s payoff from s; = a; and U (p9) from s; # a;.

Ug () = 9, (1 = 6)vs + W) + (1= 8) Y pyuilas, s;) + (1 — pa, )IW'

sj#aj

U (p?) = pgj(l —0)u;i(si,a;) + (1 —90) Zpgjui(si, s;) + oW

sj#a;

U (0) = Ua,(5) = (1= 0)[pa, (uilsi, a;) — vi)

+ )Pl ui(sisg) — > plyuiai, 5)] + 0pa, (W] = W)

s;#aj sj#a;

< 0. (From C2, since pgj >1-¢")

This implies that ,\lﬁ?o po (p, A) = 1. Since pj (p, A) increases continuously in A,
there exists a A} such that p} (p,\) > 1 —¢° for A > A}. Also for p? (s; # a;), there
exists A such that p? (p, A) < £°.

Let A" = max(A7, {0, Forars A9, {45, Faotan)-

State By: Let pf” = ({p;,,}, {PT }sim;). Assume p; > 1 — 7. Consider the
Logit QRE function:

1
Tt S NUEER)-UR,0)

SiESi
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where U7 (p7) is player 1's payoff from s; = m; and U (pT) from s; # m;.

U 0F) = Dy (1= 8)us(mi,my) +6WZ ) + (1= 6) Y pTui(mi, s;)
s;F£m;

+(1 — P, ) OW"

UZ(07) = pm, (1= 0)ui(si,my) + (1= 9) Z P ui(si, s5) + oW

s;F#m;

UZ(pF) = Uz 07) = (1= 0)[p5, (wilsi, my) — wi(ms,my)) + > pZui(si,s5) —
sjF#m;

Z P ui(mi, s2)| + p 0(W;" — wE
Sj;émj

< 0 (From C3 since pj; > 1 —¢€%. )

This implies that /\lingo pr.(p, A) = 1. Since p7;(p, \) increases continuously in A,
there exists a A" such that p7; (p, ) > 1—¢® for A > AT Similarly, for pZ(s; # m;),
there exists a A7 such that pZ(p, \) < g for A > A7,

Let A7 = max(AT, {7 Formss AT {AD Foaons)-

Now, let A(0) = max(A\’, A", A" A1), Let KO = |S;| + |S;| — 2 if (a1,aq) is
a pure action pair and K° = [S;| 4+ |;| if (a1,a2) is a correlated action pair. Let
K =S| +15;] — 2.

For 6 > § and A > A(9), the Quantal response function is a continuous function
from the closed and convex set [1 — €2, 1]% x [0, %)% x [1 —&”,1]? x [0,"] x...x

[1—¢g' 1) x [0,&')¥ into itself.
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From the Brouwer Fixed Point Theorem, there exists a Quantal Response Equi-
librium with the required properties pgi >1— &, pr. > 1 —¢g%. From CO, wo >
ui(al, CLQ) — €.

QED =

3.4.2 Minimax strategies are (unobservable) mixed strategies

Now let M; be Player i’s minimax strategy against player j and let |M;| = m;.
The strategies in the support of M; are {a;(k)},; where ¢;(k) > 0 is the probability
with which a;(k) is played in M;.

To implement (vq,vs) = u(a;.az), we could try using the same repeated game
strategies as in Section 3.4.1. In the punishment phase(s) (B® = B",.., B') both
players would have to play their minimax strategies and any deviations from this
would entail beginning the punishment phase all over again (B"). But now the
minimax strategies are mixed strategies. There is no way to know if a player is
mixing or randomizing with the correct probabilities as specified by M;.

Let u;(s;, M;) = %qj(k)ui(si, a;(k)), the payoff to i from s; given that j is play-

k=1

ing according to m;. Also, u;(M;,s;) = iqi(k)uj(ai(k), s;) and w;(M;, M;) =
=1

m; Ty ’ ’ .
Yo > qi(k)gi(k)ui(ai(k),a;(k)). Let v; = maxu,(s;, M;), the maximum payoft
kzlk’:l Sq
player ¢ can achieve when her opponent is playing their minimax strategies against
her. Normalize (v;,v,) = 0.

To deal with unobservable mixed strategies, we modify the strategies from Section

3.4.1. The indexation of {a;(k)};~,; depends on the QRE parameter A and is such
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that for k=1,....m; — 1:

(1= 8)ug(as(k), M;) — %logql-(k:) < (1 = S)us(ag(k + 1), M;) — ilog (k1) (3.16)

A low k represents a low payoff u;(a;(k), M;) relative to $¢;(k). As will be clear
below, the equilibrium strategies involve an incentive scheme where a player is pun-
ished for playing a strategy that has a high payoff compared to how often it has to be
played in M;; more precisely, a high (1 — 6)u;(a;(k), M;) compared with +log g;(k).
(Players will of course also be punished for playing outside the support of their min-

imax strategies).

Punishment: While in the punishment phase (B%) if a player plays an action
outside the support of M;, this can be detected and leads to restarting of the punish-
ment phase. The strategies in the support of M; each has an associated punishment.
These punishments induce players to play according to their mixed minimax strate-
gies.

We find punishments y (k), one for each a;(k) and each w in the following way.
Player i is punished for playing a strategy a;(k) which has a high one-period payoff
(1 — &)u;(a;(k), M;) compared to ;logg;(k). Strategy a;(1) which has the lowest
(1 — &)ui(a;(k), M;) — ;logg;(k) is not punished, or y@(1) = 0. For k = 2,...,m;,

the punishments satisfy the equation:

(1= )us(as(k + 1), M;) — ilog gk + 1) = (1= S)us(as(k), M) (3.17)
—|—%log qi(k)
= 07(y7(k+1) — y7(k))
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As shown below, in the limit, all punishments go to zero.

soim yr(k+1) = lim  47(k) (3.18)
(1= 0)[gi(ai(k + 1), M;) — gi(ai(k), M;)] — %log qi;ﬁz)l)
+ 1
5@
. 1 qi(k+1)
— limyF(k) — ~log BT _ =
Jim y7 (k) = 3 log = 5= = v (k)
and
lim y(k) — 0 for all k£ (since y7(1) = 0) (3.19)

6—1, A—oo

Now consider (vi,v2) > 0. As in 3.4.1, we find § and n such that the following

conditions hold:

v; > bi(1 = 8) +8(1 — 8™ u;(M;, M) + 6", (3.20)

(1 — QQ)UZ(M“ MJ) + éﬂvi >0 (321)

For 0 > ¢ let n(d) be the corresponding n satisfying (3.20) and (3.21). From
(3.19), we can find 6 and A such that for § > 6 and A > A,

v; — n(é)ma}gcyf(ai(k)) >0 (3.22)

and
(1= 8")us( My, M) + 67 (v, — () maxy® (as(8))) > 0 (3.23)

A~

Let § = max(0,d).We refer to n(d) as simply n in the following,.
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States: For s; € {a;(k)}}", we will use s; € M;. State 0 and its strategies are
identical to Part 1. In State By (w = n,n — 1,...,2): If Player ¢ plays s; € M;, the
state in the next period is B, _1. Let s¥ = k if strategy a;(k) is played by Player i in
State w. If player i plays s; ¢ M; the state switches to B".

In State By: If Player i plays s; € M;, the state in the next period is State C'(z;, z;)
where z; = {s¥}2 _; is the vector of the s¥’s for Player i. If Player i plays s; ¢ M;
the state switches to B".

In State C(z;, z;): Players play (a3, az) such that u;(ay, @) = v; — i Y@ (s7). If
player i plays s; # a;, the state switches to B". There are mj' x mj} sw:clh states as

the vector z; can take m[ values. The total number of states is 1 4+ n + (m;m;)".

Continuation payoffs: Consider W¢, the continuation payoff for Player i in
State C.
lim W =wv; — Zyzﬂ(sw) =v; >0 (From (3.22))
w=1

A (A
<, p¢ —1
o

a; j

w

¥). Forw =mn,...1:

n
where U; = v; — > yZF(s
w=1

)

im W7 = Hm(1 = 0%)uy(M;, M;) + 6% (v; — Y _y7(s7)) (3.24)
w=1

= (1 —0%)w;(M;, M;)+ 6%v; > 0 (from (3.23))

as Pa ) — qi(k) for s; € M;, Paw) — qj(k) for s; € M; , pZ, ps, — 0 for all

s; ¢ M;, s; ¢ M; and pgi,pagj — 1.
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Now we show that for 6 > § and ¢ > 0, we can find £°,%,£%(k), " such that

0 < (qi(k) £e”(k)) < 1 and for p) > 1—¢°, P —q(k)| < e7(k), pT < €7

(si ¢ M;) and p§ > 1 — £ the following conditions (C0-C4) hold. For i =1,2:

CO0. W? > v; —e. As in Section 3.4.1, from 3.10, for any £ > 0, we can find small

enough £° such that W? > v; —e.

Cl. W7 < W7 (w = 1,..n).From (3.24) since W= — (1 — 6™ )u;(M;, M;) +
5@@, W~w_1 - (]_ - 5w_1)ui(Mi, Mj) + 5w_1’(77; and ’l;; > uZ(MZ, MJ>

7

For the next condition note that, UY (s; € S;) is Player i’s payoff from s; in state

Up, = (1= 0)pFvi+ Y p5uilas, ;)] +pZ oW + (1= pZ)swy

s]-;éaj

Ug =(1- 5)2]92%‘(51', s;) + 0W" where s; # a;

Sj

C2. U) —U? > 0 for all s; # a;. This is true because:

limlUfl), —UY = (1=0)[v; — uls, a;)] + (WY = W)
pe;—1 '
= ;= [6(1 = 6™y (M;, M) + 6" 5] — (1 — 8)uy(si, a;)
(from (3.24))

> 0 (from (3.20))
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m;
For the next condition, let pf; = ];pfj(k). In State w, for k =1,2,...m;:

imUZ = (1=0)> pZui(ai(k), s;) + pi,oW="" + (1 = pf, ) sW™
5;€85;

= (1= )uilay(k), My) + W=

as pa,ky — qj(k) for s; € M; , p,; — 0 for all s; ¢ Mj.

C3. Lim Vs — Unigry = log #0540 for o = 1,2, .., — 1. This is
paj(k)_)qj(k)7 ij—>U i

true because:
lim U, (k11) = Uy k) = (1=0) (ui(ai(k+1), M;) —u;i(ai(k), M;))+07 (y77 (k) =y (k+1))

as Pa, (k) — q;(k) for s; € Mj and p,; — 0 for s; ¢ M;.

1 (k41
:_1ogw

3 ) From (3.17)

For the next condition note that, in State w :

Usi, = (1=06)> _pZui( My, s7) + pi,6W=" + (1 — pi, ) sW™"
For s; ¢ M;:
UZ =(1- 5)2]??;%‘(8@‘, s;) +oW"

C4. U]\ZZZ - Ug > ( for Si ¢ Mz
lm Uy, — UZ = (1= 6)[w;i(M;, My) — wi(s;, M;)] + s(W=™H —W™)

L]
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as pawj(k) - QJ(k) for s; € Mj and pz — 0 for all S ¢ Mj-

> (1= 6)[wi( My, My) — wy(si, Mj)] + 6(W"™H — W™) from C3
= (1=0)((1 = 6")ui(M;, M;) + 6"0;) — (1 — 0)uy(sq, M;)

> 0 from (3.23) and because w;(s;, M;) < 0.

Theorem 3.2 For ¢ > 0 and any feasible individually rational (vq,vse) = u(ay, as),
there exists 6 < 1 such that for all 6 > ¢, there exists A(§) > 0 with the following
property. For § > 6 and A > A(9), there exists a Logit Quantal Response equilibrium

of the infinitely repeated game G™(0) in which |W? — u;(ay, as)| < €.

Proof. Use (3.20) and (3.21) to find J. For § > § = max(é,g), we are looking for
a strategy profile with p’s that solve a system of equations: one equation for each
action for each state for each player. In the analysis below, we assume that when
deciding on their current action, players take as given that in all future periods, the
strategy profile satisfies p) > 1 —¢° and PT g — @i(k)| < e7(k) for k =1,...,m; For
s; & M;, let p7 < £¥ and finally, pg > 1 — g%, If in addition to this the opponent’s
current period strategy satisfies these conditions, we know that C2-C4 are satisfied.

State0: Let p? = (p{,, {P3, }siza;)- Assume p > 1 —&° From the Logit quantal

response function:
1

- 0 _7/0
> MUR~Ug)
Si€S;

Py (p, \)
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From C2, U? — U < 0 for all s; # a;. This implies that ){Lngo P2 (p,A) = 1. We
can find \,° such that pd (p, A) > 1 —£° for A > A}. Also for p? (s; # a;), there exists
AY such that p? (p, A) < £°.

Let A” = max(A], {7, Yoiars A9 {0, Foartan)-

State B¥: Let p7¥ = ({pawi(k)}zl:il, {PZ }si¢rr,). Assume that Player j is playing a
stage game strategy very close to M; i.e.|p7 ) — qi(k)| <7 (k).

From the Logit quantal response function:

(p, \) = eMVasttn=Vas)

From C3,
Paerny _ Gi(k+1)

lim
pZ(k) qi(k)

(3.25)

as Pa;k) — qj(k) for s; € Mj; and p,, — 0 for s; ¢ M;. Also from the Logit

quantal response function, for s; ¢ M;:

p_:" — GA(U%*UMZ-)
P,

From C4, U;;, — U,, < 0. Therefore for pT(s; ¢ M;), there exists a A7 such that
pT(p,A) < g7 for X > A7. Combined with (3.25) this implies that we can find A}
such that |pg ) — @i(k)| < (k) for A > AY.

Let A% = max({AF 121, {AT Foagan, {27 1ee s {AS oagnns)-

State C: Since W > 0, the implementation of (a1, az) is identical to the imple-

mentation of (a;,a;) in State 0 with a large enough .
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Let A(8) = max(X, A% A", A" AL AY). Now, let K = [S;| + |9;] — 2 if (a1, ay)
is a pure action pair and K° = |S;| + |S;| if (a1, as) is a correlated action pair. Let
K =S| +|S;| — 2 if (a1, @) is a pure action pair and K¢ = |S;| + |S;| if (a1, az) is
a correlated action pair.

For 6 > § and A > A(9), the Quantal response function is a continuous function
from the closed and convex set [1—¢2, 1]2 x [0, %% x [q1(1) —£® (1), g1 (1) +£%(1)] X
X [ga(ma) —£7 (M), ga(ma) +£7 (my)] X [0, 7S HSs1=memmy 5 [1—£€ 1) x [0, €5
into itself.

From the Brouwer Fixed Point Theorem, there exists a Quantal Response Equilib-
rium with the required properties p) > 1 — ¢, PT gy — Gi(k)| < e for k=1,..,m;,
pT < e for s; ¢ m; and pagi > 1—¢% From CO, W? > u;(ai,as) — &.

QED =

3.5 Conclusion

Folk Theorems are well established in the repeated games literature when there is
perfect monitoring of opponents’ actions or imperfect but public monitoring (Fuden-
berg, Levine and Maskin, 1994). Several papers look into which equilibria of these
games are robust to private monitoring imperfections. For instance, Ely and Valimaki
(2002) find equilibria for the repeated Prisoner’s Dilemma that are robust to private
monitoring and are able to support all feasible individually rational payoffs. Mailath
and Morris (2002) find sufficient conditions under which imperfect public monitoring
equilibria are robust to private monitoring.

A related literature studies robustness to incomplete information in dynamic and

repeated games (see Chassang and Takahashi, 2009). The Quantal Response model
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introduces one specific kind of additive incomplete information. This paper shows
that the perfect monitoring equilibrium strategies used to prove the Folk Theorem in
Fudenberg and Maskin (1986) are robust to this kind of private information. If the
information is almost complete and the discount factor is close enough to 1, there
exist Quantal Response Equilibria sufficiently close to the equilibria in the original

construction.
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