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ABSTRACT

STATISTICAL DISCRIM INATION IN THELABOR M ARKET: PUBLIC
POLICY AND Bl PIRICAL EVID B CE

A ndieall ao

Kerethl. W obin

Statistial disaiminatian in the Eba- market aaours when enplbyars hae ally inmmpkete
information ebautworkers” pradudtivity, and use aggrecaie statistics tomake thaeirdedsias. T his
dissartation eqpancs aur undasstanding of hovw statistical disaiminatian is gaerated, eplns
how public pdicy ean adeck it and eplass O what extatt race dcaattiak in the U S. have
bean generaied by this saurce. A fier the inroductory deptey; the secod depiey; A ¢ mmative
A clion in a Canpetiive Eanamy (Jantwith P eterl aman), analyzes hawvinaartives forhbuman
pital aguisition are ax ected by a¢ mattive action in a macel of statistical disaimination with
endagenacs human aepital 1tis shonn thatad mmatinve action can &l inthe sase ttattheremay
stillbedisaiminatianinequiibrium. H onaver; theinaantives Toragats in thedisscharnteged grop
o invest are better in any eguilibrium uder a¢ Mative action then in the most disaiminatory
e ibrium withaut the pdicy. T he welae e ects are anbiguas itis danastraied that the
paicymay hurttheintanded bare.. daries evenwhen the initial ecpi Ebrium is thevwarsteopi ibrium
or te taigeted gap. T he thild depter; T he Er ecs of Statistical D isaiminatian on B bd<
W hieW ageD it arentiak. Esimatingall aklwthll ulipk Equililrvia structurally estimates an
extersian ofttemadel presarited in thesscod dgpter: A hauch themadelis gpable ofdisplaying
multipk equiibria an estimation strategy that idanti. es both the Tundamental paraneters ad
the equilibrium selbdied by the agants is develped. T he madel is estimated wtsing U S. black
and white make wage data fran 19 68 10199 2. In additian to recovaring the selbected eqp ibrium,
all the equiibria that the madel aud have displyed are computed. A aamparisan betneen the
e ibria thatwere selbcted oertime and the athar potantial equi ibria revesk that the autcome
with essatially the basst wage ineguality hae alnays bean sebedted. T his implies that self
Ul ling epaectatias dd not easrbate wage dicaaitiak in the U .S, and that the decline in
wece ineguality eaiaaed in the U S. inthe stdecades canotbe attibuted o dhangss in the
eopi ibrium selection.
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1. Introducton

Statistical dsaiminatian in the Boar market aoours when enployars have anly inaomplete infor
matian ebautworkers’ produdtivity, and use aggrecaie by gralp statistics tomake thairdadsias.
T his dissartatian expancs aurudarstanding ofhovstatistical disaiminatian is generaled, epHEIrs
howvpublicpdicy an ar ectit, and eplaes towhatexiaitrae de aattiak inthel S. heve bean
ogeraied by this souree

T he ddicary de. nitian afFdisaiminatian is “to shovprguds’, ar; “tomae adraaxein
treaimatan a basis aother then indvidual men €. T herefore ae migit gusstian the ridgtiulness
of the use of this tam in the aotext of statistical disaimination. | evertheless, itwill be used
throughout the dissartatian, because the tarminology hes been aammanly adgpted in economic
researdh in the aaiext ofFgraup inegLality ganarated by the use of statistical averacss.

T heaetical research an disaimination perhgps begen with the essay by B eder (1957), who
shoned hovwece dicerattiak an be grevated by employers who care ebaut the race of thar
anpbes. 1N an impartant artick A nowv (19 73) raised same dauots an B eder’s framenark
sugssting that in a aampetitive anvirament prgjudicad emplojars shauld be driven aut of the
market by (ecoanially mae et dat) nardisaiminating enpbyars. A now prgposad a madel
that genaratss div eratiab withaut resarting to preferenass, argralp disparity, A s inthe modebs
thatowi ll be desaribed in this dissertatian, wage ineguality can be an atcomevwhenempbyars hae
incompkete infomatian ebautwarkers” productivity, [fenplbyars eqpectmanbers ofae gap 1o
be kss productive then this infomatianwi llbe used in the Tamation afexpectatias Trawnworker™s
praductivity, and warkers of diz erant graups will be judoed dic exently productive. P helbos (19 72)
shoned howvdisaiminatian can be genevated in adic erentframenark Inhis madel individuak are
din erently praductive but gaups have the same distribution oer productivity,. Empbyers hae
incompete infomatian ebautaworkers” productivty, and dosene praductivity with ndse. [1Fthe
sigal is maeinfomative formembers ofaegap (thatis, ifthe ndsehes snalbenaranae), then
wece distributias will be dic erait T he unielisbi ity of the sigal is notsu¢ dent for ganerating



din et aerage wagss, but several exdilasias of the madel have been propased. Far eample
induding enmpbyars’ risk aearsian (¢ iger and Cain (19 77)), workers” autput depedant an jdo
assigment R athedhi b and Stigiitz (1982)), pre Ebarmarket inestmant by warkers (( undbarg
and Startz (198 3)) ae can grarate autcomewrth gaups reEvingdic erataeragevwags. W hike
P helps” argument diz exs suostartially fram A nmons’, both madek have recEved the “statistical
disaiminatia?’ Bbel Infct, they share the basic eature ofbang incomplete infomatian modek
where statistical aaragss are usd in aderto fom epedalias.

W hie the theaetical Herature hes eplinad dic erait ctars respasible Tor gaerating dis
aiminatian, gute surprisingly vary ttle hes been done to analyze the e@ ect ofF public policy an
disaimination. In the ..1Ist essay of this dissertation, titld A ¢ rmatinve A cion in a Campetihve
Eaconany (JantwithP eteri aman), we devekp amadelwhere incartive e ects and distributiaal
axsapencs of et mative actian Gan be studied. T he model buillds and mowv (19 73) and Coate
adl aury (19 8 3) butinocaparates sane unigue atures, mastly becase in this madel itis insame
sarse harder o disaiminate egairst the smaller gaup.  Inroduding an a¢ mattive action policy
axsisting of an enploynent quotawe ..nd that we in greral anot ruke aut the passibi ity of
disaiminatory equilibria T he most striking resulitis perhgps that there is a passibi ity that the
disaiminated gap is madevworse @ in t&ms ofveliare by the policgy, Whi e the othergaup may
aAn. 0 ne ofthe main di¢ aulies in evalating the e ectiveness of public pdiicy is thatt the model
is in geral gpabke ofFdisplaying multipke el ibria tharefoe anly sekbased aomparisas canbe
perfamed.

Fan an enpirical parspectine the theoetical Ferature rasss several interesting quesstias.
I uliplidty ofeqrilibria and the gqualitative dgpadance of the results an the parametass of the
madelmake theay incgpabe ofdelivaeringsham predictias. Empircl ierature hss tanded 1© g
behind theay, quatitative research a1 disaiminatian hes mainly been aaducted by estimating
rae ad sex wage divc eraitiak after antroling Tor prodes for productivity (see Toreampke the
sureys inSmith and W eldh (1989 ) ad D axdie adH eddeman (1991)). FHguae 1.1 repats ae
messure ofwaece dicerattiak the B bk oW hite median wace ratio fron 196 © 1993 (3 year
moving aara)- T he ..guare is asistattwith resuls dotained fion te Heatue blieds ean
ks then vhitss ad this ramars true after aardiing or dosenebke darackeristics. H onever;
oerte bst D years the radal wace diz erartial hes narmoned aosiderably espedally betineen
196 ad1980. A mag the reesan ated Torthe riedudtian in the dic erattial are (1) acaonvagae
in years of schoding; (2) a aanvargancee in the quality of sdooling (3) the selective decline in



Fogurel.l: B bW hite median wage ratio (3 yeer moing averacp)

te Boarface partidpation of bwvski lied bleds, (4) migation ofbleck warkers aut of southem
rigas (5) at mative actian and other anti- disaiminatian kgsltion. Il uch of the ddbate hes
anterad an tre ieltive aaributias of eech of these eplatias.

I'tis interesting 1o note thatin tharsurey, D axdue adl eddnan (199 1) arg e that the .. 1st
Turepbatias ean acoountforatmost 6%  of the reductian in earmings ineoLality, A lhoudh
bettermessuremantofthese Botars auld enhance tha raambined ep lbrnatary poner; anadditiaal
epblatia is that the uneplEnad pation of the dedine rIetects moameants betneen dic erat
eananmywide egui ibria that migtt result fiom the same fundamentak. Aron the theaetical
terature we know that din erait ek of ineguality might be passibe even under the same set
offundamentak. T harefore ae auld anjeciure that the economy eperiencsd amovameanttfran
an equiibrium with high direrantiak t ae with bw dic erentiak that implied a reductian of
ineqLality geater then the reductiaon ofthe messured dic erence in Tundamentaks.

Chepter 3 attiempts 1. I the ggp betinean thearetical and empirical iHerature by devekpinga
methadolgy Gpebe oheriling this anjecture. T his method axsists in struciurally estimating
an extasion of the statistical disaiminatian model presated in dgpter?2. T he tednigue alllons
idati.. catian not anly of the parametars of the madel butalko of the eni ibrium selbected by the



ecoonic aggis. T his allons the inestigatar 1 compare the equi ibria that have been dosen
oertime with the other equi ibria thatt could have bean selbected. R esuls show that the econamny
sebcted alhays the autcomewrth essantially the lonesstwace inequality, T hisimplies thatstatistical
disaimination genevatied by self Ul ling eectatias did noteasrbate wage dic ereritiak in the
U S. Bobarmartet ait that the dedire in wage ineguality eeriencad in the st thirty years
camot be attributed © dengss in the equi ibrium selaction.



2. A fhrmatwve A caon in a Conpettave
Economy

(jJantwith P efexrl aman)

2.1. Inboductian

T he pumpcse ofthis dgpteris o davelp amadel where inentive e ecs and distributional arse
genas ofat mative actian can be studied. W hi e thare are otherimpartant sspects, we believe
that these are key issuess Tora properevalation of these pragrams, aview thatseams o be shared
by many partidpants in the public deoatet

I any gopaarts ofa¢ mative ection arg e thattat imative action makes itessier foruskilied
fmak and minarity wakers to dotain goad jdos. T his, itis dbimed, reducss the incantives t©
auire skl and may therefore be courterpraductive since skill die erenass, whidh are viened as
the real pradblem, may inaeese es a resullt P ripaats, an the otherhand, arge that minorities
and women are exdl.ded firan certain attractive parts afthe Ebormarket, sothey donothae the
same inaiives oinvestin human cepital ss white malkewarkears. A ¢ imattive actian, itis argued
improwes incatives o inestin sklk by Todng .. ims to hire wakars fiom disschantaged gaps.
D istributicnal e ects are abo heavi ly ddoated. gqopanants often clam thattad matiive action only
helbs alreedy well situatied membears of the tarogst gaups, Whi E propaatts arge that this is not
te a2 H oneer; itis mae or ks Een or ganted that the policy redistributes tonards the
gays the quoiss are intended 1 help, aview thatwe dallace here

0 ur madel is a stragtiovard exiersian of madek studied in the Ferature an statisical
disaiminatian, piaesred by 4 non(19 73) and P helps(19 72), but the mast closely related pgper
is Coate and L aury (1993) 2. T hadr motivatian is similar to aurs, but since thair model hes

1See foreampkB exgnan (199 6, B did< (199 © and Sonell (199 0).
2See abo Foster ad V dwa (199 2) who indgpendattly prgpased a similar madel A aamagu



ecgaosly .oed wagss they camnot addiess e ects an the inaame distributian.

Caate and L aury (199 3) assume that autput can be produced wsing tho diz erent iedhnologes
ad workers e a astly human pral invesstmant, whnidn, if undertalken, makes awarker pro
ductive in the adchenced tednology: T he soke dedsian madke by ..ims” is howto albcate randaonly
drann warkars betnean the tedndloges based an andsy sigal of praductivity, ¢ iven that the
madel hes multipke equi ibriga thare are equi ibriawith disaiminaticnwhen paya inelbevantgalp
daraciEristics are inroducd into the madel T here are draumstancss under whidh at rmative
adtian remowes all dsaiminatory equilibria H onever; underequally plausibe draumstanass there
are still equi ibria where graps bdave dis eratly and enpbyars ratiaally paeraave membears of
ae ofthe graups O be Ess gpabke. 1N ot ae ofthe man pants with the paperis toshovthat
gap disparity in inestmentbehaviarmay inareese as a result of a¢ imattive action.

W ages as wellas hewakioee Torany pariaubr .. m are.. xed exoggasly in Caateand L aury
1993). In avnwarld whare .. ims aaompete 1o attract workers these sssumptias do notmake mudh
saree’. Indeed, ane may even think that the passibi ity of e Ebriawi th idatical warkers trested
din erently disgppears if..1ims are axgegd in wage aompetitiaon orwarkars. A fierall a standad
neccssical texibok asgumeantthaks tratifidetical watkers have dic erentwvnagss, tenno..ims
waoul demand any of the higherpaid warkars, sowagss mustadjust

W e make tho impartant dangs relative Caatle and L aury (199 3). Il astimpartaitis thatwe
assume that... ims are engeged inwage aampetiion forwarkers, whidh impliies thatallwarkers are
pad acooding 1 thair eqoected margnal praductivity aonditianal an doseneb e daracteristics.
T he secod dnengs vhidh is impartant o the interpretatian of disaiminatian, but not for the
policy anabdls is that there are aampbnaitaities in the productian tedology. P roductian
requires inputof Bbarin tho tesks, aamplkex tesk and asimpke tesk thatare ampbmaitary in
the standard necdessical serse. 0 Ny warkers wWho have undertaken the investmant are praductive
in the amplex tesk wharees any warker can perfam the simpke tesk T his mears thatthereis a
potential mismatch betnean warkers and jdos.

Fist of all we \arify that disaimination betneen ex ante idatical graups is sustanebke in
e ibrium, sowage acampetitian doss notguarantee a“colorblind” equi ibrium. A €. istthis may

(1995) whostudies Bbarmartetguotss in assardh framenark and L undberg (199 1) andl undberg
and Startz (19 8 3) who stiudy et dency praperties of ecual qppurtunities paides.

3In &t itis hard  recond ke the madel in Coate and L aury with ratianal behaviar by the
..1Ims. Fims moe aftier trewartars, soifthe .. ims daontampeteitis hard toseewvwhy .. ms wauld
Nota erthe resenation wace o allwakers. See Fiedman (199 2) foran ebBbaatian an this pdnt




ssam surprising and ane may woderwhere the textitbodk aagmatt forequal teatmat & E. T he
reesmis thatthe investmentdedsian is undoservebe. Insteed ... ims mustuse whatleverindicatars
of productivity that are aa Bbke ad ifthese are ndsy, a ratiaal . im will ise grap aeragss
wvwhen intepreting than. Farworkers fran gaups were v egas investin thar human cpital
this mears tata high sigal is mae likely 1o be the result ofF a ldky draw rather then actially
indicating that the warker invested. Fims takes this into acoout when wage arers are mack
so gauss with Bw investors faae tatterwege sdames.  1tshauld be dosenad that agarits with
e same epected margnal praductivities are paid egual wagss in e madel St ll warkars fran
disaiminated gaups have Esserinaatives o investdue 1o the negative exiarmality aeated by the
infmatiaal prdokem.

T hareare athermadels, sanewith aaompetitive Bba-market, thatcan eplan dsaiminatian
ofidtical goups. H onever; the driving face in aurmadel is distinct fron the eardier Herature
T hestandard gppraach is toviewdisaiminatian ss acodination i lbrg, as inforeampkeSpaxe
1974, A kerboF(19 76§ and Caateadl aury (1993). W hikediceringandeta b, these pgpas haein
anman that they start fran a“base madel” with mulipke e ibriaand ganarate disaiminatian
by assuming that dic erernt goups coadinate an dic erattequi ibria

INn curmadel disaiminatian is driven by spedalization ofthe gaps. 1N B, disaiminatian
is passibke even ifthe anrespading “single gap madel’ hes a unigue equilibrium. T he reesn
is that an inaeese in the fractiaon of inestars in ae of the gaups makes gual..ed wokers a
kss scarce resaure, Whidh makes the wage schame tatter for the other goup®. T hus, bere. ts of
inestmatdeaessss in the fradtian ofinvestars in the athergaoup, whidh qoas up the passibi ity
ofequi ibriawvwhere gaups spaedalize as hidh and bw guality warkers respectively: T his hurss the
gap thatspedalizes as owaalty wokers and aeates inet dendes in investmerttbehaiar; but
reducss the informatianal prcbkem orthe . ms°.

In aaresttomode where disaimination is acoordinatian £ e there are aonticis ofinter
ests betneen graups: ifdisaiminatian aoours because agap is coodinating an abead ey Ebrium,
other gaps nesd not be ar ected 1T the coodinatian Eilure is sobed. In aurmodel removing

4T hese e ects an margnal produdtivities would of aourse not coour unksss the tesks are aonr
pEmantary.

SItis essy O \isualize a \varsion of aur madel where agaits dhocse diic erant types of human
il inesstiatt that enhancss the praductivity in dicerat tpes of jJdos. 1N sudh a madel
disaiminatian may be et daxy ettendng H onever; aatrary o aur franenark: disaimination
waud bevolntary in the sase thatitwould be incantive acompatible totruttiully annaunce gap
idantity ifthis were undoserveble




disaiminatian will in gnexal a0 ect the doninant graup adhversely.

Intradudng an a¢ mattive actian policy axsisting of an employmant cquota in the madel we
..nd thatwe in general annot ke aut the passibi ity of disaiminatay equilibria T his eactly
paalk te..ndings in Caate and L aury (199 3). Stll the human gpirtal inesstmattanlly matiexrs
o produdtivity in the aamplex tesk so the expectied margnal productiMty \ary aacss acgts in
the ampkexteskaly. T his suggssts tatifmare agats firan the disaiminated group would bein
the amplkextesk incatives wauld improe. T hus, itseans thatwaege aompetiion wauld rulke aut
e penare a ads an inesstmat bédhavior aasidered in Caate and L aury (199 3). 0 uranalysis
g\es sane suppart forthis intuitian. Canparing the mastdisaiminatory equ ibrium undereadch
regmewe.. nd that the incatives oinestand the fiaction afinestars in the disaiminated group
are higerwith a¢ imative actia .

Tuming o thewelfare e ects ofad Mmattive action we gettthe moststriking result Itis passible
that the disaiminated gap is made warse a, whi e the other gaup may gain. T hese perverse
distributical e ects may seam autEintuitive but olbw in a staditiowvnwad way fian the
daracterizatian of competitive wagss with and without the policy. T he partial equi ibrium ex ect
oftre quotais 1O push doan the wace in the bad jdo o the disaiminated grasp and push itup
o the other gap. T his indesd dangss incatives in the desired directian, but the immediate
a ectan theincome distributian is inaesse gap inegualty. T he Tull eou Ebrium e ectdepands
an hovwakars respad 1o this deance in incatives ad ifthe respaee is oo small the policy
inaessss the dic erence in eeamings betnean gaups.

T he rest of the depter is structured as ollons. Sedtian 22 desaribes the basic madel ad
sctian 2.3 daracieyizes the equilibria 1N sectian 2.4 we extad the model by intraduding tho
identical groyos ofwarkers ad in sectian 2.5 we anmalyze the aasaqpencss of at mative actian.
T he disassian in sectian 2.6presatts sane anduding remarks. A lprook are insecian 2.7.

22.Thell ocel

T ogpture the idea that human cpital is mare impartantin gual..ed jdos we assume that. ims
nesd workars performing ®o separate tesks, the ampkex sk ad the simpke sk W akers an
te Bbar market are of tho dic erait types. sane wakars, called g.al..ed are abke o pafom
the amplkex tesk ad others are ot T he er ective input of Bbar in the amplex tesk danotied

T hus, O get pernvarse inantive er ects at ksst w0 anpiibria where a particulr gap is
disaiminated are nesded.




C ; is takan 1o be the quantity of qual..ed warkers enployed in the ampkex s . W e assume
that the human epital inestmant doss not matier for the productivity in the simplke tesk so
the input of Eoar; S ; is egual © the quentity oFwarkers enplbyed o perfam the simple tesk
The atput of the .M is ten gven by y C;S)wherey -R3 | R, safis.es the standad
neccssical sssumptias, i.e itis atnice aattinuosly dis eraitiesbe fundian, strictly ancae in
both argments, hanaganas of degree ag satis. s the Ineda coditiad and both £ctors are
essential .

221.The(t ame

T hetimingis as Ollons. N Stece 1 individual wakers deade whether to inesst arnot in thar
human pital 4 fier the inestment dedsias (Stace 2) eech warkeris assigned asigal | by
rature. InStage 3. ims simulianeosly announe vwaress (es fundias ofttesigal) ad inSteoe
4 workers doose Whidh .im owak o Finally in Stege 5 ..1ims dadde howv 1o allocate the
warkers betnean the tho tesks. T he madel will now be desaribed in detal

Stace 1. FatactEbi ity we do notvant actias of any indvidial walertohae ecects an
aggracpie \ariebks, sowe assume that there is a aatinuum of agents with heterogaeas assts of
inestment Eadh agaithes © dhoose an actian e 2 ey 6,0, where e = g mears that the agait
inests in his human gpital (and becomes a g.al..ed worker) ad e = g, thathe doss not I F
agatcudertakes the investmant he inaurs aast ofcvhi e no asstis inaunred ifthe investmant
is notundartaen. T he agaits are distributed an [GCJUR acooding O a aottiruas ad strictly
inaessing distribution ncian G. W eassumethatc - 0 andtT> (:

Stage 2. Each wateris assigned asigal p 2 [0 517, distributed acooading o darsity T, if
te warkerinested inStege 1 ad 1, atterwise. Itis essumed that g ad f, are aotiruosly
din erentisbk baunded anay fran zero and satisfy the strict maotone lkelihood ratio property
T OF, < T ip°¢= # ip°¢frall H;puCsuch thetp < 1@ T his implies that qual..ed workers

W e are abstracting fiom heteragenaity in intrirsic abilities. T his is purely Tor epaitiaal
anvaniae (see Chapter 3J), as is the assumptian of anly tho tesks in productian.

W eassumeime, (1 €C:;S)=1 TrawyS >0 adlims, (y.C;S)=1 forayC >0.We
wi ll axsistatly use subsaibts o daote partial derivatives

T he imiting case with y being inear conespacs 1o the tednology aasidared in Caatle ad
L aury (199 3).



are mae likely o gethiderales ofpy then uaual..ed wokers. W e EBtF g adF  denote the
assodated aumubltive distributias.

Stecp 3. Thaeaetwo..ims i =1;2. T he..ims simultanaosly annaunce wagss, which are
alloned to depad an the signal soa (pure) actian of..im 1 is amessurabke functianwy Z[0 ;1]
R+ :W eassume that the ..1ms cannot dosenve the distribution of signaks at this steage!© .

Stacp 4. W aters dsene tevwage sdedules w adw and daddewhidh ..im towark for:

Stace 5. Fims allbcate the aa Bbe workers by Ltsing a tesk assigmatt ke whidh is a
messurcbketundion g Z[0;1 ] 1 ;1g9:Theimampretatais ek, (D=1 () mears thak../im i
assigs all warkers with sigal ) 1o the amplex (Ssmpk) tesk

W eassume that the risk neutral workers” payor s are additively separebke in maney incamead
the ast ofinestmant and that warkers do not care directly abautwhidh tesk they are enpbyad
in. Thus o the inesstment acstis sunk the wadkerwill ratically doce e .. m ttataas
te hiderwege for his partiauler realization of i: T o sae an notatian we immediately impase
gotimal behaviarby warkers in Stece 4 and wiite payor s es

E y [maxtiv @:ve @ Eli c®:; @1

vihere o@D =cand o@)=1:

I extwe vait o epress the ..ims’ pro. ts as afundiaon of the actias and 1o do this we nesd
freqpeoy distributias oer realized \valles ofFthe sigak. | e take these distributias tobe gven
byF q adF ; soastrag bvof lrge numbers holos in the madel ! .

0T his is notaudal butsimpl..es the desaription of the strategy sets.

1See Judd (1985) ad Feldman and 6 ilks (1985) for dsassias an the tednical issues aorF
respading © v of Erge numbers for aatinuum random variabks. In aurmadel the smplest
Vay 1O bypass these tednical issues is 10 Lse “aggrecaie shods” rather then assume thatsigakb
areiid dans flan F g adF : the inestmatdedsias by the egats induce distributias of
aual..ed warkers and ungual..ed warkers an [ ¢} Calll these distributias Hg and H,: | awv Et
the randam \ariable x be uniform iy distributed on [0 ;1 Jand Etp: @) daoke the tesksaae ra
quel. ed agritGwhere e Q=F &' (Hy ©F DifH O X - | adicCI=F 4 Ha©F Xi1)
ifH, ©+ x> 1. Staigtiovwad, buttediagalubtias vaify tatP ruc ¢ - P jegl=F q @
forallc2 [cCladally 2 )l Jad et ,, ¢ dFHgO=Fq@rallx2 ;1 Jad all

10



A single ..M does not care directly sbaut the realized frequency distributias for the whole
paoultian. 0 niy the distributias of aval B wakars are rrbvant ad these dgpad an acias
by indvidualworkers inStage4. T hus, toewalate the pro. s ofasinge .. im we nesd to aggrecaie
the bdaviaroftewarters. W ede.ne

L ifw @> v @
3 W@O=wO - @2)
0w @< v @

|W /WOO

T he interpretation is that !‘Mv\ﬁ. =1 meas tatawaterwth sigal p doses owak for
..M i. B esides the arbitrary tie bregkding ruk eedh waker goes tothe .. m that o ers the higer
wace Tor her partiaulrsigal so (2:2) simply aggrecatss workess” ratical respases to a par of
weaee sdames. | o additianal equi ibrium autoomes Gan be supparted by athar tie breskiing rulkes,
o the rstrictian in (2.2) is innoauaus.

6 iven that a fiaction % of the warkers invests and wage schedules by ;3w the quentity of
qal..ed wakers ad Ebkefor..m i withasigaly - ist Ko, 1 @ T @Odi and thequantity
ofungal..ed wakers is aomputed synmetrically. T he e@ ective input of Ebar in the tho tesks
ogvan sk assigmatiuke t; are tten gven by

Z -
Ci wit) = S b i 6 Qg @D 23

SiQV ) = Ky i ©OC i & @GO ¢ i YR, @A

respectively. T he pro.ts of..im i é&an then be eqoressed es

Z
Q=Y Ci W vet)Si VDT Ky i W OGTG@F € i VD @D 24

A fierthe wakers” dadisias in Stage 4 have bean ieplbcad by the sequantially rational alllocatian
ruke (2.2) apure strategy foravnworkeris simply todadde oinvestarnot W ewillsummarize the
beraviarofallwatersesamepi :[CC] Tey;e,0. A purestaiegy fora.misapar< w;;»; >

whare w; is amessurabke funcian fron [0 ;1 JinoR ., »; i £ | T , Il denotes the sestof
messurabke functias fion [0 ;1 JintoR . and T danoiss the set ofFmessureble nctias fiom [0 ;1]
intof ;1g: T heintapretation is thatif»; @y ;v )E=1 then ..m i assigs wakers with sigal
22051 whereA Gcl)=Te2 [GTliHe )< g : U nopel..ed aganits can be treated iderticalll.

11



| o the ampkex tesk gven that the pair ofwage sdedulkes o aed inStage 3 is (W ;v ):

2 3. Chewactenzation of Equi ibria

A Hhaouch the madel is dynamic re.nematts such as perfect B ayesian e ibrium will not gve
shaper predictias then | ash Equilvium in tams of equiibrium autcomes (see Sectian 2.3.1).
T harefore we tEe | ash equlibrium as aur solution anapt  Frst we daradisrize the ..ms’
“eq ibrium respasess”, whidh determine a unique wage schedule sudh thatboth .. /ms are playing
best respasess gven ay .>&d investmat behaviar by the waters.  In equilibrium, investmat
dadsias by wakers must albo be best respasess 1o the wags ad this gaarales a .. >ad pdnt
equatian in asingle variebe that fullly dharacterizes the e ibria of the madel
Casidarthedadsion prdolem ftorthe.. m inthe.. nalstege afterahistory when afractian’: >

oftre warkers inested. T he maotae kelihood ratio implies that any gotimal tesk assigmatt
ruke .. m i mustagree with sone auto - ruke ofthe fom t D=0 frp< § ad @D=1 fr
u _ i, exaptpasibly Trasstofsigak with messure zera, Since .. ims have alreedy commitied
Owags, the At must maximize autput 0 N te Equibrium path bath .. ims must o er the
same wace Toraimast all |y, so the quantity of aqual..ed (unoual..ed) wakers aabBbEfor.m i
with realized sigal Ess ttenp isF o@)F2 ¢ w @F2). T he autpuemaxdimizing aute sohes

uirg?;fi yCiSi) @5)

sbj. ©2C; - %@ ifFq@)
2Si - YFq@+ € i¥%F u@i):

T he astraintsetis anvex and thare is a unigue interiar solutian (see the proofof P ripasiian
1). Since baoth ..ims e alidartical pradblams with aunigue solutian we dicp the indicss franm nowv
an. EiminatingC and S fian the pradblem we can wiite the necsssary and sud dentaodition for
U tosohe (25) as

P@:H Iy G i F q@XF v @D=Y2 G i F q@XF v @OX 9

12



whereF , @is sharthend notation BrvF o @+ ¢ § %F o @)ad

g @

PEA O Ci RO

@

is the posterior prdocbi ity thata randan ly drann agaitwith testsaoe | is gall..ed gven priar
%: T he inapretation of 2.6 is that the aute for the “aitical waker” is sstso that the ex
pected margnal praductivity is egualized aaGss teeks. A gais with bner (hidher) sigak ae
mare praductive in the simpke (amp kX)) tesk ad are assiged acaodingly.

Foreach: > | the solution t© (2.6 is denoted by £ @) T heimplidtiunction thearam goplies
sofl is asmaoth functian of:. Farnotatianal aonvenience we ce. re r @) as the ratio of e ective
units ofFaomplex Boaroer units ofsimpke Bbarimplied by 8 @);

ha iF@ED !
YW B @D+ € i v F v @G

r¢)= @238)

Since ..ims are involved in B ertrand aompetiian forwarkers we anjeciure et warkers are
paid acooding to tha repected margral produdtivities: gven afradtion ¥ ofinvestars we take
the candidate “ Bbarmarketequi ibrium” wage schedule tobe gven by

8
S @@k oruc f@)

w@)= _ :
S p@YOn @@ forp 8@

@3)
T he man aotat of aur .. ist result is that aur anjecture ebaut eoul ibrium wegss is anect
D eoke by tteano rukwth aitical pdntf @) ad kEtt be the task assigmattiuke an the
atmome path tor.m i =1 ;2 oran abittary strategy pro. e

P rapasitian 1. A necsssary and sut dataodition Tor bath ... ims 1o ply best respases when
afracian % ofthe workers inestis tatw, (D= w@ad t @=t@ri =1;2 and Torall
amocstallp 200 ;17]

T he inturtiaon 1Tor the su¢ day partis thata deviating ..im hes 1 pay at kst the exqpected
margnal productivity (gven tesk assigments acoording to candidate ecpi brium) forallworkers
and strictly mae ifitvants toatract any additicael wakers. T his auld anly be pro. tebke ifthe
daviating .. im cauld allocate the workers mare et dently betinean tesks, vwhidh is impassibE since
e aignal tesk sssigmeant ruke maxdmizes autput

13



Sofrwe hae kgotinestmattbdaviar..>&d. In afull equi ibrium the addiical aditian
that eedh workermaxdmizes (2.1) gven thewage sdadules musthod as well W edenote by B @)
te gGs bae. s dFinvestmatt, the dis erae in eected eamings Toran aggitwho inests ad
an agentwho doss not B y substitution fiom 29) we ..nd that

z
B @)=y @@HIIEEBELYifF BEND+ y @@:1) p@YLE@ i fu@)d: (210)
5D

6 iven awage sdedule w avwarker with investmant asst c is bettier @ by inesting ifand anly if
e goss bare. s ofinvestments are hider then the asts, soG @ ¢))is the fraction ohwarkers
whoinvestas bestrespasss 1o the Bbarmartketenu ibrium wags when afriacion Vs invests. T he
eqpi ibria of the madel are ths Tullly dnaradieyized by the solutias 1©

h=G @ G- @211)

Summing up these dosenatias we hae

P rgpasitian 2. T hefradtian ofinvestars in any e ibrium sohes (2.11). | aeower; any solutian
10 (2.11) aonespancs with an eqpi ibrium of the mackel? .

P rpasitian 2 implies that the quesstian of exdstace of equi ibria reducss 1 the quesstian of
edstene ofa..>ed pantofG 48 : T his gwes s a relatively essy praofofFexdstace of e ibria

P ropasition 3. 1FG ¢ )> 013, then there exists a nan trivial ecpi Ebrium of the model

Fon FHgure? wesee ttatall thereis toshawvis thatG 8  is antinuols, butioriuture relerace
weabonoletatB ()=B8 ()=10. T heintuitiaon Torthis is simpEkE since we assume that both
fotors are essatial autputmust be zero ifFndoady invests and it ollons thatw@)=10 orall u:
HeneB ¢)=10:Ifaon the other hand evarybady inests we have that the signal is uninformattiveg
50 the wace mustbe a aastatt function ofthe sigal impMngB ()=10:

N o
12T heseaond partmeers thatif: sohes (2.11) wean aostriuctanecpilibrium  ishwg i
werei©=gforalc< Gi' @)adi©=g, orallc> G ¢);w D=w @=wq)

gvenby 29) and» @ ;v )=, @ v I oraimostallp 2051

131N arder for a non-trivial eqi ibrium o edstwhen G () =10 the skgpe of G HH evalated
atl mustbe brgerthen unity, ¢ iven that the dasity assodated with G is baunded anay fran
zerg asut dattandtion orthisis thatime,  yi; €Sy C:S)E €S > il ;inwhidh
cee theskpe of G HH is ubaunded atzera W hile notessy © intapret, the aoditian holds for
saveral aamman parametric production fTunctias (Toreeample Cdob-D auges).
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Fgure?2l1: A neampkwth aunigue interia-equ ibrium

231.Sarell ocelng lssues

T he equiibrium aoditias hae a faxar of ampetitive equi ibrium, so ae may anjecture that
e madel could be Tomalized as a madel with price tB8kiing agaits. 4 s far as we udastad
this is indesd passible but ae rurs into sone tednical and concgptual dic aulties'. 1| ooeling
ampetitian as aB ertrand gamne rather than assuming that .. ims are price @kers heb oeraome
these di¢ aulties and makes the policy analysis in Eter sactias essier o hande.

T he “reduced game’ dotained by assuming thateadch .. im’s distribution ofad EbE warkers is
detamined by (2 2) is stilladyrnamicgameand wehave nevertheless ignaed unreeded infomatian
s=ts P ipaitias 1 and 2 do noteven spadfy what .. ims are suppasad 1o dowhen doosing tesk
assigmearttrulkss atinfamatian sets where thewege schedulles dic eran asetofpants with pasitive
messure. T he reeder may tharekore wonry that we aasider equi ibria supparted by naonraedibke
thieats o the eqilibrium path, but this is not the ase. T he intLitive reesm is that the st
stege ofthe gane is nn stratiegc in the sase that the tesk assigments by the other..ym haae no

1) axdmizingower“quantities” the..im hes o dnoosse adistribution an the suppartofthe ndsy
sigal Towite donn market cdearing caaditias it turs aut thata strag by of Ege numbers
is needed. U nike aurmadel thare is no simpke “tidk’” thatcan be used soae hes o rely an
sanenhat arbitrary praosbi ity messures (see Judd (19 85) and Feldman and 6 illkss (1985)). T he
anacptual pradblm is that even with a strag bwv of rge numbeass itis notdearhonvthe ..ims
shauld evdlate pro. s autofFequ ibrium.
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impactan the best respasss in Stage 3. H axeitis impassible to enkarce the set oFequi ibrium
automes aompared 1o the set of perfect B ayesian equiilbrium autcomes by conmitting o tesk
assigmattiuks thatare subgptimal o the egui ibrium path.

24.Thell odelwthTwo ldenti..abket rayos of aters

W e now assume that eedh warker belog 1 ae of tho idati..ebke gayps. T he man pants of
e secion is that undosereble human Gpirtal investmant tooether with ampbEmnmantarities in
praduction aestes necatlive extarmalities betnean gaps (P ripasiion 4) and that equi ibriawith
disaiminatian edst undarthe notimplausible assumptian that not too may agants have necative
asts ofinestmatt P rpasitian 5).

241.The BExtarded il ocel

W e index the graups by j = a;lg where a fiadtion |, 2 of the warkars belongs togap aad a
fiaction P =1 j . ? togap b T he distribution ofinvestmentacsts is gven by G in eech gap
and the prdosbi ity dasity oersigak is gven by T farawarker (fram any gaup) whoinvests
ad T, othernise. T he gaps are s exante icerical in tams ofinvestment assts and sigak
are unbdiased'®.

Thegameis as In Sectian 221, exapt that wagess may dgpend an galp idatity. H enas a
strategy for..1m i isaquednpke< WAW»3»P> whareorj = asbthefindionw! 0;1 1 R
ohrusaganericvw@sdm,lbard»ii maps wace sdedules o tesk assigmant rukes Torgralp -

In equilibrium, both .. Ims must post the sane wage Toralinast all sigak, so the distributian
of aa BbE woters Tr eech ..1im is a scaling of the pgoultiaon distributiaon. A s befae tesk
assigmeatts mustbe doe acoodingoautos ks and sinewage asts ae sk the ator s must
be dhosen so es 1o maximize autput (gven inestmattbehavian), thatis sohe

i.¢

X - oo X _
C Al argi s R, W @12)

max y

(15D =UEN SR j=ab
Q walitatively, the anly dis erence betinean this prdblem and the tesk assigmatprdolem inSectian
2 3 is that camer sautias nowv are passibke (ad interesting). 0 ne shons that there is a unigque
solution 1© (2.12) Toray s 6 @ ;0 ); whidh is daraderizd by the Kumn T uderaaditias. W e

154 s in the basic madel we will use f, and T, as realized frequency distributias es vell T his
c&n be justi..ed by adirectgenaralization ofthe eact stodhesticmadel desaibed infootnotie2 2 .1.
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EEt° ; be the multiplierassodated with theaorstrainty! _ 0 and ™ be assodated with! b _0:
T he gotimality aaditias ag after sone reearranging gven by
= _¢ I
P WY @y @ L=t frj=ab @13
A |
tooether with aomplemantary skbedkess aoditias. W e EER @) = @a@);ﬁb@))mm
unigLe solutian and, as in the basic madel the implidt function theoram implies that g is an
tiruas. To ednamize an notatian we ket @) danote the o ratio implied by B ¢); that
is . .
BRI & D))
€Cy=p—2 — @14)
SR € @D CiWF U@ @D
J=ab

In equiibrium, eech warkeris paid acoading to his exqpected margnal productivity; i.e.

8 .
S nEExD Brucf @)

WO=_ ; ¢ : 215)
- pl Ty @@ Bru B @)
T he grass bae. s ofinestmeritgvan any inestmattbeaviarys is
. i i Z i ¢
BI G)=y @G IE @ CNiFu@ Dy @G p i @@ i fu @xl
&e>
219

and the fraction ofFecats in grap j whoinests is still gven by the fraction with ilvestment acst
nerthen the bare. 15 so the relbvantsystam of . >xe&d pdnteguatias that fully daracterize the
eqp ibrium setis

W=6cel¢ytrji=ah @17

T he most ratural way 1o de..ne disaiminatian is in this framenak is 1 call an equilibrium
dsaiminatoy if say teasragpewageis bnaforaegap tentheother: H onever; fian (2.15)
wesee tratifyd > ¥K; then the wage scheme Torgaup j is uniformily eboe the wage sdeme for
gap k whike thewage sdames are idantical ifthe fractias ofinestars are thesame. T herefore
we calll an equi ibrium disaiminatary if%2 6 %P and refer o the grap with the lonerfiactian of
investars as the disaiminated gap.

142 = 4P the acoditias for gotimal tesk assigmantts (2.13) smplify © the qotimality aon
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dtion orthe singe gap madal 2.6. T hs the autors, the implied Bctar ratio ad the gGss
bare. ts dfinvestmeantwi llbe as in thesingle graup madel soif @ ;%)is aneguiibrium, hen’: isan
e ibrium in the single gap madel T he anvarseis abo triue so the setofFna disaiminatory
e ibriaconespads directly with the setofequ ibriain thesingie graup madel whidh guarantess
edstence ofF e ibria under the same aodiias as befae.

W e are mainly interested in disaiminatory equi ibria and will deamastiate belowv tat dis
aiminatory eg ibria exdst underthe rather plausibe assumption thatnot oo many acais have
necative axsts ofinestmeantt H onever; to highigit that the dinving Torce behind disaiminatian is
distinct fran the earfier erature wewill .. ristdisass a amparative statics resultthat says that
inaessad investmants in ae gap a ectincatives O inest necatively Tar-the othergaup.

P ropasitian 4. Fixyd > 0 : T henB J @4 ;%X is deaessing in < over the whoke unitintenal and
strictly deaessing forall < such that) < < B@)<< 1:

T heintuitive eplratian is as llons. iR inareesss the .. ims will respad by repledng same
ajwaters bybjwaters in theamplextaskand inaesse the ectarratio (2 .14) . Since Boarinputs
in the trho jdos are caonpbEmantary, the margnal productivity in the amplex tesk dearessss whille
itinaessss intesimplketesk H exae from teajwaters pant te autar sigalis inaessd the
wece in the simple tesk inaessss and the wace in the aomplex tesk dearessss Tor all realizatias
of. Taken toether this unembiguasly reducss incatives toinvest

T o astruct an eanpke whae say, gap a is disaiminated in equiibrium the ISt step
is O show that there exdsts ¥ with %2 < %P such et B 2@%) < BP@) 0 ne exdstene of
suh ¥ is esteblished we can pidk any distribution Tncian G thatsatis.es %2 =G @ 2 &) ad
1P =G @ P@ ) ad the exampkis aampkte. Inspecting (2.13) we see tratify,P>  is held . >ed
and¥2 is small enaugh, then all warkers fiam graup awill be assigned o the smplke sk € whilke
sane wakers fron the other grap must be assigad o the amplex tesk 1tolons that tarany
edyP> ) thereis abhays sane 22 ( ;%P)sudh that) =B 3¢:2;%P)< B PE:a D) tarall - 2
T his mears thatinespective of the other ndematak ofthe madel itis alnays possibke o ..nd a
distribution ofF asts such that there is att best ane disaiminatory egu ibrium ofthe mackel

1610 see this roe tat Ima ( rIG3%P) > 0; or ay %° > (| sine othewise
Imye o 8 G249 = 0 and Emye o p@ G254PX4PY: @ = 1 5 which aondredicts (2.13) for
%2 sutdatly small N ext Emya o r@2%P) > 0 implies that y; (@ stays baunded so
M= o p@ G2%PX%7y @ = 0: Fram (2.13) we then aonclce that”, must be strictly pcs
itive for %2 small encugh, which mears thatfl @2;%:P)=1:
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W hi e the aslgumantebo.e shons thatitis passibe 1o ..nd distributias of asts such that the
madel alloas disaiminatary ecuiibria” it doss not say anything ebautwhat aonditias an the
prmitives are nesded. T he nextpropasiian is intendad o gve sane inuitian ifthe frection of
agats who darive pasitive uti ity fraom the investmenttis small enaugh there will be an ecpi ibrium
where all egats fran ae of the graups are assigad 1o the simpke tesk ata aastaitwae To
make this pradsevwenowv EtG besamestrictly inaessingdistribution functian oer|l ;Cjsatisiing
G @)= ;whare we assume that the single gap madel hes a nativial ecquilibrium. Togeta
parametric seouence ofdistribution Tunctias where the fractian ofagants With necative investmant
astgpraades zaoowvwe EtGy bede.nadas G ©=0 + € §®)C ©Treachc2|0 ;Ck
P ropasition 5. Fixy;fy ; f,;.2 ad P ad assume tat . 2; P> 0. Then thareexdsts ® >
such that there exdsts an e ibrium where no warkers fion ae of the gaups, j; are assiged
O tesmpe tskadyd =0 =Gg ()foray® - ®:ll asower; in this equiibrium the wage
schedule Targap j is unifamly belov the wage sdheme farthe othergap.

T hreintuiticnis straigtiovnard  ifallageits in say gap a areasssigad othesimpeteskthe
e ibrium coditias fTorthe othergop are gualitatively ss inthesingle gaup madel A ppving
the same stgos as in the proof of P ripasitian 3 we esteblish thata fiaction %P > ® mustinvest
in the other gaup and that same of these workers mustbe Lsed in the complex tesk | et be
the implied atr forgap bin the “restricted model” whare ithes bean assumed thatall agents
fion gap aare ussd inthesimpe tesk Toverify that @ ;%P)is an equilibrium of the TUllmadel
we anly nesd odedk that ;pb)salis..e; the coditias in 2.13) gven fiactias @ ;%Pxwhidhis
te e Tor® small enaugh.

I'tis notvery suiprising that (2.16), the bare. s ofinvestmant orgraLp j ; aOnvargss pdrisnise
10 (2.10) s te reHElNe gap sizebj o= tonacs unity, A lthaugh this result is simpke o
uderstad it hes some rather interesting asaouencss. | st notebke parhgps is thakitmears
thatifte singke gaup madel hes a unigue equl ibrium, %= and gawp j is lrge enaudh, ten te
fraction of investors In gaup j mustle “near”” %= in any equ ibrium of te matel with mulipke

1" Famal garerid ty analysis is autof the sagpe farthis paper; butitis essy tosee trata“ bgs’
setofY: 2[0 ;1] with %2 6 %P can be supported as enpilibria by same distribution G : Foreach
ofthee ¥ thare is dviasly a mulituce of distributias thatwark since anly the \alle at tho
pants matiers. Il ae inaresting is maybe that for any % sudh that the gaup with the boaer
fiaction of investars hes Ess inaartives to invest we may pidkG  sudch that any G © that satis .es
F°OiG ©j< 2trallc abo hes an eguilibrium with disaiminatian if2 > 0 is su¢ dattly
snall and that this is true Toran athittary daice of G thatsupparts adisaiminatory ecp ibrium
such thatB J ¢ )is deaessingin¥! forthe graup with the higer friaction ofinvestars.
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gaus. W hike this doss not ruke autequ ibria where the fiaction ofinvestars in the small gop
is strictly vrgerthen ¥ = we note thatanly the smalll graup can be in asituatian where nonwarkers
fion the gap are assiged o the amplkex tesk

25.A ¢ Mmativer dian

INnthis ssctiacnwew luse aurfiamenark barnalyze theer ects ofad Mmattiveaction. W ednaxracterize
the equi ibrium vwagss when the pdlicy is introduced (P ripasiian 6 and uee this draracterizatian
toshovthatdisaiminatian may parsist (P ripasitian 7), butthatad imative action raises the loner
baund an the fiactiaon ofinvestars in the disaiminated gaup P ripasitian8). Finally, we aasider
aparofeanpks. In te . Isteanpke we danastrae thatitis pasible thatat rmative actian
hes parvarse distributicnal aaseguacss ad in the saood we shov thet it is abo a passibi ity
thatat mative action guarantsss that the eanomy mowes 1 a color blind equi ibrium.

A n allematie intervantion woul be an equal qopartunities By rieouinng.. ms o o ernegss
that do not dped an gap idattity. In aur simple fiamenark this would meen that the ..1ms
wauld be aastranad o o eridatical waoe sdedules 1 baoth gaps. Sinee the incntives 1o
investwauld be the same Torboth gaups this wauld eiminate disaimination. T he prdolem with
this pdiicy is that the regulator must doserve all infomatian the employerhes ada Ebke in ader
wimplnaitit Since hinngdadsias are often basad an intangblevariebles sudh as the autaome
of an inteniew vabal reoconmendatias etc. we think that this is unrealisticd® . Q uotes an the
other hand dan"t regui e detai id infarmatian sbaut the warkers and aan be implenented s bg
s the pdigymaker can doserve the number chwarkers from eech gap in eedh jdo catleary.

251.Thell odelwithA ¢ mativeA ctian

W emaodel a¢ imative actian as a reguirematforeadh .. im o hireworkers foreadh teskin aooor
dance with the papulation fiactias. W hille the aorstiaint is streightfornard 1o wiite doan ghven
arbitrary Wegss itis mare trargparent frthe e where w =w! Br j = a;lg which will be the
e in epuibrium. T he at imattive actiaon policy reouires that

R R
REO. @ _ 2o ( T F O _ .2,
. Fo@d P i@ . PEe@dt P

1 Foreampk itseans thatapdioy requiringecual pay Torecual ouel.. catias in the acadamic
marketwauld be mare or kss impassibe toimpkEment

(18)
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0 ther rumerical gak can be handEd as Iog as Tull enploymeant is fessible butitis importait
that thereis aguotain eedh tesk (see Sectian 2 5.3).

T he payar's es Tundtias of ectias ad the timing of the aclias are a6 bekae ad the oy
din erence aompared totte madel inSectian 2 4 is that the tesk assigmaitiue dcan inthe..ral
stece of the game must satisfy the a¢ mative action castriant’ .

A sinearfiersectias the.. iststep in the equi ibrium dnaracterizatiaon is tonote thatt.. rms must
a erviace sdedulss thatare identical aincsteveryywhere and thatt tesk assigmants mustbe dane
acadngtoato ks, W e an daradarize the gotimal tesk assigmant ruke after any history
where bath .. ims have o aered (esserttially) the same wage sdhadules by soMing

Lrl];?b(y(—;°j%jq ifqg iqu:);jfa;b’j(/“jF a iuj¢+ Y i 1/4j¢F u iHj¢))

st U @+ € i VEF L @D=%F @D+ C i %7 @

@19)

T his prdbolam is justadding a aostrant, whidh is the at imattive action recuiremat (2.18) when
the teskassigmaituks are autor ruks, o the prdblem (2.12) inSectian2 4. T he necsssasy ard
sut dattanditias orgtmalty are

iV @O Y, @i =0

(220)
iV @@ Y, @+ 5 =1

whearel > | if%2< ¥%P . Using the aastiaint the mulipier axd ae of the dedsion \aricebks
cn be eiminated and the remaning equatian hes all the gualitative propertiss of 2.6§. By
agmaits mae or ks idatical © the aes usd in the singke gap madel ae an show that
fr eech ¥ = ¢:2;%P) such that eéither %@ ar 4P is stiictly pasitive there is a unique P@) =
@(/Aa:%b);ﬁ)@a;%b))>> 0 that sohes (2.19) and that the implidt fanction theorem gpplies.
T he solution wi ll casequantly be asmaooth funatian of % - Fornotatianal aanvenieaaeewe Etb(: )
denote the implied ctarratiq whidhis de.ned as €@ ) in Sectian 2 4 (equatian (2.14)), butwith
autr s ghven by P@))irsteed of f @:):

W hi e the dnaxacterizatian oF ey ibrium teske assigmeant rukss is notsigni.. cantly harderthen
earfier; the detamination oF wagss is sonenhatt caunterintutive.  1tis Empting  gusss that

) mematively, the strategy sets aan be kgptas befare and at mative actian can be impaosed
by dargng penalilies an .. ims thaviokltss the rumearical gak an enplbymeantstipulaied by the
poigmaler: ITthe peralies are su¢ dently hich the tno gppraadhes are equinvalent
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wegss still are gven by expected margnal praductivities, thatis o take (2.15) as the adidate
e ibrium wage findian, sing the unige ake pants determined eboe. T his is honever
notaosistatwith ecui ibrium since (essuming?:2 6 %P sane agats of the disaiminated graup
enpbyad in the amplex tesks arepad ks then agais fraon the same gaup whoare in thesimple
tesk (see FHgure 2). H exea...im aould steal sane of these degpernwartars fion theother..m ©
replbee same oftre workars praeiasly in thesimpketesk A s g as the total quantity ohwnwarkers
in the simpk sk is held aostant, the a¢ mative action aastantis not ee ected. 0 utputis
unchanged and total wace paymathes deareesad, so this is a pro. teble deviation.
T he unigue wace sdhedulss arsistantwirth egui ibrium are

8 . .
_= n @@ @iy fru< Ped

w @)= _ ™ e @21)
T o@Dy W B

0 the wace in the simple tesk is now determined by the margnal agat’s productivity in the
amplex tesk rather then the praductivity in the simple tesk T hese wage sdames togetherwith
the sk assigmantruks danived eboe daracierize the .. ims” equi ibrium respasss. Inanalogue
with the single grap madel e ket idenote the teslassigment ruke with autor |8 @2:%9) or

j =abad Istﬂ be the task assigmeant ruke an the autoone path Tor an atbittary strategy
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Fgure 2.3 Equ ibrium wage sdheduless under ad mattive action
pro. kB

P rapasitian 6 4 necsssary and sut dataodition Tor bath ... ims 1o ply best respases when
fiectias ¥ = ¢:2;%:P) of the warkers investis thatw! @)=w @Dad ¥ D=t @) fri=1;2
adj=abadfxamctallp 20;17]

W e nowg\we abrefintuitax wakers enpload in the amplex tesk are pad thar eqected
margnal productivities, so thaere is no incantive 1o deviate 1o dnange the allocation of workers
in the anpkx tesk Casulting Figure 3 which depicts the equiibrium wagss in the aase with
%2< %P we see thatwarkers fiam the graup with the lonerfiaction ofinvestars are paid kess then
tharmargnal aotribution to autputin the simplke tesk whi ke waters fron the athergap are
paid ma’ . H onever; the at imattive actian policy mears thata.. im Gan notdnange the ratio of
ajvwaters o bjwoters in the smple tesk and eiminating the mulipierfiom (2.20) we get

X } : }
@& Ipl @)=y, ¢ 222)
Jj=ab

which mears that the wadted average of the expectad margnal productivities in the aomplex
sk Tor the artical agants equak the margnal productivity in the simple tesk A tihis padntwe

2 1Fy2 < ¥P then ﬁ@)< !553(/4); sinee otherwise the at¢ mative action aostra@int can notbe
satis.ed. H enc p@a(/z;);%a)< p@)@);%b)and by ingpectian of (2.20) we see et wW* @) <
Y @€ Eru< B @)adw > v 0@ doru< Ba:
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note thatF %a@?‘@))= F %b@)@))kyiheal: maiive action aostiant, so the Efthand side of
(222) is abo tte aerage ek in the sSimple tesk H ence the averace wace in the simpe teskis
g\van by the marxgnal productivity so there is no incative 1o dance the Bctar ratio. Finally
sine the aerage Wage in both tesks is the expected margnal productiMty; .. ims make zeropro. s
and have no incntives to dnange the scalke of qperation.

U sing the waoe sdhedukss (2.21) we Gan eress the exected gross bere. ts fran undertalding
the investment oran agentin gap j wen¥: = ¢3%P)as

H @) = vi &) 1)0@2@ PEAD'S q@ @yifu® ey @23
RAC O I b @ o @

A rguing as in the single graup mooel e see thats = @:2;%P)is an equi ibrium ifand anly if
W=cEH ¢ )Trj=1;2 24

Fan these eressias itis essily sean that any nan-disaiminatory egu irdum in e exdiendsd
mackl is an equiirium under a¢ Mmative action. T his shauld be airly doviaus since ifthe graups
behae the sameway then the enpbyars volntari ly treatthe gaps idatically: T oseeitiamally
wedosene thatthre muliplierin the coditias (2.20) mustioe zerownhent:2 = ¥,P; soboth equatias
in (2.24) reducss o the . >e&d pdntequatian forthe single graup maockel

IFthere are ssymmetric eopi ibria underad mattive aectian, ingpectian of (2 .21) revesak thatthe
wace schedue Tor the gaup with the lonerfiactian ofinvestors wi ll be uniform iy bebwv the wace
schedue Tor the othergap. H e wage disaiminatian persists in aurmodel unksss the policy
facss the eaoamy O an equ ibrium where the friadtias adFagenits whoinvestare the samein both
oaps. Forthis reesaon we will say thatan equi ibrium is disariminatory unkess %2 =4,P.

Initively at imative action makes itharder tosustain disaimination Since it pushes up Waoes
inthesimpke tesk forwakers fion the gap with the higerfractian ofinvestars and pushes doan
wagss in the simple tesk Tor the disaiminated grap. H onever; as we shovnext, equ ibriawith
disaiminatian may exdsteven uderad mative action.

P rpasition 7. Fixy;fqf, ad (3;.PD2 (ntt 2XT henthareexdsts samestiidly inaessingdis
wibutiaon TUNcian G withG ¢)> ( sudh thatthe madel with ad imattive actian hes an eoui ibrium
G HWth 15 < B>

24



T he result an be strengihaned in several directias.  First it shauld be dear that we et
multipidty Tor a lce set of distribution fnctias. T o see this ae notes that 15 < 1 aly
ifHa@) < HP@), which sinee H2 and HP are aontinuos mears thatt there is an qpen setU
antaning Q&f‘;lﬁ’)sum that the expected bare. s ofinvestment Tarmambears in graup bexassts
tebae. s Tarmanbas ingop atrally: 20 . A bBg te agmaitaly e o edstance
ofafndion G that takes an partiaulr\ales ata ew pdrits, whidh mears that sssumptias
abautits aurature w ll notbe enaugh togetany sut dertaonditias for ruling autdisaiminatory
equi ibria

T his resulthes theimportantimplication thatbwe have toampare e ibriasetnise. A natural
way tomake sudh asetinise amparisa is o anpare the “wast e scaanias” |, thatis, ampare
the mastdisaiminatory e ibrium undereach regme with eech other:

Ifwe tEke “most dsaiminatory ecui ibrium” to mean the e ibrium where the distance be
tween %2 and %P is the lagsst it Olloas fran P ripasitian 4 that this is the equilibrium with
the bnest fiection of investars in the disaiminated grasp and the highest fiectian in the other
agap. | on iFthe madel allons a “camnar eguilibrium”, it Dllons tivally that the friaction of
inestars in the disaiminated gaup mustinasese relative to this el ibrium ifa¢ imative action
isinraducd ifG @ )> 1 thareis apaitive fraction ofagaits fram both graups whoinvestin any
equi ibrium. H ence the wage sdhedule Tarboth graups will be strictly inaressing underad mative
adtian ad there will aasaquatly be same (passibly very small) maetary incatives toinvestfor
aga s in both gaups in any eoud ibrium underad mattive action.

0 ne may anjeciure that this holds trie in ganeral A fierall amparing the wace sdames
ucer the dirererit regmes it bodss as ifat mmative action inareesss the incantives o invest or
the dsaiminated goup and deaessss the incatives Torthe athergap. T he ampbmataities
betinemn gaups shauld then guaraniee that this holkts trie even ifae takes the TUll equilibrium
aat ino acarnt T he seaaod part of this aslgument tums aut 1o be gt gven that the
direct e ect of a¢ rmative ection an incEntives (holding the frection of investars .>&d in eech
gap) inaessss (daaessss) the bere. s ofinestmaitin the disaiminated (other) gaup, then
the friedtion ofinvestars in the disaiminated graup mustbe hidherunderad mative action ttenin
the “warst’ eqilibrium withaut the policy, W hat ik in gaeralis the .. istpart due o dangs
in the Bctor ratio the directer ectmay go the waogvway torae oftte graups (butnotfarboth).

H onever; ifthe disaiminated gop is smallenaugh, the e ectan the oo ratiois negigblke
ad in this se we Gan show that the direct e ect of at imattive action is what we intuirtively
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epeactad the Igc aboe goss thrauch.

P ropasitian 8 . | et ¢23;%) be the mast disaiminatory ecpi ibrium in the madel of Sectian 2 4
and ket @513 be the mastdisaiminatory ecpi ibrium in themadel with a¢ imative actian, where
gap ais the disaiminated grap in bath cesss. T henv2< 15 if, 2 is sut dently small

252. BExampks W ellexe Erects of A € rative A ctian

W e nawaasider smpk distributian functias ofthe fam:

8
% ya ifc< ©
£ o
G (C)=§ b ifc2 T (225)
- ifc>¢T

where tTwill be lrgar then any passibe bere. ts of investment

BEampk 1: T he pantofthis eampkeis that the disschantaged group may bemadewase o
by at mative actian even ifthe starting pantis the mostsevere Tom of disaimination passible
T he aastructian is illLstrated in Figare 4.

U sing the notation fran Sectian 2 4 we ktB 1 @) denote the expected grass bere. ts ofinvesk
mentin the model without at mative actian. | o ifwe . x %P> | and %2 is su¢ dertly small
the solitian 1o the tesk assigmat prcdblem o the .. m is o assign all warkers from gap ato
the simpk tesk While sane workers firan gap bwill be assiged © the ampkex tesk H ence
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B 2@:3;%:P)=10 < B PG2%P) T2 sut datly small T hus, ifcin (2.25) is in betnean 0 ad
B P@:2;%:P)we hae that ¢:2;%)is an eqi ibrium in the madel without a¢ imative actian. || ext
we proced in the spirrtofthe aigument of the proof of P ripasitian 6and arg e trat o, smalll
enauch ad Torthe rigitdhaae of c this wi ll ablko be an equi Ebrium with a¢ mattive ectian. T osee
this ve note thet Ha@:2;%2)! ) as %! ) whik HP@G:2%P)! HPQ %P> ) as %! (:H exce
thereedsts sane 2> (| such that

0 =B AG%< HAG2;%)< min@ PG25% 2 HPE ")) 26

Chomsingcin (2.25) betnean H2@:2;%P) and the minimum of 8 PE:2;%:P) and HPE:2;%:")we have
that ¢:2;%P)is an equi ibrium both with and withaut the polioy. T he dnance in expected uti ity
oran agaitofgap j whoinests is
_ Zl
cwhy = pd@ @iy ©ELF PEH By @ENLIPEH ek i@27)
" > 4
i Y @COF o€ G+ eﬁ@yl @@ PEH N @k

and the dnange in eqpectad uti ity Tor aganits Who do notinvestis derived symmetrically/! . || ate
that the fctor ratio in general dhangss when the policy is inroduced. T his enectmay go ether
way dgpending an the produdctian fonction and the distribution functias orthe sigal H onever;
o this eampke this asates no prdblEms. o mattier what heppas 1o the Boar ratio we aan
alhays rely an the ot that udar a¢ imative actian WA Q) -y 0@ );1 pd ;%) or all |J; so
o %2 small enauch the policy must deaesse the expected utility Trallagais ingap a T he
welfre @ ect - the othergap is anbiguas, butsine the setof EssibE production plas with
the pdicy is a strict subset of the esibE plas without the pdicy (emember that inlvestmat
beraviaris undrengd) autput unembiguasly dearessss.

BEampk 2: Inths eampkeweshonvthatitis indesd passibe thatat mative action ramoes
e ibriawith disaimination and that the target group may be macke better o .

Casiderthe bare. ts ofinvestmeantifa fiactian %:° waul investin both gagps, B 1 @:3;%P)in
the madel withaut the quota and H! @:2;%P) in the madel with; both which equek the bere. s
of inestmant in the single graup maddl if a fractian %P invests, B @P) Itis straigitiovard

21Since we arstructed the equi ibria so that the fiaction of investars ramairs the same we do
notnesd O wonty ebaut agats who dnence theairbehaviaurwhen the policy is intraduced.
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showv that the bere. s of inestment Tor aga s in ae of the graups is maotnically deasssing
in the frection ofinvestars in the other gaup, soB 2@:2;%P)< B 2@PP)=B @P)< B PE2;% X
A swe argued eboe B 2¢:2;%:P)= 0 Torsane small exaugh %2 > ( ; sofrc dsen in betneen (
and B P@:2;%P) and %2 smalll encugh @:2;%P)is an equilibrium. B utifcis dosan in the internal
( ;H2@2%P) then @3;%P)is not an equiibrium when at mative actian is inroduced. T hus
(assuming ais the snallergap we amotswitth 1o disaiminatian ofthe othergaup) the anly
remaining ecpi ibrium candidate is ane where a fractian ofY:P invests in both graps. Sincetan
be dsen sothatitis snaller thenB @) thereis a range ofparanetenallss sothat this is indeed
an equi ibrium. 0 Ne can shovthat the wage Toragaits enploed in the simple taskwillbe higer
in the synmetric equ ibrium and this mears that all agats in gap a bere. s fran the pdioy.
Since produdian inareesss the othergaup may armay notbe madeworse ar .

B y reltiely standard aaitiruty argumertts baoth aguments extad tostrictly inaessing dis
wibutias as well

253. W hyaQ uwotain the Simpk Task?

I ostpap e prdoebly think of real world uotss as taroeted tonarts inaressing the riepresantation
ofFminarities and women in goad jdos and notas inaeesing White make enploymantin bed jdos.
INn aurmadel honever; the arstraints in (2.18) impcse resstrictians both ways, soitmay be argusd
that auranalysis doss notaarespad o real world quotss.

U nfiartunatiely, itis notpassibe tohae aguotain ae tesk oy in aurmadel | abormarket
e ibrium wagss simply &l to edstwith sudh aguolas T o undarsstand this nole thatwhatever
necssary anditias we have Toran e ibrium with guotss in both tesks ramairs necsssary or
an equiibrium ifae quoiais mmoed  removing the quota in the simplke tesk justinaessss the
passibi ities Tor deviatias, but an equiibrium, ifthere is ae muststill be immure acairst all
deviatias that are fssibke with quotss in both tesks. B ut, aasulting Figure 3 we see that it
thereis nogquotain the simplketesk then a.../m would wantto deviate by getting rid ofthe higer
paid workers fion gap by so there is no Boar market equiibrium if%2 6 %P Sinee aly nan
disaiminatary (I ash) equiibria ramairs in the Ll game ae aud in prindpk inEexpret this s
saing thatat mative action guarantess aaolorblind ecpiibrium. W e are honeverunacomforteble
with this ineerpretatian. T he Igc relies an nanrexdstanae of equiibria in all aatinuetian gemes
whare gaps deerin thar inestmait W e think that this is “aousing’ the notian of il ash
e ibrium and note the simi lrities 1 the use of “integer games” In thell ash implkEmentatian
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erature

W hile we recogniize that it would be desirebke 1o have a madel that an hande quotss in
god jdos anly we note that dic erancass betineen the radal ampasition of the warkdioe and the
radal anpasition of the aammunity where the ..im is bcated as well as div eranass in the radal
anpaition in the workfarte aacss jd categaies within the .. rm have been tBken as evidanae of
disarimination in Bnslits’? . T aken together this e edtively implies a quotaiin each tesk

2.6 CadudirngR emarks

W e have daekpad a framenak where the e ects of a¢ imattive ection polides an waegss aan be
studied. T hare are at best o reesas Wy a madel with endoganasly determined wagss is
desirable when studying the impact of Bbar market quotss. Firist of alll ifwe are intarested in
distributioal aasaquancss ofthe policy we nead an idea ebauthovwagss respad. Seaad itis
di¢ aulto recod E exagpasly .>ed wegss with ratianal behadiarby the .. ims.

W ith competitively determined wages at rmative actian seams mare pramising then in Caate
andl aury (199 3) in tams ofimproving incaitives o investin human cpital forthe disaiminated
gap. i hagh a cdor bind eguilibrium is not guarattesd, the partial equiibrium eeect is
tpically toinaesse the incantives Torthe dissechventaged gou’s. ¢ eneral equilibrium e ects are
samenhat bluned by the fct that we aonpare sets of eqpilibria but if the initial e ibrium
withaut the policy is the mast disaiminatory; then the fractian of investars In the disaiminated
gaup mustinaesse and grap disparity will pically deaesse .

Sineewags are.. >ed eagenasly at mattive action alnays hes the desired distributical en ect
10 reduce gap inequalty in Caate and L aury (1993). T he majar Issan of this dgpteris that
this is not necsssari ly true with competitively determined wagess, so inegality in eamings aaass
gas may inaesse as aaasagence of guoiss in the Bbarmarket

0 urmadel hes the noel feature that disaiminatian may oaour in equilibrium even if thae
is a unigue egu ibrium in the aonespading madel withaut dosenveblke gop daraceristics. W e

22SeeB didk (199 6.

231 tis a kg cal passibi ity thatthis aonclLsianis reversed ifthe inputof EEbarin the aomplex tesk
rehkthe tothesimpkeinaessss when thequotes areinraduced. H onever; ifthedisaiminated group
issmall dangss inBctorprogpartias wi llbesmall soin this Gee the incantives are unembiguasly
improed forthe disschantaged gaLp.

24 gain, dnengss in ctorpropartia’s may proouce counterintuitive results. T hus, itis kngcally
pcssible that the incatives O invest Torthe dominartgraup alko inaeeses.
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inapret this as saying trat disaiminatian is driven by speaalization ratherthen bang a acod-
nafiaon & Lire. 0 ne may doject that ecaamics ofspedalzatian as we knowvitis in the interest of
all partidpants in the market, whi kB agats in the disaiminated gap aewase a in aurmadel
Still ifwe think ofthe respective gaups as “countries” seling Bbar an the world marketwe see
thatthe Tacss atply are simi o facss thatdrive spedalizatian in trade madeb with inaessing
returs. the edstence of other gaups with a high fiaction of inestars is what drives donn the
returs o inestmat reltie a situation where the gaups were separated.

Sinae disaiminatian hes this spedalizatiaon intepretatian and since spedalizatian is usually
et dengy erhandngwe may sk vwhetherdisaiminatian is e¢ dentarnot T his questian is studied
inl aman (199 7), where itis shonn thatwhi k all marketegu ibriain the model are aastrained
sub gptimal disaiminatian as aphenonenan nesd notbe. In particuler; auti itarian pbanermay
want to disaiminate betnen idatical gogps. H enas gven that traskrs betnwean groupes ae
Fesibke ad that the regubBtarcares ebautag ality in iname rather then equality in behenior; the
reguEtormay actually want to disaiminate.

2.7.P rook

P roof of P rpasition 1: (SUC dengy) Suppcee a.im deviaies and plys strategy _\A&»?®wm
actias an the implied autcome path W2 €l dicerent fiom hw; i gven by (312) and the autoe
rukewith aitical pdntsohing (3.12) anasetofpasitivemessure. D e.ne£" =1 :wP@Q)> wy ;
£1= 11 :.WPE< wy; £2 =1 :wP@)=w@y : | ettingC °ad S ©danote the implied Eotor
inputs Torthe deviatorgvan that the other .. plays acooding 1 the equi ibrium strateges we
G ePress pro. s Torthe deviatar-ss (Lsing equatias (2.3) ad (2. 4))

Z Z
o= V€A% WOROM iy  WOROdvhee  (@29)
rd pu2eh Z pu2£e
co = CQIT@Ar 3 P
22" ? u2ey
O = iP@E O i PEE @
p2£h u2£e



W enowmuliply both sides in thessaod equation of (2 28) byy: € ;S Dand substitute the idertity
g @=p @;%F. @ Similbry vwe multiply the third equatian by 'y, € ;S )and get
Z ! Z
yi €;8XC° = PP @y €58, @D+ 5 PP @y € ;S @RiR9)
BCSXC = iR CSE O 5 i POw. €5 Od:
u2£h u2£e
B utw @)= maxty, C;S);p@:%)y: €Sy, whareC ;S aretheimplied otarinputs in the pro
pased e ibrium: Furthermarg y C2S9) -y €:5)CC+ v, € ;S)S by aanavity and aastant
retums.  Summing the equalities in (229) and using these tho ots we .nd thaty C2S©) -
R w D, @Dd1 +5 R w Df, (D! and substitutinginto (2.28) we get

u2£h U2E
] Z
ik W i W @d -0:

p2£h

T he necessity partwill be proved from a sequence ofintermediate results:

L emmal. Suppcse hw;»ili_, , is aparofbestrespasss. Thenw @=w @) foraimcstall
p2[p;]

P roof. Suppcee hwy ;»;i;_, , arebestrespases and thereis aset£ [0 ;1 jwith pasitive messure
suchthatw; )i w; @> 0 orallp 2 £. Casideradeviatian _V\R»?®suh hat»PEwW =
» @k W@ Torall i WoED=w (D Bri 2 ) ;1 E ad wPd= @ @D+ v (D2 Brp 2 £.
T he distribution of avai Ebe waters and tesk assigmeants an the autoone path are undnanged,
so autputis undnanged. T he diterae in eqoected pro. s is s the dic arance in the toal wage
5 122 @ €D § W @, (Dl > ( ; contrecicting the hypathesis that gy , s a
pairofbestresspass.

Lemma?2. | et t daoke the implied tesk assigmait ruke an the equilibrium path or../mms
i =1:2. Then thereexists samef' 2 @ ;1 )such thatt @)=1 Bracstally > § and § (D=1

framcstally< § adfri=1:2:

P roof Ifthe dEim is ke there are sets £7;:£1 [0 ;1 Jwith positive messure such thatp™ > !
ralp 2 £ ££ s@M=0 orally" 2 £M adt@H=1 ralp'2 £\. f,adf, ae

3



R R
antiruas, sof;, is atinuas and we may wlag assume p2£hf% @dL = nglf% @di> 0.
Casider te allermative tesk sssigmaitruke

8
Z 1 ifu2£"

1‘?@=§ 0 ifu2£!
- @ oternwse

R
L etS;;Ci adSE C& bethe ctorinputs implied by § , € respactively. Sine uoen B @O =
HZE.f% @ad itolons taksS; = S&: Sinee the deviaion assigs 1o the aamplex tesk warkers
who are mare likely 1o be productive itis intuitively ratherdeartatC 2> Ci: Tosee thiswe Bt
1= T4 @ (D daote the likelihood ratio and note that

Z Z Z Z
2CRICH = B@Odli  f@di=  IOR O
W

n

Ot @ds; 2-30)

2F£ p2£! U2£

B y the maotore lkelihood ratio there exdists 1= sudh that 1) _ 1) orallp 2 £1 ad 1Q) -
I Trally 2 £', with at bsstaeineguality strick H eaeC?2 §C; > “IEDGCE §Si)2 =0,
so autput, and therefre abo pro. 5 are hideruder €.l

L emma 3. | ety denote treimplied teskassigmeantruke antheeoul ibrium path or..imsi =1 ;2
ad Ettbe auty rukewth aitical pdrntf @) T hen t )= t@)ancteenymhere.

ProofE Byl eanmas 1 ad 2 the prdolem of ..nding an gotimal tesk assigment ke reducss o
..ndingasolLtian © prdokm (2.5) in themain &<t Sinee ..1mms are fang idatical prdolens we
drp indices. Chengng\ariebkes by de.ningC =% iF qg@Pads =%F q@+ ¢ i%F u @
the prdblEm can be restated es

mgy@:s)

i - A
soj. ©gC;:S) ~ % aC iS+ C i%FuFd == 0

23D

U sing the inverse Tuncian thearam ad diceratiatingwe .nd et @g-0C = 1 § ¢ %)% <€
IC &' ¢S ) and taking seaod derivatives we .nd that @ g-@C 2 < 1 whilke all other elaments of
tel essianis z2ro by te Inearity In S : H ence gis axae. Siney is aae te KunTuder
adtios aesut dentkrasoltion 1 (2 31) and necsssity Tollons since ancaity ofgis sud dait
o astantgal. cation. Invaddng the baundary aditias we see that any soluitian mustbe

interiar: Since the programs (2.5) and (2.31) are ecuivalat this aompletes the prook ll

/)



L emma4. Suppase hw ;ws i is apairofecui ibrium wege schedulss and Etf @) be the solutian
©2.9. T henthareis apar (k; k)sudh tatw, (D= k Tori =1 ;2 adforaincstallp< g @)
adw @=p ;¥ Tri=1;2 adforamctally> §¢).

P roof. Firstwe shovthatw (D)= k Toraincstall i< f . Faraotrediction assume that there
are sets £2;£° 1|0 ;8 @)with strictly pasitive messure sudh thaetw; (D)< kfrallp 2 £2 ad
w Q) . korallpy 2 £°: Casiderauni beral deviation _v\&»?®by...m i where

0
w @+ 2 orp2£2

W= % 0 ru2£° - Q2R
w @ othernise

By aotiruty of f;, we may wlag assume Ruzgaﬁa @d = Ruzﬁbf% @dt > 0 ; which implies
that the input of bath ctars remairs (nslantif»? is dosen so that tesk assigmatts an the
autcome path are undenged whidh weassume. T he dis erence in payor s Tar the deviating .. im is
ten just the din erace in Wage paymaTss, i.e

ZZ - 3

1
tO=54 WOROI @O DEEOAS
H2£b 22
Sinelimz (¢ &> (| thareedsts2> (| sudhthatt > 0, sofor2 snallencudh thedevatian is
pro.tebke. Synmetrically, suppce there are sets £2;£° R ¢);1 with strictly pasitive messure
. R R
(Whereve egainwlog mayasume | oo fq@di= | 500 Tq @OdY) such that (v @Fp @)
< kforally 2 £2 and @4 QFp ;%)) . kforally 2 £°:4 ginwe arsideradevation acoarding
© (2.2). Sine p@;%) = CTqQ@Ft () we ..nd that autput is undienged by a synmetric
agumaitthe deviatian pro. t2bke o2 small enough.

P roof of P raposition 1 (necsssity) 0 nly the dnaradieyization ofwaegess ramars. ian L enma 4
the..:Ims musta ervegss thatare icdentical alnastevaryinhere and satisfy w()= ks orp< g @)
and w@) = p@;¥%)k Torpy > § @) forsane real numbess k;ke: It remains 1o be shoan that
k=y,C:S)adlk =y C:5):Itisessy Dshavtatiflc< y, C:S)ad k< yi C;S);
then .. 1ms are making pasitive pro. s and adeviation where .. i a eis WW)=w; D+ 2 torall
K would be pro. t2bke T2 small enauch. 4 g ifboth inequalities wauld go the othervway ..ims
waould make negcative pro. s and adevation ow; @)=0 faallp would be pro.tebke T he tho
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Y2

Foguae25: A pro.tebke daviatian

s tat requlre sanevwak arewhen tre inegualitiss wakin gopasite directias. T heagumeantts
aesynmetricadwewllonly asiderteceewth k> vy, C;S)adie< vy, €C;5):Theidaa
isillstrated in Figure 6

Reclltaty, € ;Sp@ ¢):%)=y. C;SDby (2.6:H exeiflks >y, C;S)adk< y1 €C:5)
then kp@ €)%< k ad thereis aninteral @ ¢;pD sudh ety (D=p k< k for
allp in this interal W e will shovthatitis better 1o dispase of same of the workers baing paid
ks and attract dhegperwarkers with 1 2 @ @);p°) fion the ather..m. | etp®sobheF ip°¢=
Fy @DiFy@¢YDand | ®as soherf iu“’skiF%@(/A))= € @)ify@EYF2 adarsidrte
deviatiaon:

0 f]‘p2£0 ;p°¢ i
w2 rp2f@udD  adf=

W@  orp 20 eH

0 oru2p ;%
-1 oru2p®D

W=

|W /WOO

B y aostructian, the inputafsimple Ebaris errargmlzf’ T hecmr@mepecu\emisofccmpb(

EoarisgvenbyCPjC =2¢q@‘).2Fq +Fq@))andl,smgF% @i 2Fy, p +F%@)—0
itis essy oshovtatCC§ C > 0 : T hus autputinaessss and the diz erance in pro. s mustbe

2s5p, L@ @ iFL@@ )+ 1=22C.BEYiFu 'p&)islheirputdti)a’inlresimpbiaskaﬂerm
deviation.



kg ten tedraaxe in e wvage asts, sO

R R >3 R
¢ G)>L20V\6@)ﬁ/4@)¢i1§ WO Wi W@idDE @i w@F @Odi=
ue o=
g S R " K
=skfu Uiz p@YOKE @dia 2R @Od
e e

R ecall theitp Qke< ks Torp 2 @erd o 1 =F, @i F @ Ths

Z Z

%&F%iu& =5 KE@di>;  PEIOKE @

g g
Henas Ine (¢ > | adthaeedsts2> (| such ttatthedevatianis pro. tebke T heasewth
k< vy, C:3Dadk.> vy € ;S)an be treated synmetrically ad P rigpasitian 1 ollons. B

P rqposiian 3 W ewill proe this resultfiom apar dfintemediate results:

L emmab. Suppcse thaty -R2 | R is strictly aacae in both arguments and hanmagenas of
degeel. Thentoreedh ¥ 2 ( ;1 Jthare exdists auniguef @)2 ( ;1 ) sudh that (2.6 is satis..ed.

ProoE LetD :(;1)E(C;!] R bede.ndes

AL DD 33

D @;1/4)2 p@;l/“) i Vi (/2 @;1/4);1)’

where: @4 =% iF q@)FF » @D Siney is hanagnass of degree ae fi ¢ ) sohes the .ist
adar adition or the tesk assigment prdokbem, equation (2.9 in Sectian 2.3 ifand aly if
DE &)%) =10: Itllons fian the (strict) maotore lkelihood ratio property that p ;%) is
strictly inaessingin L Trawy % > 0: FixngsS, vy, €C;S)is strictly daaessingad y, C;S)is
strictly inaessing in C . Sincef g and F |, are strictly inaessing ¥ ;%) is strictly decreesing in
u: Casaquently y; ¢ @;%);1) is strictly inareesing and y, ¢: @@;%);1 ) is strictly dearessing in
pu:H exe te ratioy, @ @;%):1 )y @ @;%);1)is strictly deaessing imphing that D ;%) is
strictly inaessingin |- T hus, there an be atmast ae solutian D @ @:);%)=10: Toshovthata
solution edsts fTaray ¥ > (| wenotethatl! < p ;%)< p(%)< 1 oray’ > 0. Sinef gad
Fuaedbkitisesy odektatimy, ( L@;%)=1 adim, ; 2@;%)=0. Usngthelnada



aditias, astaitretums 1o scak ad stencard imit bns

v @@y _ Ve Cagmy) _ A Y2 €29

MY EE@DD AT EED Imyed

Symmetrically imy 1 Y2 @ @Y% Ry G @451 )=0.Ths Emy ( D @¥%)= §1 adimy
D @¥%)=pd;:%)>0:The resultolions. B

L emma 6 f and r (de.ned in equatian (2 8)) satisky the olloning properties,
1. f is antinuasly dicerantisbke an (¢ ;1)
2. Imy o+ r@H=I(
3. ris moxtoniclly inaessing in %

P roof 1) SineeD; ;%)> 0 freach? > ( this Dlloas fian the impliatfncion theaam. 2)
PE DM i 2 Eg33 =0 musthold freach % > 0. Butlimy, o p@@D:#) - Iy o p¢:h)
=0 so imy , ﬁggﬁg =0 ; which implies that Imy,, ; r@&) =0 : 3) Far aantradiction suppcse
r@)< r@9txy > %° Since 2.6 musthod orboth ¥ and %Candy is strictly aancae in both
argmertts itPlbons tatp@ ¢);%)< p@E % B utp @;%)is inaessing, sof €< B E&O:
P luggng this ino equatian (2.8), itollons that r@:)> rd:°); acotradicion. l

P roof of P roposiion 3 T he enpilibria are davacterized a5 .xed pdrts of G 48 0510 D1k
whereB is de.ned by (2.10) inSectian2.3. Byl enma 6 fi (ad therefre ako P are aatinuasly
doeaentisbke an ;1) SineB is aampaitian of aattiruasly dceraitiebe functias B isa
antinuass in?% an @ ;1 ):R enmiting 2.6 in tams off ¢ and r@)we see that

P& €Dy C@id=y. @E)i1D @35

musthodforeedh? 2 @ ;1):Far, =1 p@;l )=1 farally; soteskassigmantts areinceterminate.
H oneer; r ) mustnevartteless satisty v, ());1 )=y, @@);1) (ae way of adiiedng this is
by aautr wk). Sine all wakers are equally praductive in both tesks w@Q) =y, @ @);l)
=y, r@);) forall p ad the bae. t ofinestmaitis B () = (: Itis essy O \&ify that
im, ; r@)=r{)by use of(2.34) ad wsing (2.10) itolbns that imy,, ;B @)=8 ():The



ceewth?: =10 is tBken care ofin the same vay. | omatter howvwarkers are alllocated, autputis
zarg impMngw@)=0 forally:H enceB ¢ )=0 and fian 2.34) we hae that

0 = im p@ €)= fim 2TEX). @)

w0y @Gy

U sing the baundary aaditias any we see that the anly passibility Tor this tobe safis.ed is if
Iml/A!Ro r@)=10;0my, ¥, @@);1)=0 ad im, o y1 @E;1PEEXDI=0. Fq@ifu@
ad é@)p@;%)(fq@) i Tu @) are bandad belowv and eboe so it follons fran (2.10) that
im, B @)=0 =8 ()estebishingoaatinuityofG 48 anl;l FFa% 2 (;1);0 < R@)< |
and p (;%)is strictly inaessingin |l , sO

z h i
PUYIAG@ i Tu @D > pE G FUBED i F B E) -
D)

HenaeB @)> ( farallys 2 ¢ ;1):SineG ¢)> (| theintermediate \valle theorem g araiess that
tereis at bsstae . >xa&d padntof G 48 ad directly fron the essumption et G ¢ )> 0 this
mustbe a naon trivial ecri ibrium. Bl

P rqposiian 4: A gainwewi ll proassd by proving a seouenae of intermediate result..1st

an bi1 - b¢ bi1 a0 b¢-
Lemma?. Suppcse¥@> %L Thenf Y3yl _ g %OuP :

J 10 ayet. ooyt gl aypt 2 0 :

Prook LetriPf adf denoe rvayP ;r'veoub g YeawP and B7@01P) respectively.
Suppcse Toraantrediction that %2 > 4,22, but§b< ﬁm:THs implesmﬁb> 0 andﬁb< 1 ad
fion theqptimality aaditian 2.13) itﬂb/\sltatp@b;%b)ﬁ DLy @l )andp@m;%b)/l (D)
- y» @1 ): Canbining these aoditias we get

Y2@Gl) b, 0, Y2 @31,

vy PEID PE D - Uy
whichimplies thatr< 12U sing(2.14) weseetratifi < g thenf™> B inadarfrr< 2B ut
trenp@” 42> p@ #Oxy @1)> yi G2 Dady, 1)< v, @21 ):Sinef” > 7 implies that
a a0 a a0
g >0adf <1 weakohaethatp@ %y @1 .y Gadp@ %Oy @1 -y @Gl



fian (2.13) and ambiningwe get

Yy, @21
yi @51~

Yy G

O, o
v @y PE DI

0 _ p@ %D i

which is acaradicion. ll
i ¢
L emmasd. r'lﬂ;a;%b is inaessing in both arxgumeats.

P roof Suppae’?> 43 butr< P Thany G1)> y ¢%Dady, @G1)< v, @21 )ad by

L enma’, %2> %) ﬁb - ﬁm;so
PE W G iy, G1> PE W €3 iys @3

Suppoe!l _ §b> ﬁmb 0 : T hen the Eft hard side must (gpping (2 13)) be kss then aregual
10 zerg whi e the rigithand side mustbe as best z2rg whidh is a aotradiction. | ext, suppase
tatl > 8 =8> 0:1 ovbath the Eft and rignthend side mustbe equal 10 zarg whidh aggin
is a contradicion. W e aondlude thet the anly passibities Eftareiff =8 =1 arf =g =0:
Heng ifr< rPaxdy@> %a‘%lﬁsmmquomifﬁa> ﬁao, so

PE HW Gy, 61> pE H3y €2 iy, (1

whidh is a aatradictian sinee the Eft had side mustbe Ess then aregual tozaro ad the ridhit
hand side mustbe at ksstzao in aderfar (2.13) t© hold.

L emmay . rivi ;%k¢isstridyimeesingin%j inlherar@vxhereﬁj L ;1/4k¢< | orj;k=aka
P roof 4 rgingas inl enmas we .nd thatif%@ > %@and r= 12 ten = >V e note fion
@ 14) tatifr=rPg° =g ad@> %% thenitmstbe thateither” =80=1 arf < B - 1;
butthe seood e is a arradictian for the same ressas as in the proofofl enma -l

P raofofP roposition 4: Suppase?:® > %:®and aarsiderthe dis erencein grass bere. 1s ofinvestment
i ¢ i ¢
grvenby (216, ¢ B P=B P 2P jB P Y%®HP Byl emmas, r _ %oy @1 - v ¢°1Dad
Yo @G Y2 GPLDH ence
- pd )
bl a b¢ b, b, i b¢
BPUAE = v GIDE@DiFu@ D v @1 p Wi @@ fu @) -

b

&



Z
i (4
C R ECDEED I FUED Y D p P @@ f @Y

b

&

whidh implies that

¢BP - yZ(ra,lqu@b)iFu@b)in@%"'Fu@%]

-4
i (3
iyl @31 p P G f @A
etﬁ

b _O i ¢ (€9) > N
werewehaewsd tatf _ f . N oetatp ;%P _ p@ %P adiff s interiorwe hae
that the .. Istader aanditian p@m;%b)/l =y, musthokf®. T hus

0 . 1
|4

EBP -y, CEDRF @D iFu@DiFa@ O Fu@ i E @i Fu XA =0;
etﬁ

whidh proes that B 1 is weekly deaessing in 5. ToshovthatB 1 is strictly deaessing in the
rance Where solutias are interiarane notes that r> 1Pin this el

P roof of P roposiion 5: A ssume that there is an equi ibrium with %2 = ® - Sudh an equilibrium
edsts ifand aly ifthere is sane %P sudch that @ ;%)= Go @ 2@ ;%G G P@ ;%)X Fixing
Pwenoe ttet® =G @ 2@ ;%:P)is satis.ed ifad myifﬁa@) YP)=1:1 ov.x%2 =0 andnote
1atG o G PR ;) D=Ge @ P@ ;1 D=0 (thearg.ments arcexctly as in the proofofP rpasitian 3)
and thatany %P 2 @ ;1 Dwillimply strictly pasitive bere. s ofinestmentso that G @ PE ;%P>

®:L etP@)> ® be the lagsstfiactian in grap bsudh thatG e @ PR %:PEIN="%P@): Italy
ramairs toshovtatfor® sud dertdy small ﬁa@) #P@EM=1 isinded gotimal orthe ..Mms. To
see this note that (2.13) Targap a then reducss o

@R 1 _

b -y,b y,b
COIPE > = PE CHPEE)

pd®)

i ¢
Sincep@;l)! 0 as®! 0 tem&vwitemltcmblﬁlvmblbeife'@ P@) ! 0:Butthen
uP@)! 0 a® ! 0:H onever; %P> 1 by the sssumption that the single graup madel ednits

26I‘Fﬁmis notinterioritHlloas directly fran the ineguality ebve that the cbim is e
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i ot
abrgereqiilibrium ad aevan.es hatGe B P'9;4PQ) > 4P H ene P @)> P Q); o
eedh ® > ( ; wWhidh is a cotradictian ageirst hypothesis et @)! (-l

P raof of P Iopcsiian 6 (sUuE dengy) Carsideradeviatian< Wa;wEi»3;»5 > and ket the implied
sk assigment uks an theatmomepathbe g and . De.re £]'= i W @> W @@, £] =
il WP @< W@ £5 =T 2 @=wA (@ Torj =aal etC ad s the Botorinputs in the
candidate enpiibrium and C g, Sy be the fctor inputs B the deviator (computed in analogy 1
(228)). T hepro. s Tortre cevialor; 11 arg

2 3
x z z
. _ . 1 _
o= VCaSDdi I8 WOR@dir; W OF @©dS
1=ab u2£h u2£e
X _ Z _ _ 1 < _ _
Ca = J @A S LN (@) L P
j=ap , W2E7 2 w2y "
X 2 5 ¢ R T
Sa = J 1i1?@)f'1@)+§ eliﬂ@)fj@)

h
j=ap  H2E h2E]

W=y €5 Ery B adw @@=y €:3p@:4>> v €35 i or
u< B;sovehaetaty, C SWAF@=y €C;:Sp iu:%j¢ﬁu @ - W @F,; @:H ece
2 3
x z z
yiCSXa- 8 4w O @di+ 4OW Of: 4 @36

1
J=ab HZEF H2£je

NI

J jR o ¢ IR i ¢ - a b-
LetSy =, u2eh L8 @ Fi @O+ 35 uoes L i@ Fi @;sotacSi+ Sg Fan the
at mative adtion axrstraintitiollons that any esibke deviation musthae S 3=S 8= &=, P\ oe
traty; € ;8 dpd@ #49) - Wi @30
SN Z 3 7 ! Z 3 7
y €800 B sh- W@ 1lid©® T @i+ 5 W@ 1 i@ s @Od
p2£D H2ES

- @3N
> Fan the at mative adtion aastiaint it Hlons thaty, C;S)Sqa =Y, C;S) .2+ P sk.P
and ambiningwith (2.37) ad (2.22) we et



3
Z 3 - Z

X ) : o=
CS¥a- I WOLitO® LOdr; WO it £ odd
J=ab p2£eh H2£S
e3)
Sunmmingower (2.36 ad 2.3) we et

2 3
Z

X _ Z _ 1 -
% CSXat 2 C8Ba- I WOR @A WO @ e3)

Jj=ab
p2£n H2ES

A tthis pdntitis justto dosene tataaity and arstant retunms imply thaky C o;S ) is s
then aregual o the rigthand side of 2.3 ) to..nish the proof @
T he necessity partis proed using the olloning steps.
D E
L emmal0. Suppcse V\E;v\}?;»?;»? is aparofbest respasess. T han;

=2
1L W@O=w @framctally2[1;13j =ah
2. FHims eam zeropro. .

3 W= @ wWH=1 @); ] = ag franctally 2 ) ;1 fwhere t @is the autos
tesk assigment ik with artical vale 18-

P roof (1) Sameagumaitasl enmal. (2) Fdbns directly fion costatteturs. (3) 4 igumeatts
ae simpke exarsias (fploos ofl eanmas 2 and 3 ad anitied.

E
L emmall. Suppcse V\f W abisapeircfeqjlbriunmsdm,llesardl@ @alﬁ)islhe

solutian to (2.20). Thenlherelsapar KH: K freemgupj—a,bsummW@) K for
amcstally - B andw = Hp@i)oramostally> B j =al

Proof Topoew @ =K framctally - B, j = abwe en e eadtly the same
agumaitss inl anma4 (using “within graup devatias”), butsince anly deviatias that satisfy
the a¢ mative action aastrantare Essibke itturs autthatitis mae ambersane toproe that
W @)= Kp:/ Y oramostally > B:

Suppcse Tor artrediclion that W @Fp ;%) is not axrstentin 1 for ae graup, which we
wlag e begap a The we an .nd a paitive messure set £2 ¥ ;1 Jsuch that
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VAP > WAQDPEH® Brallp 2 £251°2 B TE* | ov ket £° v [P ]be a
megsureble set such HEEWPEPE:H?) _ WEOpEiP) orallp 2 £°; 102 951 TP ard
,aRHZEaﬁ/Aa@)m = bRHZEbﬁ/Ab@)m: 6 iven that the at imative action aarstraint wes initially
satis..ed sudh setalnays edsts.

T he propased deviation aorsists in ”..1ing’ warkers belogng o ses £2 ad £° (o aing
them wagss bner then other .. im) vwhile redudng proporically warkers in the simple tesk o
keep the fctor ratio at the same kel as in the candidate equilibrium. By aostrucian, af
.Imative acion aastant ramairs satis.ed and qual..ed wakers hae been reduced by R =
Pi:a;bbi uZﬁi1/4i1=q@):11:Tolee|oIhefacl(rlalio(nslzanl; the deviation must reduce warkers in
thesimpleteskbyR s =SR =C :L ettheinitial autputbe denoted byy =y € ;S ); whereC ;S are
the ctorinputs in the suppased e ibrium: B y use of aostant retunrs, the deaeese in autput
by this donsc@aliingisyR ¢ =C =yR s=S:

B ecause ofthe at mattive action aastrant the dearesse in inputohworkers in the simple tesk
mustbe IR s ingaups j = a;la T hereis anin. nity ofnays ofadhieving this aeis © ks 15
someR[0 i Fu @ = IR s;j =ab and casiderthe deviatian

8 -
<0 ifu2.£ [l

wo=. _ i=ab
- W) oternise

Since the fdor ratio is astantand we got rd ofwarkers that were “easive per productive

unit itis now intutive but ambasane 1o show that aerace wage per unit of praductian

daaesse sothatthe deviationis pro. t2bke 1N thesimpleteskaerage wace perwarteris arstant

by te ..Ist part of this BEnma. D e.re the aerage wace per gual. ed waker in the candidate

e ibrium as -

K= Wb @ ¢ if o
| oF |
ad et ) - -

K= . WOLO= | Efa@d
p2ld 1 e w231 el

belhea,ele@wa@ underthe deviatian: U sing wqF,: ()= ¥" q@)m\/@):p@;%j)end V\é@)=
w,i@)frp 2 [léﬂ ;1 PE ; j = a;bwe cean rewite aerage wagss and derive the lloning inecpality



fian the Bctthat the ratiow@p@y-)is higertorp 2 £, j =ab

i R ; R ]
i W@, WD ) W@
wats yes IO I joa W Tlod ol 4e T d
w2lld s e T+ woes To@a wofd 1 e AN 7 (1Y o]

ie®> I_{j B utthen the tolal wace asts Torgual..ed wokers is

z
X .

_ Y@< € iR K . %f@d:

; w2 e i n2d:1

x £

Wd=

T he deviatian is pro. teble because wagss deaesse propartiaally mare then praduction. i
Lemmal2. K = Igo@ D)

P roof. Ifrot then K > lg;p@ W) ar < @@ V) frsanegap j: In te .. isteee itis
simply 1o proosed a5 in the proof of P rpasitiaon 1: - steal warkers aunently in the aomplex tesk
fion the other ..M 1© replae sane wakers aunently paid W @)= K . T he a¢ mative actian
arstrantis uner ected, autput arstatand wage asts daaesse so the deviation is pro.teblke
Suppaseirsteed K < Kip@ ) Bx; say j = a: Il e then aorstructadeviation involing both

gaps that kegps autput arstantand respedts the at mative action corstiant k< [ be
such thatké=p ipaa,%a¢< Kepd? VD ad de.re®®2 ;) as thevalle thatdivides the mass
ofwarters with 2 [P35 Jin eqpalparts (FPsobes [F 1 @B Dif 1o @2 =F 1a@®DiF 1a@®):
T he daviation assigs warkers an [P ) o the simple sk warkers an [P o the complex
tesk ad, 1o kegp mass of productive warkess in the aomplex tesk astant, workers with g 2
155 (abere P @xli= [ F4@xk =2) arero kngprhiredd. | cre ety vie corsicer
the deviatia

8

Z e+ 2 oru2 (e &

0 forp20;
WA= ) orp2fpe] ad GO=._ H20
= -1 forp2 @®1]
T ow othernise

L abarinput in eedh task is undianged and since sane easive workers have bean replbod by
warkars that are “degper per praductive unit” pro.ts inaesse H onever; this deviation alone
wauld vioclte the a¢ imattive action castrant  brute force computatians shon that the inaesse



in the quantity ohwaorkerfrom gaup a hired in the aamplex teskis

A R o= !
) Sy e
aOia=ba o@Dl E_L
L@ 2

T osatisty the a¢ mative action aastraintthe deviation mustaboinolhewsesss Targop b T here
are tho Gsss o aosider 1) Ko< I@@J;%b)Z) K= I@@);%b) In the .. Istcaee itis Simply ©©
axsider an idattical deviation for gop band dose paa,pmin sudh awvay that the at imative
adion aastrantis satis..ed 1o get the result

T he sexod ee is hader: H ae the idmsa is that the quantity of workers employed can be
inaeesad withaut dhanging the e ecive input by attracting warkers with relatively lowvsigak.
Famally anmpute pkp ad pb" in aderto satisky the olloning set of equatia s

Z o Z,
f@h= Ok @)
pe 21 a0l i
. fo@dii  Be@di=—7 241)
u -

U sut dently dose enauch Dﬁgﬂmlessedslermcfp@ard pmsol\/inglhesysm). Let

8
= K+ 2 orp2[Fe)
V\B@=§ ) Trp2[Pu]
- W otherise
Since autputis astat;, dange in pro. ts will dgpaed anly an dnange in wages. L etting 2 terms
oo zaq we hae

1 B 1 z 1 o 1 Z
!#rm Ve =2 WAQDF @D i 3 WRQDE, 2@+ > WPEE, @D i 3 WPEDE, @Dl
peo 0} [0} pe=

Obsen.ernmitatifpaoisctseern,gﬁmﬁmms h< 1@ satisfing ke + 2< p@;nHtreeary
p2[p8°,§j W e ean then aanclde using the usual reltian 1,5 @=1/4ij@

0 1
B 1 a z

e
e W@ 5 HeROXM i KPR KD Rl TenR @)
peo B [0} pe=



T he bst tam an the ridit had sicke is egal 1 zaro0 by aastrucian, so 2 42) reducs o
R
2 imey ¢ Wwa@®< W20 i kD gfq@):lm 0 :H ence the deviation is pro. tebke Tor2 smallenauch.

P raofof P rposition 6 (| exssity) U sing lBmmas 11 and 12, the tolalwece asts forwarkers fiom
gapjis = p@ ¥ @)+ 1 if @l whdhis stictly incressing in Kz 4 kg pro.ts
must be zero in any equilibrium. T o show that a wege schedule with K 6 y; C ;S ) canotbe
an equi ibrium, we suppae et k2 > 'y € ;5) whidh by zaro pro. ts implies K< yi C;SXW e
wi ll arstruct a deviation that deak anly witth workers assiged 1o the amplex tesk bulbdingan
e dosenation that the aost of Bbar per- praductine warker is hidherin graup a then in gaup
b : substitute hidh tsstwakars in gap awth bwvtesstwakess (es inl enma1?). Kegpping the
rumber ochworkers enplyad in the skilied tesk aastant this reducss the inputofgual..ed Bbar
fion gap a D dng eadtly the qopasite in the other gop b resstaes the adgnal guantity of
qual. ed watkers. Furttermare the tolal wage asts are oner then in the candidate e ibrium
whi Eautputis keptaastantad thea¢ mative action aastrantis stillsatis..ed. Famally de.ne
pPand P with ' < @< 1< 1 &5 the soitian ©F 2@ i Fra@@d=1 jF a@ad
arsideradeviation where gap awakers are pad acoading to

8
Z WO+ 2 orp2 i
\Aé‘@=§ 0 forp 21751
T W@  otternise

T he e ective input of quall..ed workers filan group a deaesse sinee we substituie wakers with
hich test result with an equal mass of warkars with lowv st result W e an quantify tre s
in procuctive warkers enpbyed in the complexteskas ¢ C2 = ; :ac,%afq@)i Rgo%afq@) :
I ext, Etwaoss in gap bbe gven by

8

= 0 'z

\AB@)=§W,°@+ 2 Brp2®u]
- W@ othewise

wvhere i and 1P satisf/ing the Tlloning ecLetias
Pl i Fn@®) = 1 iFe™ @4
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Wi W@ = 5 V@i W@
s b= B
pe= 0
I is close enauch 10!5?9 asoutian 1 2.43) edsts. T he ..rst equation gaaies that the
rumber ofemploed wakers remairs aastant, ad the secod that the e ective inputofoual..ed
warkers and therekae abo autputis astant T hus, the dange in pro. ts dgpaxs aly an the
dence inwage asts,

azpao aZi
O = 5 @R DR iy WORE
Zuto bZ iu ¢
" WP, o (Dl + > W@+ 22 oDl
¢

p=
= "Riktcarz 2 g R P PR

N|"Uﬂ

i
Z,o Z, #
u

Sine K< yC:S)< KRadt C2< ( thereis an 2 small enaugh sudh that the deviation is
pro.tzbke. |

P raoF of P rgposition 7: Suppase %2 =0 and( < %P< 1:T he gotimality caditias Tor(2.19) are
ten
Y @i jla=0

@44
iV @PEHD* Y, @+ 5 =1

we dosere that the unigue solutian @a;ﬁ))mustslillbeinlaia‘. U sing (2.23) we abo see that
Ha@ ;%P =0 < HPQ ;%PX Itis staightrmard © \erify that Hl is aotiruas at @ ;%) for
j = aband it Bllons that there must exdst sane @) where ) < 1B < B and, sinee H2
is inftially inaessing | < H3@H 1% < HPEF ;1) T here must therefre exist same strictly
inaessing fnction G such et G () > | , G H2G ) = 1 ad G HP@F ;B =1 ie
Q&f‘;lﬂ’)isma:p’lbﬁun in Iteernmyvmhirnbmenlalsw;fq;fu;(a;bb);e g:

P ropositian 8: W e ..istproe the Ollbning BEnma

i ¢
L emmal3. | ety = %2%P besuchthat/@< %P . T henthereedsts . 2> | suchthatB 2 ¢)<
H2 @



P roof U sing (2.13) and (2.22) V\eseelt‘etei%a;%bq:! ri%b¢= rad bilaa;%b(t! ri%b¢= -
a6, 2! 1 ;the fector ratio uder both regmes goes tonards the oo ratio thatwould coour if
Y% = %P in the single graup madel T his implies (fram the de. nitias of e ilA;a;%bq:ard bilﬂ;a;%bq:)
mﬁb i%a;%bq:! g il/z:b¢and !55) ilA;a;%bq:! g i%bq:;V\rim mears that the et ectan tre lxge grap
is negiigbke in the Imit T he e ect an the small gap is honever mnnegigbke. To see this
rote tratf” Yoz« @ Yiape” @ Qo =r . Camor ey 4 wherea < b
(holts inespective of , ). Thus,

. i.¢
ety £ i€ @%° D> Bery

which mears mﬁaﬁ: im o ﬁa ilA:a;%b¢< im = Pa ilA;a;%bq:: PQD:H axe
. ¢ - . Z
bt = DD OGO e
1
< HEDEHDiFE D 5P GO T @k =
= Im H3¢:2;%:>)

P raofof P rqpasition 8 : | et 2 besmall enouch sothatB 2¢3157°)< Ha@s ;17X ovrj =172
Et/) =1 and aostructthe seopences Fidgl, by Etling

i ot
%2 be the smallstsoltin %2 = G B 2 %2,

i o
%2 be the ligstsoltian %2 = 6 'BaYa b

ort=1;2;xFort=1 aewai.es tat¥%? < % by using the intermediate \alLe theorem
G @ 2aF; 1Y) is bebwthe diagral and G ( is above). %P may an the atherharnd be brgeror
smallertren:P. H ence forthe nextstep we caud potentially geta prdblem (Wewantto aastiuct
manotone secpencss). H onever; ifweirsteed kety:? =18 2 it Bllons by antinuity that %2 < 1,2
for2 sut dartly small and for | @ small encugh we gettysP > 4,P:

Fort> | veseethatify2> %2, then itfollans fiam P rpasition 4 thet

N I ot
¢ Balamb < ¢ Balaub, T =uz

and sinee G @ 3¢ %) =10 we can again gpply the intermediate valLe theorem 1o aancdluce that
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%g, < %7, Similrly vehae thetifig< %2, ten%l, > %t e Figg isamactmically
deaessing sequance and Tk is a manotonically inaessing secuance. Sirne%{ 2 [0 ;1 Jforeadh
t it olloas that bath sequencs are aonvarging o sane mits ilﬂ;ap&%mq: in[0 ;1 Cearly, the
ilﬂ;apt%mq: is an equilibrium of the maddl withaut poicy and sinee %27 < 15 where 15 is the
fraction ofinvestars fram ain the mostdisaiminatory equi ibrium with ad mattive action.

27N the argumants weare presuming thet.2 > G )): Iffarsanet¥%.2 =G (); then the proosss
stps and we have reeched a aamer e ibrium, a Gese vwhere we knowv the resulithalcs arynay.

2



3. T he effect of Statistical D iscnminataon on
B lack-W hite W age D ifferentials. Estinating a
I odel with i ukaple Equilibria

3.1. Inboductian

T he ampirical ierature an disaiminatian hes aasistatly doomeatied thatblbads ean kss then
whitss, even after aardling Tor dosernebke daracteristics. H onever; oer the st years the
radalwace dic eratial hes narnronaed aasidarably. A magthe reeson ated Torthe reductian inthe
din erential are (1) aaonvergneein years ofsdoding; (2) aanvergenee in the guality ofisdhooling
(3 theselctive dedine in the Bbarfarce partidpation of lovvskilied bledks, (4) migratiaon ofblbd<
wakers autof sauthemn regas!, (6) at¢ imative actian and other anti- disariminatian legsktian.
Il uch of the debate hes cantered an the reltive aottributias of eech of these eplratias’ .

In thar suney of the anpirical erature D axde ad i edknan (1991) arge tat e .. 1st
Turepbatias an acoountforatmoest 6%  of the reductian in easnings ineoality, A lhoudh
bettermessuramatorthese ctars culd enbence tha raambined e bnatory poner; anadditiaal
epblatia is that the uneplEinad partion of the dedine rIetects moaments betneen dic erat
ecaony-wice egu ibria et might result fiom the same fundamatak. |nan eMramaitwhere
multipke equilibria aoexdst. a redudtian in ineguality can be exariencd if the econaomy moes
fian an equilibrium with high dir erertiak © ae with low dic erantiak. D adie and H edknan
anjecture that sudh a phenaomenan migithave coouned in the past ) years, peyheps es aresult
of anti- disaiminatian policy. B ut, they did not provice a structure within whidh an analysis of
this anjecture cauld be aaducted.

i igation aontributed signi.. cantly to the reduction in inecuality earfierthis aatury; butdoes
notssan o have plyad an imparten roke in the st dacades.

2T hareis avest ierature an this subject Seg Trexample Card and Krueger (199 1), H eddianan
(1989), L eoead (1984), Smithand W ek (1984, 1989).
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Statistical thearies of disaiminatian, pianesred by A mowv (19 73) and P helps (19 72), prodde a
ssttingwithinwhidh dic eratautcomes are passibe underthe same setofprimitives. T hesemaodek
do not projde an equ ibrium selection medhenism. | aetheless reantstudies have Toasad an
the et oy of ati- disaiminatian polides in reduding gop disparities. T hey showv theteven if
the e ectofsuch pdlides is in ganeral anbiguaus, there are Gases where sudh pdiaes can eiminate
the egui ibria with disaiminatian and led the econamy tonards gaup equalits?.

T he starting pant of this essay is the doservation thatwhi E the enpirical Herature ot
acoaunt for all of the reductian in wage ineguality besed an dnangss in the Tundematiak, the
theaetical erature hes danastrated that undar sane draumstanass wage ineguality can be
reduced even withautsudh dhanges. T his dngpterprapases and implEamants an estimation strategy
pabke ofidattif/ing bath the £indemeantak ad the e Ebrium dnosen by the economic aganits
in astatistical disaiminatian madel in which there may be mulipke autoanes. B y estimating the
madel in dic erait time periads, itis passible 1 aompare the pattemn of the equi ibria selbcted
in the econany with the other e ibria that the madel culd have grneratied under the same
TUndamentak. T his eardse can provide an aswer ebautwhetherthe reductian inwage inecality
Gan be expENed at kestin part; by the way e ibriavnare sebcted oer time?.

T he madel presated hare bullbs and now (19 73), and is an extarsiaon of the madel presanted
in Cheptar?. P riaduction takes place tlsing tho dis erant jdbo tesks ofdic erentaompledty. W akars
TBe aastly human epital investmentdedsian, wnidh, ifundertaken, makes aworkerproductive
inthe anpkextesk W atkars are hetexagmeas in the astofinestmatt T harefag the fraction
ohnarters whoinest dgpends an howvbig the bene. s fran investing are. Firms dedde hovmudh
10 pay warkers and howv 1o allocate tham betineen the tednologes an the basis ofa ndsy sigal
of productivity.  Equ ibria with wage inequality can edst because iFenpbyars hald assymmetric
epadatias sbout aggesate human cepital investant oFmambers of dic era it gaups, warkers
belonging 1o the gap with ks praductive pepke will be expectad 1O be Ess praductive then
wakers ofthe othergraup camying thesamesigal 1nthis situatian, higersigak ofpraductivity
wi ll be diz eratly renarded formembears ofFthe tno gaups. T his ganarates dis eratincatives to
inest T harefae ae gap will hae s wakers wiling 1 udertake the astly human pital
inesstmant, whidh 1l Ik the ssymmetric expectatias fran the enpbyars. In this antextitis

3See Caate and L aury (199 3), L undbarg (1991), adll aoadl aman (1997)

4Fostar and R csaandig (199 6, ad 0 ettinger (199 6§ prapase dit erant methads o estimate
the presae of statistical disaiminatian, but nane oftham passesses the strudture to amswer the
question pcsed in this pgper-
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passibe tratmultipke e ibria coedstwith dis erant ek ofinestmatdisparityy which implies
din erentwace inequality and incantives o inest

In geeral the prdolen of estimating modek with mulipke equi ibriastems fron the Bct et
theequiibrium selectionmedneniam isungped..ed. A lhaugh this is ttue hare as well thestructure
of the madel is such that the selected eqpilibrium is naethekss estimable. T he idea behind
e estimation strategy is the Tollbning Fora gven set of fundamental parameters, the madel
yiekk din erategu ibrium wege distributias. H onever; gven waorkers” human pirtal investmatt
dadsian, ad..ims gotimal respasss in tems ohwnagss and jdo allocatian, thewege distributianis
unigLe. T hedistinctive Eature thatalbns the idanti.. catian of the eqpi ibrium is that there exdsts
argpresatatian afthe model that uniguely relies the e ibrium wace distribution ofFae gop
ofwartkers 1o the set of enpi ibrium ddass macke by the agents and a subset of the Tundementtal
paraneters. Inthe.. 1iststage ofthe estimatian, this subsstofthe fundematab and the sut dait
statistics forwatars ad .. mims’ equ ibrium daas are aasidared as estimabke paanetars ofthe
wace distribution. T he ather fundamental parametars, Whidh refer essattially 10 the distributian
ohworkers oerinestnatt asts, are rmmowared in asscod stege. [danti. catian reguiires mergng
the .. 1st stk results dotained or bledk and white malke warkers, and adapting functiaal fam
assumptias that iplicaie the equiibrium estimated in the .. 1ststace. A mag these assumptian
itis required that the thogaps ohnaters passss the same distributiaon oer asts ofinestmantt
A fier ampEting the estimatian, itis passible 1 aompute whether there are ather-eopi ibria that
e madel an grerate uder the same set of fTundamentak ad 1o evaliatie whether there is a
pattem in the way equi ibriaware selbcted oertime

T he estimatian wss perfamed usingwace data tarten three yearperiocs firan 19 8 6 1199 0-
92. R esuls fron the .. Istestimatian stece show that the estimated wage distributias essatially
maich the basic facts, sudh as the inaessed withingroup wage inequality that coouned afier the
ddties. Itisfound thatblbds inesstinhuman apitalonaarage12 .3 Ess tenwhites althaugh
the dir erence dediness oertime. Caseouatly, reltively mae bleds are eanpbyed in thesimple
Bk(029% ws. 79 1% ). T hese dicerencs ause a23.6  averace div erace in meen Wage betineen
te togaps. A sinthe dalg the pradiced aerage wage div eraae betnwean graups dedined
axsiderebly until 1980, and stabilized aftervnarck.

Fareay year in whidh the estimatian is perfomed, the model grerates several equiibria
T he equiibria that were selected in the econany over time (Whidh fiam nowv an willl be refened
10 a5 the “salected’ equilibria) ware thoe in whidh the meen wage dic erantial wes essantially

51



the smalkst H onevey; atthe estimated parameters el ibriawth highaerwaoe inequality alnays
edsted. Insane oftham, bleds invest kss then in the estimatied el ibrium and reEavwe a oner
acraeware butare betier @ in tams ofwelfre then in the selected eguilibrium because the
redued ast ofFinvestmant aampasates Tor the smallerwace. |n another set of e ibria. bleds
are betier ¢ then vwhitss because they invesstmae. 1N aimcst alll of the e ibria of this tpe

whites are at a“‘aamer solutiat’, where nane of them investin human pital ad thareioe are
dllpkcd in tesmp ke task Bven thauchwvwhites inthese equiibriasae the investmatasst, thar
welfExe is an aarage baarthen in the selected equiibrium. T his is acoseguenee ofthe Bt that
e lrgergap is notinesting whidh stragly ar ects the aggrecaie autput of the econamy.

T hese..ndings imply thatstatistical disaiminatian and selfful.. lingepectatias ebautgaps
aerace prauctivities dd noteasrbate wap dic erencss intheU S ., and thatthe dedinreinvwege
din erentiabk ot be eplnad by adange in the way equilibriawvnware selbcted oertime.

T he ramainder of the dnepteris aganized as Dllons. 4 fier desaibing the madel in Sectian
32, we daradterize the set ofF equi ibria in sectian 3.3. In sectian 3.4 we desaibe the estimatian
strategy and the datesets usad in the estimation. Sedtian 35 presats the results, and section 3.6
summarizes the implicatias ofthe resuls and autlinss ediasias or future resserch. P ook ad
othertebks are in sectias 3.7 — 3.10.

3.2. Thre mackel

T his madel is an extasian of the statistical disaimination madel presatied in Chepter2. T hare
is aampetitive Bba-marketwhare ..mims produce fran a tednology whidh axsists ofF tho tpes
of jdo-tesks. 0 ne vihidh willl be refenred to as the simple sk can be perfoomed by any warker;
wharess the atherae the aamplex sk repires gall..ed workers .

Fms anatdosenewth aartanty whethara-notavwarkeris gual..ed. H onever; warkers an
be distingLished by an dosernvebk sigal (a testresul), as well s by theirracg whidh is indicated
with band w: T he size ofeech grap is , P and | \V; respectively. T he infamatianal ssymmetry
betnen tesks (e the oot that productivity of a water is knonn with cartainty anly in the
smpktesk) is cartainly notan innoauas essumptian, butitseams guite reesanebke an empincal
gauncs.

S1deally ae waud albw for mae tesks and mare graups; with goprapriate assumptias the
madel an be essily extandad © incapaate mae tesks and gagpes. T he simplh. cation adgoted
in this paperis nesdad because oF aamputatiaal prdolams and data imitatians.
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0 n the Bbarmarket there is a aontinuum ofwarkars with heterageneas skill endonmatt: A
watkerwithski laissaid bhae“aet daoysunits’. Eadhworkerbelongs toaeoftnoidanti..eble
gaups, indeed by bandw; ofsize . Pand |, respectively: Skillendonmentis distributed in eech
gap acoading o the same distribution h@) : T he e¢ dengy units ohwarkers will antribute ©
the total size of the fector inputs: T he key assumption of the madel is that anly workers who
invested in human cepital aotribute o the input in the ampkex tesk wharess all waters are
productivein thesimplketesk Investmantin human Gspital does notar ectworkers” skilla; butanly
makes the warker’s e day uni'ts productive in the aomplex tesk Costofinvestmantin human
cpital ¢ dgpencs deteministically an skill acoading © the ast function k@) with K@) < 0
(i.e maeabkewakars hae ks astofinestmant). T he inerse ofFk@which ieliss et denoy ©
asts, is danoted with e(@ D istributian (@ inducss a distributian oF asts g©= hEeE)ECEr
D eote the amukltive distributian of assts with G ©)

T he autputofthe ..M is gven by

yC;$)=C®s'1® (31

whare C ad S daote the input of et dacy units of Ebar in the aomplex and simpke tesk
respectively. A ssumeC =CP+ CWadS =SP+ SW;whareS P; SW represaitthe mass ofet danoy
units ofallnwarkers enployed in the simple tesk. belonging respectively tograup band w, and C °;
CW repreat the e edtive input of gal..ed warkers enployad in the amplex task belaging o
gap bad w: | e can epres these guantities ss Ollons Bt he@) be the distributian oer
et denoy units afwarkers hired by ..im £ ; and danote with KJ and H!' the set of workers of
gap j enploed respectively in the aamplex and simple tesk and with Q J the setof quel..ed
warkers fian gap j- T hanwe ampute the inputs T this ... mm as Tollons:

z
cl = ahe@xh 32)

azQ i\Kd

ST his is the main dit erance betneen this madel and the ae presaited inll ao ad | aman
@997).

T his assumptian will be relxad in the estimation. T he desaiption of the madel and the
davacterizatian ofequ ibriacan be essi ly extendad to the ase vhere graupes have dic erentdistii-
butias ofskill axdonment In Bt the parametrizatian of the wace distiibutian doss notdnenge
atall

8 In equi ibrium this will be the same Torall ..mms, and ecual t© h@)
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st = - ahr@xh (€5C)
azHs

P arameters ) represataommaniy knoan exaganals diz erenaess betneen graups in praductivity
in the complextesk rieltive o productivity in thesimple tesk . W e aan withaut kess of garerality
resak te madel so a2V =1 : 16 ok is o albw fora anparative achatece in anplbying
blds in ae of the tesks.

It hes alleedy been mantiaed that a wakers gual.. catian is anlly imperfectly dosernved by
enpbyas, which implies that there is apotential mismaldt  sone warkers withauthuman pital
inestmattwill in general ed up enploed in the amplex sk ad sone gual...ed warkers willl
be empbyed in the simplke task

T hetimingofevats is as Tdllons. inStage 1 workers dhocse whethertoinestarnotin human
pital o baoone qual..ed Torthe skilled jdo; afterthe investmeant dedsian, eech warkerperforms
atst(Stege?) tatresuls inasigaly: T his sigalis asummary ofall infomatian the enplojars
hae adBbkevwen they hireaewater: Instage 3. ims simultanseously annauncewece sdedules
(ie wags as afundian ofthe sigal and grop ida i) and in Stage 4 wakers dhocsewhat..im
towakfor: Firally, inStage 5, .. mims allocate wakars betnen the tho tesks.

T his is afamal dessaiption of tthe game

Stece 1. Eadh egait dooses an ectian e 2 fey;,0, Were e = ¢y mears thatt the egait
udartakes an investantin his human pital (and beaomnes agual. ed waker) ade= g, tat
he doss not ITagait a udertakes the ilvestmant he inaurs a ast of c = k@) whike no astis
incuned ifFthe investmentis not undertalen.

Staoe 2. Eadch warker parfams atest resulting in an dosenebkesigalp 201 ). Thesigal
W is distributed aooading 1o dersity ), forgap j warkers who invested in Stege 1 and 1), for
gap j waters whodid notinvest where j = bw. Itis assumed that £}, and f} are axtinuasly
dic erentisble baunded anay fiam zeyo and satisFy.

%%? %iﬂp 1@ j=kw [stictly maotore Ekelihood ratio properts/]

T his assumptian implies that gual.. ed workers are mae likely to get hidhenalles of i ten
ungpal..ed watess. | etf g ad F | daote the assodated amukltive dstributias. Sine the
“testing ted ooy’ is alloned 10 be dis eratbetnean grops, the same sigal Gan be dic erantly

T hey can abo ripresanta“ testie’ parameter riepresanting bissed preferanass of e emplbyers.
U ndarthis intexpretation enpbyers care ebautboth produdtion and race of treirempbyess, ard
Tundian (3.1) is areducd Tom represattiation ofemplbyers’ uti ity functian.
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inmative forwatkers of dic eratgaups, even whan gaups are eqal in all other agpects.
Stace 3. T he..ims simultaneasly annaunce wage sdhedulkess. W ages are alloned tobe dpen

dentaon the signal and gap idatity so thaka (pure) actionof..mm i =1 “ninstage 3 is asetof
messureble Enctias W :[0;1 ] R.;j=bw
Stecp 4. Thevxaletsdosenevx{_;i=1 ;N; j =bw; and deddewvwhidh ..rm towark tor:

Stace 5. In this ..nal stege of the game the ..1ims allocatie the ava Bbe workars by utsing a
tesk assigmantrukewhnidhis ameewra)btrcﬁmﬂ_ i Mlg:Theintapretatio is that
€ @)=1 Dmears that..mm i assigs allwaters ofgap j withsigaly otheaamplex (simpk)
sk

Itis assumead thatwatkers do not care directly what tesk they are enplbyed in; thus, ace the
inesstmantasstis sunk the workerwill riatically docse the .. m that o as the hidhestwage Tor
his particular realization of 1 and the gaup he beloss o T harefage impasing gotimal behaviar
instace 4, the payar ofavworker belogng tograp j can be witten es

E [ max w} @i o®

where ogp= k@ and a@g,)=10:
FHims’ dojective is T maximize autputmircs the wace bill

3.3. Chewactenzation of Equi ibria

T he basic structure of the madel is similar 1 the madel presatied in Chepter 2, thereiore the
eqp ibria will be daracteyized in a similbar Bshian. 0 ne impartant dic erence inroducsd here
is warker heterageaty, whidh alllons Tarawace fundian thatis strictly inaessing in the sigal
W thouthetaragaaty, allnwaters inthesimplke teskwould remEve thesanevare, Inaddiian, the
madel presanted in this dgpterallons the parametars of the “testing tednology” 1o be div erant

T hell ash equilibria ofFthe game are computed by daracterizing .. st the .. ims” best riesspases
(in tams ofwace sdhaduless ad tesk assigmatt ruks) o wokers” inestmatitdaass. T hese
respasss Wi ll determine a unigue set ohwege schaduless gven investmant behaviarby the warkers;;
impasing gotimal warker behaiar in the .. st stece we get a set of . >&d pdnt equatias that
davacterize the sst ofFequi ibrium autoomes.

Fist, notice that the wace sdhadule o ered by eedh .. im mustbe idertical almost everyinhere
inanyl ash equiibrium ofthe game. IFae..im ware o o era hiderwege toa pasitive mass of
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workars, then itauld sigitly bnervnwagss Torthoevwarkerss. | Fthewege adtis smallenaugh those
workers will notdoose ather . ims, butpro. s willinaeese. B ecase warkers do notcare directly
what tesk they are assigned 10 they are indis eratamang which ..mm towark 1or; itis assumed
that .. ms equally share warkers whaever they post the same wage Torwarkers of a partiaular
gap ad testresulty:

I ext aasider the prdolem fod by the .1 in the bststegs wWhen frectias %P and %W of
band w warkess invested in Stege 1 and .. ims arered wage scheduless W @) = W) j = bw
faal.msi=l:nadsigak 2 ;}Intis ae gap j watkers’ dstiibutian oerpl is
B O=W7W+ ¢ i W@

0 newatkars are hired the waoe astis sunk T harefore ..ims will dhocse instece 5 the tesk
assigment ke that maximizes autput | otice alko that this stece is nonstrategc in the sase
that ddas hare do not an ect the other.../1ms” pro. 15, so there is No reeson 1 doce ay ke
that is not autput maximizing  Itis passible 1o show (see Sectian 3.7) that this ruke must have
te“ato ” progperty, ie thateadh ... im will dhoose Toreech gap j ohnworkers aautor sigraulﬁj
such thatt 8 ]
d=_ " ™ @4

-1 ifu> ﬁ’
¢ iven this lukeitis pasibke O eqress . ims’ inputs Tragven chdceofﬁb andﬁw a6 olons.
B ecause f} and f are independant of the acst of investment;. the jantdistribution ofgraup j
warkers oerasts and sigek is
8
d@p= . JORE iMevaterinesed @5)
- gOR @ iftevwoterdd notinest
Fan (35) the aaditianal distribution of asts can be vaitien as

8
g_(@)_? 9%2;9 ifthe worker-invested,

= 9(—2%%) ifthe worker did notinest
s

Suppce that.. m e the “autr ik’ (34) 1o assign wakers betneen tesks. U sing the fect
that in eguilibrium all waters with ast of productian belowv a cartain el B 1 will investin
human epital and all warkers with astaboeB 4 willnot (B 1 satis. es ¥ =RG 5 3 IO, itis
possible to“aaunt’ the eqpacted numberofet daoy units assigned toeadh tesk R enniting (32)
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ad (33),

; zzZ
cl = = a©d Gol; (€X5)
eic;BJ'
_ g2z
st =+ a@©d G (€X))

0 c

6 iven that the eqpecied numberof et dency uni'ts ofae gual..ed and ae uaual..ed warker
ofgap j

R
i@ = =2 THOT,
cigyy = _obi OO
1 §¥d

itis passibke o use these epressian albgwith (3.5) o rewite (3.6 ad (3.7) as

i = =W iF €% @i (38)
i i N TP
s1 o= = Wil@X @D CiWIiE€x@n : @9

A ninerpretation oftheseequatias is thatrC i=_7 is the propartion of opial..ed warkers employed
in the aaonplex sk (belogng © gap j) %C i Fg"@j))mulliplenl by the expected number
of et dency units of ae qual.ed j worker EJ @) ad rei=_7 is the sum of the propartias
of gual..ed and ugual..ed warkers enployed in the simple tesk respectively multiplied by the
eqeaected numberofet dency units ofFae qual..ed and ae unoual..ed j warker:

I'tis nonvpassibe towite the prdblem of geeric..m i atstece 5:

L yCP+ CViSP+ sy (310)

sbj. 1o ci - I iFAEEI@Ex §=hw
Nsi . wWrigyi@D WY IEXEI@x j=bw

I'tis passible 1o show that there exdist a unigue solution 1 (3.10) Toraw ¥ 6 ¢ ;) ) ad thatthe
solution satis..es the Kuhn T uder anditias. | et°d and "4 be the multipiers assodated with
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the baundaries frp{_:A fier sane manipultias, these aoditias an be eressad as Olbns
(drpping the subsaipttar...m 1):

N S
iy @I BEXEI@D . @ WHEEXE @ ¢ i WREXEI@D + ¢4 i D=1 311

o j = bw; toethar with amplemantary skbedaess aaditias. D enote the solution with § =
€8x
T he next teskis 1o aampute egp ibrium wage schedukes. [1tis natural to assume tratBctars of
productian are paid tha reqpected margnal productivty, T hen we aan danote the “ Ebarmarket
equi ibrium” wage fonctian, gven: = @2;%P) as Tollons
8 o ] -
Wos Y OPEHIEIE g a1
BRI C A ET) otherise.
where p@; )= Y3 FL, Q) F,; (s the prabebi ity that avorkerwith signal 1 invested in humen
pital gven that the propartion ofinvestars in his graup is % ; and E 3 @) = Ra(c)j @vis e
epacted numbearofe¢ daoy uni'ts carried by awaterwth agven i

P rgpasitian 9 . L ettre fiactiaon of ageris Who investtin eech gaup ke gven by % =_1/4b;1/4w@? ad
assume tatanly workers with ast kss ten B 1 invested, whareB J sattis..es V) =RG 55 IO et
01 Bilg:j=bwkeapirofams wkswhams pantf ¢)deemined by (3.10)
and EtwW -[0;1]' R kegwenby (312). Then, ..mms are plying best respanses ifand anly if
tey daoosse wagss and sk assigmeantruke in acoodene ow @D ad ¥ ); j =bw.

T he proofis in the saction. ¢ iven the tesk assigments, ...ims have 1o pay at bsst margral
productivities, and strictly mare if they want 1o attract more workers. B ut then the anly vway 1©
make a pro. tebke daviation by attracting additiaal wakers would be to realiocate them mae
et dently betnean tesks, Which is impassibe gven that;, as dosernvad before the tesk assigmeant
ruke is dosen in anon strateg e stege of the game to maxdamize autput

T heintarpretation of the aampaants of thewvage in the aomplex teskis the Talloning ly, @is
the margnal productivity of ane et dency unitof Boar; E 1 @is the average numberofet denoy
units caried by a produdtive warker; and pQ;%) is the prdosbi ity oFawarkerbeing qual..ed Tor
the ampkxtesk A similarintepretation can be perfamed farthe simple tesk wagg whidh an
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Fogure 31: T hewaoe Tunctian

bewritten A

!
v, @ Ed@iy i, pigpd 1RO . 313)

LA LA
In this e the margnal praductis muliplied by the waghted average ofthe eqoected numberof
et dency unis ofagal..ed and unaual..ed warker; weighted by the prdosbi ity ofFbeing respec
thely gual. ed and ugual..ed. U sing the ... istadaraadition o the tesk allocation prdolam, we
an see that the wage Tundion is aotinuaus atﬁj thatis the autor sigal is dosen so that the
warkernnho carries ithss the same expected margnal productivity in both tesks. | otice abko that
the maotoe likelihood ratio property implies thatew () is strictly inaressing

I ext we hae 1 asider gotimal warker behaviarin the ..1ststace. D eole B4 @) 1o be
e goss bae. s dfinvesting Torawaker belongng to graup j when wagss are aamputed in the
Ebarmarketequi Ebrium assuming ¢P;%)="Y:T han we hae

Z
- _ i . ¢
BIg)= WO'HO B d; (314)
u

where the dependance an % is implidt in the wage fTunction. T he eguilibria of the madel are

%b=G @ P "X
V=G @ W& KX

(315)
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Fgure 32: Symmetric equi ibriawth exante idential ga s

W e an sum wp the pravias disassian and state the Tolloning propasitian

- ®
P ropasitian 10. A paroffiaction ofinvestars %P;%Y  in equilibrium sobes (3.15). Il aeower;
any solutian 1o (3.15) aonrespands to an egui ibrium ofthe madkel

T he necssity partafthe previass propasitian reguires shoning thattin equ ibrium anlywarkers
with ast kss then acartain Bal investin human Gpital and nonworkernwith asstaboe thesame
Bl inests (a mantained assumptian in the daraderization of the *“ Bbarmarket e ibrium”.
T his mustbe true since the exante bere.. ts ofinesting are the same Toreech waker ofgralp j:
Bxistence of e ibria therefore reducss 10 the exdstance ofa..xa&d pdrntof G 48 :

IFfgroups donot passess exopaas die arenass (i.e ifthey shared the same testing ted oy
and %P = %) then exdistence oFasymmetriceci ibrium can be essi by esteblished since the prcdblem
becomes aedmeasical | tregures edstence ofa.. >a&d pantoftheequatian’ =G @ ¢ ))where
B (@ are the incantives o invest darived as in (314). W hen's =0 then production and Weoss
willbe zarg soB ¢()=10:W hen¥% =1 ; then wages will be aostaitin p since there is no\albe
in hiing a worker with higher signal when eversbady is knonn o hae inested. T harefore
B ()=0:1FG ()> 1 then a.>ad pdntedsts fian simpk gpplication of the intemediate valLe
theaan. Canplbnentarity of the fctor inputs garantass that functian B @) is “stegp” near
Y =0 ; thaee ifG () =0 ; anotivial .>ad pdrntedsts proidad that the minimum asst of
inestmantis nottoohidh (s=..gre 32).

W hen graps are notidatical then e ibria cannotin ganeral be symmetric wWhen%P =4,W;
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margnal praduct will be dis erat becase of the exdagenas dic erancss (reampk adicerait
tssting tednolayy), tharekre inaatives will be dic eraitas well

34. Estimatiaon stralegy

0 nevay dfestimating the Tundemental parametars ofFamaodal et ganarates multipke equ ibriais
1o ampute the setofall equi ibria that can be gnerated gven asstofFfundemeantals, ampute the
ikelihood undereadh ofthese eq ibria. dhoose the equi ibrium thatmaxdmizes this lkelihood ad
then maxdmize oerthe set offundematal parameters. T his eerdse is notanly amputatiaally
epas\e butitis ako prae 1 & bLre gven that numerical procedures might sametimes miss
ae armae ofthe equi ibria ofFthe madel

T he o stace estimation procedure pursued here does not reu re the aomputatian of alll the
*esibE equlibria T he interssting feature of the model that is eplated in the estimatian pro
adure is that gven workers” human eepital inesstmant dadsias ard ... /ims” gotimal respasss in
tams ofwagss and jdo allocatian, the wace distributian is unigue. W hattis nesded 1o ripresait
the wage distribution Toragagp ohwarkess j is the fiaction ofinvestars in human cpial ! | the
m(aségmerrtmbﬁj, the testing tedolgy ° 4, and the margnal praducts ofthatgrap’s g sl
i..ed and unguall..ed warkers in the complex and simple tesk ( y; #'E Y @k v2E 1 @) y-E T @)
T hese six \ariables unigLely detemine the waoe distribution, and can therefare be aasidared as
estimabke paranetess. T he .. 1ststage ofthe estimatian aasists in . nding the set afFthese param-
eters that best matdhes the enpirical wage distributian. | otice that no additiaal informatian
abaut the distribution over ast g(@ and the asstski il endonment relatian e(@ is nesded to com-
pute the kelihood ofthe distributian, and ingenexal dis erantparametrization Torthese funcias
c&n be axsistaitwith the same wage distributian.

IN the seaod stace, the parameters dotained separately Torthe tnogaps in e .. iststege of
theestimation are merged, and same resstrictias of the madel are used in ader o removaermanats
oftrefunctias g@and e(@ T hen, itis passibe toadgotiunctical fom assumption thatreplicate
te equilibrium estimated in the .. 1ststege ad wee the amputed manats of (@ ad e(@
unigLely determine thar parametess. A tthis stage itis nacsssary 1o dip the assumption that
the relatian betinean astad abi ity e(@is unigue T the sno groues.



34.1. Hrststege tte wWaoe distribution

6 ivenasstohnwagss represatative ofFthe graup paqoulatian itis passibe toformulate the ikelihood
Tuncion Taravectorofdosenatias ebautwagess ohworkers ofgrap j = bw aollected inasped..c
time periad. Todothat reguires the spad... cation ofan epressian Trthe wage dasity. Tobaegn,
assume that the testing tednology distributias belog 1o the ae parameter Emily.

B =
RO = S’
o j = bw: T his fundiaal fom impasss the maoiae kelihood ratio praperty Torany value of

the parameter° J > 119:1 o rearite the wage Tunctian (312), using aba(3.13) and antinuity of
thewace fundiaon atﬁj =S

8 A o
H I | _ _
? yj+yj Qi_el) ' _ %quJil) _ ' al_
W= e ydpCd i v iyt =F-
= et ] DA
- 1] %Juc il J i D -
Yo T i g g a3 T YUTaac 53 @ i a3 5 otheriss
where
j o] Ej =
yfq Y2 _(a_l:i_ ) (3.16
vl =y.El @D

Since wagss are strictly inareesing in |15 the wage Tinclian is invertible. D enotle with 8 (@ -
R+ ! [l Jthisinerse ¢ iventhaty is distributed in the papulation sccoding to =ydp i
i i’ i thewage distributian >3 Wil satis/.

: e -1 (.
AO=1,E O 2
. ¢
whered(® d! can be aamputed analyticallly Lsing 'dM(ﬂ(!)):ci! D) i - Itis thexefore passible
10 danne the lkelihood nctian gven avector ofwegss for gap j @en fron the pqoulatian
surey ! 7 [N}, and population veigts kK [k 1, .

T osimplify the prdolam itis passibe 1. nd data analass 10 3.1 6 so that the wage distributian

forgap j e be expressed as afunctian of ) ;°j;zanolﬁj anly. First, notice thatfiom themadel

10T his assumption is withaut Ioss of gaerality since when ° < 1 the ks of fy ad T, are
rassd the bnerthesigal the baarthe prdosbi ity that the workennho canries itis praductive
inthe ampkex tesk




the minimum wage W @ )is equal oyl - A ssuming that 1 is the minimum reported wage
vi=w@=1 317

Secodly, wsing the fect thatdata an vwagss Leed in the analysis are topaoded, Y Gan be expressed
as atundicn oftheotherparanetess. L etting 1y bettemaxdmum reported wace (i.e thetgpaode
kb)), yq an be aamputed by solMing the olloning ecpatiat':

0 ~

1
A i ;
%) _ _ NI %j“NCJ il)
In =04+ Y

Lk

_ . 3.18
g WIS B4 D G XD 18

where |y is amputed by matding the rigit @&l of the theoetical wage distributian with the
fiactan of dosenatias at the tphaxdke bel Famally daotke this fraction by K; then y is
aomputed as the unigLe rootofthe equation F 4, @ )= K=8"_ k;i.e:

=3 -

W@+ i i€ imd " =1 g on

"sLk
T he Efthand side of (3.19) is strictly inaessing in iy When °J3 > 1 ; and the rigkhend sice of
B18)is styim%sirginy{;';kermauiq,esdJﬁm is guarantsd. H adngused the .. istad
the bstdosenatias O gety, and yg; the ikelihood functian can be computed wsing dsenatias
fitn 2 ©N j1: Impaing (3.17) ad (3.19) the wage fundtian depancs aly at ﬁj;%j;amlﬂz
T herefore the lkelihood of dateset (1;K)is aondiical anly an @' 3 4 ; and ° 3 . Spedi..callly

(319)

_ il 3 3 - -

KR )= by WI@)' i+ iy im)’ "+ oG) @ (320)

=2

whare j; is the demative of the invarse aftte wage Tundian at 152 ote that; and §; dgpad an
the parameters B ;44 ;° -
Farany\ale of tre parameters ' ;74 ;° 1 ; the valLe of the kelihood o dateset (1 ;K can be

110 nlywagss atarabove themimimum wage setby Federal egshtion are used in theestimatian.
T his implies thaty? = y); projded there is at lesstane dosenatian in eech grap at the Fedaral
minimum \Wacg.

12T his eqoressian is valid anly if 1y hes been earmed by att ksstan individual employed in the
ampkx tesk 0 re auld alnays ety this by daddng that the maxdmum Ekelihood dotained
with amadel whare eversbady is enployad in the simpke teskis kss then the ikelihood dotained
with the mare gareralmadel [feverybady is enpbyed in the simp e tesk then thewage eguation
impliesyq = 1




amputed ss Tollons.
1. 0 btainy}, and y}, fiam (3.17) and (319)

2. Canpute sigek | by soMing numerically the inverse wage fundion 1; = 8 (@) 8 =

3. Canpute the derivatives of the inverse wage fondion j; wsing ji = 1=@dM @i )Fdii); 8 =
2;:N §j 1 (e acwal fomuklis anitied).

4. Canpute the kg Ikelihood wsing (320)

T he ..iststace is aampleted by maximizing the lkelihood using arnumerical methad.

342. Seaxd steger astad skl erdonment

T he estimated parameters fion the ... 1ststep indude sut dentstatistics Torthe ecpi brium ddass
mack by the agaits which dnaradterize the equilibrium selbected in the eaonamy (V4 9’ YD
H onever; the anly indemeatal parametervwhich is estimated is ° 4 : T o daracterize the athereoLi-

bria that-the madel coud potantially have ganerated, the other fundemental parameters hae 1o
be derivedt @ ; 4°; and the paranmetars of g(@ and e(@x T his section desaribes a procedure that
not anly reowers the remaining ftndemantal parametars, but alko impasss that the equilibrium

sstimated in the .. 1Iststece remairs an egu ibrium of the madel under the estimated set of fun

damatak. T his esbls aomparisas 1o be made betnwen the equiibrium that the estimatian
daractsizss in the . iststage (Whidh can be thaugh of ss the e ibrium that agats selbected
amag the ad BbE eqiibria), ad the other equi ibria that the madel ean gaerate.

T he procedure is perfamed acaading to the Blloning steps:

1. P arametars @, ¥P; are remvared by mergng the resulls dotained fion the . iststege of the
sstimation fian the o ragal gagps. 1N additian, the manats of the skl exdonmatt
E @ E @) E @n; E @) ae dotained. T hese manatts willl be used in step 3 ©
dotan the parameters of the asstski il endonment finction. T his step is perfomed by using
rsstricias implied by themodel and does notrequire impasing any additical sssumptias.
2. A ssuming a unifam asst distributian g(@; its parameters are amputed wEing Issticias

betnen the wage distributian and the estimated propartian ofinvestars ¥4 implied by the
maookel



3. In e ..ral step the paramnetars of the astski il endonment functiaon are estimated. T he
assumptian that gragps hae identical asteskill relatias (@ must be drgoped in ader
that the equiibrium estimated in the .. iststep is an equilibrium under the estimated set
offundemertak. A s matiaad in Tooinoke 7, this can be doe withaut any dhange in the
paramnetrization ofthewage distributian. T hen, assuming inearity; all the parametars ofthe
o fundias écan be amputaed using the information acmputed in (1) ad (2).

D enote all the parameters amputed in the .. 1ststece of the estimationwith carets. Step 1 is
periamed by solMing a systam ofeightindgpadentenuatias in aditunknonrs. E @ E @)
E @IXE @U)X%°;0;y ady,;whidh hes auniquesolutiats. T he..isttwoeqatias, (321) ad
(322), are dotainad Lsing the restrictian impased by the inearity ofthe wage Tunctian atﬁw (==
equatian (3.12), ad recall that the madel is normalized with W = 1) ; equatias (323)- (326 are
equivele Tt 10 (3.16, and the st thoequatias, (327) ad (328), are estrictias implied by the
CdobD augles productian function.

0 1o
v+ @ ¢ 19N = v.EV@E); (321)
&
0 1 4051

yor yﬁ@%@é%A = v P @22)
2 = yvEParx (323

W = y.EV@rk 3249

& = v.EP@x (325)

w = EV@n 329

yy = @CP+CcwWyilgb+ sWyi® 327

Y2 = € i®CP+ WY EP+ s (328)

where: ¢ = IR iF @R I @ist = I @ @ 1@ « 195 1€ 3 @i
ad 3 is the number ofenplyed make workers of gap j:
Bt ean be witlen as asystem of ineerecuatians.

] o) i LC)
4 §@)=F canri@>=1:1 i D




Instep 2, assumingaunifom distribution Trg@implies thatthe aumulative can be parametrized
salimlra NG EO=p +p Ec2[ip=P::C ip Frlip::The.ststege oFthe estimatian
proidss enaugh infomatian asbaut the distribution oerasts g reoerp ad p: Tose
this, Lsing (3.14) compute the maximum estimated acsts B3°; B2 paid by workers ofgraup  barnd
w, thatis 83 = Ruvd@)a?,@ i PO T hen ae can wiite the lloning identities

B = p+ piP 329)
B = p+ pPY B30)

flanwhichp, andp, canbeaomputed. T he camputed parameters have an econanicmeeninganly
ifilp > 0 :\ otice thatassuming tatg@is the same Ttorthe tno gaps is audal in this procedure
(iIfdistiibutias ware dis erait then this informatian wauld notbe enough 1 aompute all ofFtrar
paanetErs). Furttermare even with a unigue distributiaon this procsdure is not guarantesd o
wark because the solutian O the systam (329 )-(3.30) migtyield an inedmissibe valle ofp, 1°

Frally step 3 is pafamed by assuming dic erant skill ast functias for the 0 gops
parametrized a6 Ollons: O = PF+ P d ad eV© = pi¥+ p de T he paameters can be
amputed by soMing the olloning systems of equalias:

8 R
< ES@D= _ O8Ot

; R 33D
S ESad= g O8O

ad 8 R
< EVi@iD= _ 4y, e"O80xt

- __ R B32)
© EYED= g, @' OHOL

where E F@j; E F@ji) j = bw are conputed in step 1, B3 is the estimated gass returms ©
investmatcomputed as indicated instep 2 and&c)= » fran step 2: Systems ofequatias (3.31)
ad (3.2) are Inear; and have thounknonrs eedh. T hairsolitian wi ll be econamically meeningl
if8 < 0 and P < 0 ;& assumed in the desaription of the model

T his aoncldes the estimation ofthemodel. [ Faomissible parametenalLes can be dotained for
the aostdistribution and the acstskill fonctian, then the ecpilibrium estimated in the ... Iststece

15 Fareampk ifthe graup thatinwests ks hes higherinaentives B2; then the solLitianwi llinclLide
p: < 0;which implies that itis not passibe 1O marntan that gagps hae the same distributian
oerasts.



wi ll be alo an equi ibrium under the estimated set oFbndematak.

34.3.D aa

T he madel is estimated using weskly wage data fram 19 68 1© 199 2 fram the CurnentP qoulatiaon
Surnays. D atawere marged oer ten three year intenaks Lsing weskly waoe data of bledk ard
white maks. Eadh sampk is referrad o with the st year of the three year intenal W eskdy
data are usad because infamatian an hours worked was not collledted before 19 76 whidh makes
itimpassibEe 1O ampute the haurly wace T harefag aly wakers warking 0l ime (2l or
partyear) are axsidared. 0 bsenatias are mergsd oerthiree yearperiacs in ader to perfom the
estimatiocnwith brgersamples. T hernumberafdosenatias rangsfran 395 (19 6) 10884 (1992)
forblds, and from 4087 (19 6) 76219 (1980) forwhites. T operfam arsistatintertempaal
amparisas, Wagss are standardized o the el 19 82-84= 100 wising o the CasumerP rice Index

BEventhauch CP S wagss aretpadad, formany yeass there are nodosenatias afbled<workers
atthetpake bl 1gxaingthis ecthwould aeate an arti.. dal ssymmetry betineen the estimatian
ofthe parametars rehltive toblbdk and whitewarkers. T harefore dosenatias are topaoded atthe
same bel of$1000 fothe tho gayps, whidh guaratess thatat ksst ae peraaitof dosenatias
is ahays an the topaoded & | ofthe wage distributiaon.

35. R esults

T hemadel is estimated oexr three yearintenak fron 1Y 8 ©1992. Tabke 3.1 shons thevabes of
the paranetars estimated in the... rststage © (standard enars arein paranthesis). 0 therparameters
anputed in the .. 1Iststece fran the estimated parameters are reparted in sectiaon 38, ebke 3.6
T he progpartion of bledss investing in human cepital hes alnays bean loner-than the proportian of
whitss anaerage by 12 .34, butthe dizr eraxce hes bean dediningovertime. 1tis ako intaresting
that the testing tedndlogy is estimated 1o be simi brforbleds and whitss, even though afomal
st igecss the hypothesis ofeguality in eech year-
In aderto provide evidae ebauthovwell these estimates match the empirical distributian

te theoetical ad estimated distributias ofwagss belowv the tpaoded kel is plotied in ..gure
33. InSectian 39, bk 3)I rpats summary statistics of these distributias from 19 6 1©199 2.

16T he parametars are dotained by minimizing the Iag kelihood fonation using aversion of the
donnhill simpkexmethad.




A Nstatistics are coditianal an the wage baing lonerthen the topaoce el T his eidanae seam
1o an.m that the madel perfams By well in riepresating the wege distributian

T abke 32 presats infamation amputed fran the estimated parameters. T he seaod aolmn
rieparts the div erance betnween bledk and Whites aggrecaie propaian ofinvestars. T he third ad
Taurth coblmrs presaitthe implied incatives toinvestin human pital computed using eouatian
(314); predicted average wagss computed integrating the wage fundian are in coumns 5 ad 6
T he st tho coblmrrs repart the propartias of biedk and white warkers enpload in the simple
sk A Imanetary \aicbks are in ddliars perwesk namalized at the 1982-84= 100 el

P rp. ofinvestars T hreshold sigal T esting tedhnology
Year yP " ﬁb 8" *® <
17 333 56 822 1.8 1.6
e
(3AE02) (10E-03) (17E01) (29 E03) (\14E-02) (20E-03)
e 222 36 885 V(&) 1.71 1.6
(12E02) (88E04) (87E03) NV 1E09) (21E02) (17E03)
1871 257 3B7 857 .B7 1.70 1.6
(23E02) (Y a=049) (80E-03) Y a09 (2a202) (21E03)
274 404 900 .88 1.6 1.70
1974
(20E02) (9 4E-04) (28E-02) (V3509 (3NE02) (22E-03)
26 33 K& 757 1.77 1.77
1977
(2a=02) (92E04) (25E-02) (10E03) (27E02) (20E-03)
1980 265 377 906 A77 1.77 1.77
(24E-02) (81E04) (24E-02) (BE09 (25E-02) (17E03)
1083 257 368 872 (< 1.79 180
(24E-02) (.75E-04) (18E01) (24E-08) (25E-02) (LY E03)
28 34 &8 750 182 184
1986
(20E02) (82E-04) (1YE01) (13E02) (23E02) (18E03)
1989 270 31 895 7148 1.77 181
(10E02) (76c04) (A40E-02) (13E02) (21E02) (18E03)
1092 26 373 853 .704 180 184
(15E02) (.73504) (15E01) (11E02) (20E-02) (1a=03)

Tabk31: Estimation results
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Foure 3.3. Empirical and Estimated distributias, bladk malkss 1980

0 bserve thatthe estimated div erancss in the propartian ofinvestars dedines betneen 19 6 ad
1980 fran 15.3% ©11.1% , and ramairs gpprodmately stebk aftervnards. T he estimated rise in
inatives ©inestoertimeg ad the ddlire in estimated average wagss in eech gap after the
savaities is arsistaitwith the inaesse in within graup wage ineguality coounred after19 70, and
doameted inJun etal (1993) andl ewy and !l umare (199 2).T he st tno colmins shavthat
maerar 9129% ofblbds ad 79 .1% ofwhites were enpbyed in the simple task

A s desaribed insectian 34, resulls in tBbke 32 are dotained withautmaking sped..cparametric
assumptias ebaut the distributian oer asts ad abifities. W hen the resuls from bledk ad
whitss are merged in eedh year;, and the isstricias disassad in secian 342 are impased, the
other parameters of the madel ean be dotained (see teblks 3.7 and 38) and welfre aralysss an
be perfamed.

T abke 3.3 presais the amputed aerace astofinestmattbane by watkears. | verage welfaxe
is Simply the average wace minus teaarace ast. T he Ibsttno acolumrs repart e bbedk towvnhite
aerace welere and wace iatics. | olice that the pattern of reductian in blied<d White dic exrantiabk
is notsubstantially dic eratwhen lodding atweliare insteed obvnagss, and an. ims thatdisaimi-
ratian, messured in &ms ofatherwelfre awace ineguallityy deaessad shaply bekae 1980, but
remained gppradmately stebke aftervarcs.

T abke 34 reparts the proparian of investars, aerace wage ad aerace weliare in the el
bria that ware not sebected of the . Ist and the st year the estimatian hes been perfamed. In
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Blbd<| W hite

Blbd| W hite

Bld<| W hite

Y6

154

1531 1&a0

24| 403

I3 36

e

A3

153.6| 1705

3B3| 477

93 811

1971

130

14 .6| 1844

H73| B24

314 A2

1974

130

1559 1959

360 | 48.1

940 .88

1977

118

1812 2063

371.6| 4742

919 801

1980

q11

1815 207.7

3752 | 4711

J46 821

1983

A11

186l 218.6

35| 4502

925 812

1986

122

2020 23 4

HArl | 482

920 N4

1989

q11

1952 23 5

H1I 459 8

I3 N3

1992

109

202.6| 2434

A1 | 44/0

J11 .56

Tabk 32: Canputed results

A verage acst

B bdJW hite

ofinesstait

A verace welfare

ratio

Y ear

BlEd]| W hite

Blbd| W hite

W elewe | W ap

Y6

266 508

2959 315

77 144

e

3.1 535

D72 | 4042

768 7140

1971

29 .7 515

76| 43038

.8 741

1974

3.1 540

3378 4341

778 756

1977

40.5 sS4

3311 | 4108

805 .785

1980

4.0 a.6

3H2 | 4095

817 N6

1983

4.3 63

D71 | BII

787 176

1986

24 64

D47 | 309

787 .54

1989

32 a3

337 | 375

77 163

1992

4.6 aly

85| B2l

806 781

additian, theaaomputatianis reparted Tarld 6 because ithes unigue features thatbwi il be desaribed
belbw; computatias T the othernyears are presarited in sectian 3.10. Equiibriaare sarted by the
praportian ofFbledk investars; the equi ibrium which hes been selected in the eanomyis in italics.

I otice that the eaonamy hes always bean Gpable of grerating ather Tour or .. \e eguilibria
(induding the selbected e ibrium). T hese equilibria aan be diessi..ed into thiree categxies (1)
axner equilibria where all bleds or all whitess are anpbyad in the simpe tesk (2) interiar
e ibria where bleds redEve a snaller aerace wage then whitss (3) interiar equi ibria where

TabE 3.3 A gyegate welire actual equi ibrium

whites raEve a smalker aerace waoe then biedss

T he...iIstdoseratian is thatthe econamy alnays selected eq ibriaofthe seoond pg and et

70




19 &"-

INnestors A veracewece || A varace wellere
WP | vW [ Bk | W hite]| Bl | W hite
000 | 410 | R35 | 4338 X35 | 303
103 | 155 || 3054 | 4059 2904 | 330
A7 | 33| R24 | 4303 || 2959 | 3195
Q91| 401 || R46| 4334 || 2 3715
800 | 000 || 951.3 | 3A7.3 || 818.7 | A3
veae-
000 | 366| B3 | 482 || B&3 | 4037
222 | 360 || 3B3 | 47.7 || 7.2 | 404.2
S| 245 || 4156| 4431 | 310 | 4085
50 | 174 || 5561 | 45 | 4662 | 40038
823 | 000 || 11839 | 2954 || 10384 | 2954
19927
000 | 36| A& | 4/3 | A& | 317
281 | 373 || M1 | 4470 || 085 | 2.1
715 | 017 || 11520 | 2388 9824 | 2370
737 | 000 || 12483 | 2202 || 10702 | 2202
*Selected equi ibriain italics

Tabk34 Equiilibria 19 6, 196, 1992

no el ibrium with substantially smaller dic eranass in tams of average wace ineqLality exdsied
in the economy’. Fareampk in 19 6, thiee interiar e bria exdst; but their blbedk o white
asraceWace ralics diceratmastby 0.8 paercatage pants.

T heimplicatiaon ofthis resultis that statistical disaimination ganeratied by self il lingepec
tatios sboutwatars’ productivity did noteacsrbate wace inegLality in theU S. T haekae the
dosernved reductiaon inwage ineguality mustbe an er ect ofFdangss in the Tundematal parameters
ofthe madkel

In the comer equi ibria the gaup whidh is not investing is dyviasly wase o in tams of
wagss then in the selbcted equiibrium. Itis ineresting to notice the en ect oFgap size an the
perfamance afthe ecaany in this tpe ofequiibria. 1N the camerequ ibriavhare all bleds are
enpbyd in the simpk tesk they perfam betterin tams ofwelfare with respact o the selboied
e ibrium despite reaving a smaller aerage wage T his is because they sae the ilvestmatt
ast Whi e there are notbig er ects onwagss because oy s then 10%  ofthem are employed in

YT here is an exagotian in 19 77, when an eguilibrium existed where bledss invest mare then
whitss. Inthis equilibrium, bleds” aeracewaceis abaut8%  betterthen in the actual equi ibrium
(butstill 153) kss then vwhites” averace Waog)- B ds are warse in t&ams ohweliare then in the
sebcted equilibrium since they have 1o pay a hider ast ofinvestmant
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the acomplex tesk in the selected e ibrium (and they account anly orebaut 10% - of the Bbar
o). 0 ntheantrary, thare are biger ects in the overall perfomance of the econamy ifallwhites
hae o be anpbyad in the simpke tesk Empbyers mustin this tpe ofequi ibria hire aimast all
bledss in the amplex tesk and this ganerates hidh incantives orthem invest Sinee the brge
gap is notinesting there is avary hich margnal productivity in the amplex tesk ad bw
margnal productivity in thesimpe tesk T herefore Whi Ebleds arebetierar thenin the selbected
e ibrium whites are paralized in tams ofFboth wagss and wellare

Finally dosene that eqilibria of ype (3) are infieqpett anly in 1968 (see bk 34) there
edsts an interiar equi ibrium where vwhites invest kss then bleds and remEve a smaller aerage
wace. Still whites” wellare is rger because blbedss are paying a substantial ast ofinestattin
adartosustain hidh ek ofinestmant

In &bk 35 a messure of disaiminatian is camputed by calulating what equi ibrium the
econonywould display in acokor-blind sodety, whereenpbyers cannotdistinguish the race ofthar
empbyess. W hi e this doss notganarate a sodety without dis eratiaks (since same parametars are
din et o the two gaps), dic erencss in tams ofvnags and welare are substantially reducd.
T he directer ectofthis eqparimentis thatemplbyers canotcaompute by gaup statistics T assess
individual praductivity, therekare the average exected productivity ofawvworkenai llbe avwagiied
aerace of a bledk and a vwhites warker praductivity. T his induass an indirect ee ect of aeating
simi b incaatives o inestin human cgpital Sinee the testing tednology is dicerat, inantives
are diraraitas well and Torsane yaars they are sudh that bledk ilvestmantis higherthen whites
investmantin egu ibrium. D espite the burden ofFa hiderinestmattast, an aerace bleds can
245% interims ofvelfare with respect to the selected eqpilibrium. W hites insteed kse any 22% ,
sine tharwace s is partiallly ampersatied by the smaller ast ofinvestmant paid.

Itis important to stress that this eparimant hes bean performed under the estimated set of
paanetars, whidh are aoditiaal an the exdsting poicy adgoted in the U S. at the time daia
weare adbded. A flier 19 6, the U .S. Boar market eariencad several waes of etiaycameant of
anti-disaiminatian polides. W hile these polides are notepliatly modelled hare they prdoebly
a ect the estimatian of the Tndamatak. Sinae a aolor blind sodety is naomally intended as
a sadety withaut preferattial treatment; itwould be mare goprapriate 1o discount the ep ect of
preBratial poides an welfre beftre parfoming the expaiment. T o the extant that preferatial
polides improe bleds” welerg, the asssssmait ofthe gairs fron a aolor blind sodety perfomed
here oasstatss the grirs Tarbledss.
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INnestors A verece W eliare 6 ars
Year| BEK| W hite| wap | BEK| W hite| Bbk| W hite
V6 | 274 | 268 41538 3146| 354 | 1266| 989

vea 371 .39 48 P15 | P37 || 1275 | 974
1971 31 378 470.2 400 | 4204 || 1282 | 976
1974 39 35 478 Py | 46| 1261 | 978

177 375 375 4814 || 4025 | 4025 || 121.6| 980
1980 | 36 370 8.1 4012 | 4010 || 119.7 | 978
1983 .38 3 13 .3 310 | B0.6|| 1241 | 976
1986| 371 375 a8 .1 320 | B0I || 1254 | 974
1989 38 | 373 AB.6 || 304 | R8I || 1244 | 977
1992 || 3H7 .36 4367 3757 | 3738 || 1218 | 9738
* W elfre paraaitage gars with respect to the selected equi ibrium

TebkE35: A aolorblind soaety

3.6 Caxdsias

In this dhgptey; a madel of statistical disaiminatian with mulipke equilibriais presaiied ad a
procdure gpeble afidantifying both the parameters ofthe madel and the e ibrium selbcted in
the ecoany is develpad and implEmented. T he resuls dotained by estimating the madel oer
time shovthat the U . S. ecoany hes alnays been dose 10 the eguilibrium with the smalksst
radal wae dicagaitial T he ather eguilibria that the moddl is gpabke of ganarating disply
kg dic erencss intams ofwnwace and jdb assigmattdic eraitiak. T his implies thatselfful. ling
epatatias grerated by statistical disaimination did not exacarbate wage dic eraitiak in the
US. I aeoer; there is no eddancee trat equilibrium selection played a ok in redudng wege
disaiminatian in te bst thirty years. T his seams partiaularly interesting because ae of the
a ats that the thearetical Herature attributes to anti- disaimination polides sudh as at mative
adtian is to dnance the set of eqpi ibria of the eaonamy*? . In prindple pdicy can be apabke of
eiminating ecpi ibria with ineguality, thus keding the econamy tonards gap equalts? . For
eanpk ifat the intkaduction of a¢ Mmative action pdiides in 19 6 the eaconony hed been atthe
“aomer” e ibrium with bleds emplo/ad anly in the Ess skillEd tesk (see tebE 34) then thery
predicts thata quotlawauld have been enauch to mowe the econamy tonarcs an eq ibrium with

18T his en ectis albo disassad in the public debate, seeB ergman (199 © and Sonell (199 0).

0 ne of the important pdrts of the Herature is actually that the policy may notbe ebke 1o
eiminate such equilibria SeeCaateand L aury (199 3), adll aoadl aman (1997). | asoer;
itis prdolamatic 1 assess the en ects ofFpolides when starting fran an inteviaregu iium because
ofthe di¢ aulies in aamparing sets ofeqpi ibria
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lbaerwaece dic erattiak’ .

Canwe dawvmare praase policy implicatias fiom these riesultis? T oamsvwar this guesstian itis
impartant to note that the estimatian hes bean perfamed aoditianally an the anti-disaiminatian
palides enforced at the time the datawere colliected. 1 those pdides drangad the wage distribur
o thairer ectshaud be incopaated in the estimated parametars. T his makes itis impassible
todistinguish towhatextant dnangss in the Tundamentak are caused by pdicy and towhatextant
they ae casad by other dangs in Toreanpk the guality of educatian, years of sdhooing
migratian, etc... Farthis reesm itis prdblEmatic o interpret the results of cunterfectLal eer
iments such as inraduding a colorblind sodety (see the exardse performed at the ed of sectian
35)

I aethelsss, the methoddlogy prapased in this dgpter aan in prindpke be gaeralized. T he
idmis o prpee a“paranetrizatia’’ torgped..catti-dsaimination pdides, and toestimate the
mare ganeral madel in adar o provde a predse assesssnait of the ex ect of such pdlides. T hen
aunterEectual epaimants assadated with varying polides auld be aasistaritly estimated.

3.7. P roofFof prapasiian 9

T he praofFassumes thatanly o .. 1ms exdst, and itis essily gaeralizebk o tte e ofN .. ms

(su¢ day) Supae a..Mm davates ad plys stratleges with actias an the autcome path
- .. ®
Wo,ﬂojzbw dic erent fion hw;ti gven by (3.12) and the autor  ruke with arftical pdnt soMing
(310). De.rests

jh=© o) P jI=© -\\JO Pl je=© IOy — \nd =
£ LwWE@>wW @ ; £ LwWE@< W@ ; £ b wWE@=w @ :

| ettingCJ%and S1°danoie the implied Bctorinputs Torthe deviatargven that the ather.. ims ply
acoading to the equi ibrium strateges we Gan eqorsss pro. s o the devialor ss (Lsing equatias
(3.6 ad (37))
_ i ¢ X £
1L = y C®r Cvastr sWOy WO @Dk (eks)
j:hr\NHZEjh

W @f; @di; where

Z
1

i a—
2
y2£gie

20T His result can be darived as in the similarmadel by ll aroand !l aman (199 7)
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pz | z il
Clo = WEI@D  C@ifa@adi+ 2 O

Z H2£ p2£S
. i o & 1 R
§I7 = LIt @OE @odi+ 5 1 i@ E @ndi

u2£ih u2£ie

W enowmultiply both sides in thesecod equatian of (3.33) byy, € ;S );whareC ;S aretheimplied
- i ¢

fectorinputs in the prgpcsed e brium, and susstitute the idantity /) 17, (D= p 'p;%l i @
Simi larly we muliply the third equation by 'y, C ;S )axd gst

0
z
Y €S0 = HWEIGD® O w Yy @F. @ @39
p2£h 1
< ¢
+ 5 o wd v OF, @)qlA
z MeES L Z
y> C;$)61° = ¢ i COYy: @ET @Ddi+ 5 ¢ i CYy: @ET @Ddi:
p2£h H2£S

a

_ © i .C i ¢ _
Butw @)= max y, C;S);p W% yi €;S), : Futhermarg y CIG.SI10 -y C;S)CIO+
y» € ;S )SI%hy anaity ad arstant returs. Summing the equalities in (3.34) ad wsing these

0 - - 1

i ¢ X . 1 .
y CIGsI9 - @ W @Of. @Odi+ > w @f,; @A
J=bw p2£inh p2g£ie

iR

i ¢ ¢
and substituting into (3.33) we et 1 - oein Wi WO Fs @t - 0.

T he neasssity partwill be proaed firan a ssquence ofintermediate resulis:

L emmal4. 0 ntheequlibrium path wage sdeduke posted by .. ims are the same alncst every:
where.

P roof. Suppase thare is a pasitive messure set of sigak whare .. ims postdis erantwagss. T hen
this implies that thare is a set of sigak of pasitive messure where ae ..ims pastwagss higer
then the wagss posted by the other..ims. T hany this .. éan redue wagss an this set whike

kegping them aeboe wagss posted by the otter...ims. 0 utput Tor this ..rm will notdnaenge, but
the deviatian is pro. tebke sinee the total wace bill paid is smalker: il
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D E
Lemmals. let 8 h’Wobncxelheimplenl1zarsk:3«~:,sigmer1trulscnlheeq,ilbriu*n path for
J:

~Mmi=1:N _ Then ths ks hae the “autor proparty”’, thatis 1heree><islsscmeﬁf 20D
such tatd @)=1 fraincstally > f and € (D=0 Bramcstallp< f adori=1:N :

P roof Ifthe cEim is Bke there are sets £M;£1 1[0 ;1 Jwith positive messure such thet ™ >
Weral ' 2 £h££ €@ =0 ral" 2 £ add@H =1 rany' 2 £ ad
atksstaegop j = bw ) ad f] ae atinuas, so
szﬁh Rca(c)j Gl = szgl Rca(c)j Gl > 0. Casider the allermative tesk assigment

rukeftorgap j,

is atinuas. A ssume wlog

1 ifu2£h
0 ifu2 £! BX)

- 4@ othemise

PO=

W A®

L et Sli;C?Rad SO ¢cpP betheRﬁcl(r inpus implied by ¢ , € respectively.
Sine | ,en a0 G = L2E -a0d G it ollons that S 2= S2: Since the devi-
atian assigs 1o the aamplkex task watkers who are mare kely 1o be praductive we have that
C P> Ci:Tosee this ve Bt 1(D= ), (O-F} (D denote the likelihood ratio and note that

2CLicCHw
Z@l lZI): Z Z

 a@UOF)! ARt

p2eh o Hi p2£! o« Hi

By the maotoe likelihood ratio there exdists 1~ sudh that 1Q) _ 1) orallp 2 £" ad
1) - 1D Trally 2 £' with at kst ae ineguality holding strictly. H ence CP j Cf > (, so
autput. and therefre abo pro. 5 are hidheruder €.l

D E
LemmalGlet ¢ bwohrualreimplajiaskassigmentmbmﬁeaqjlbﬁun path for
J:

L i SO [ SO ;
~msi=1:N ad kt#¥ beat» mbwlharllcalponl:ﬁj WPy T hent! @=14 @);j =bw
amcsteerynhere.

P rooF. Byl eanmas 14 ad 15 the prdolem of..nding an gotimal tesk assigmat iuke reduass 1o
..nding a solLtian 1o prdokm (3.10) in the main &<t Itis stadtiornard but tedias to showv

that this is acaae pradbln, ad that the Kun T uderaaditias are necsssary and sud dait
T he sdutian can passibly be a comersolutian il
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i is apairofeqjlbriun waoe sdheduks ad btﬁj @) be the

solution O (310). Thenlhereaepals Iglg_ surhlt“etvxﬁ@)= KHEJ@DTrj =kbw

ad Taraimcstall L < 9’ @Gadw ()= l{;l/z’p'@:%jjj@iq)frj = bw ad foralncst all
ii.C

o> ﬁ’ ll/A-' .

Proof Firstitis shoan thatw @) = KEJ @) fr aimcst all y < g . Far cowediction
assume thatforgap j thareare sets £2;£° ) 9’ @:)Hwith strictly pasitive messure sudh thatt
W QFEI@ED< kTrally 2 £2 adw @) . krally 2 £° Casidera uni beral deviation
WS by m i vinere

L emmal7. Suppcse W

0
" kt+ 2 farp2£2
W@ % . .
Ei@iD orp2£° - (339
othernise

R R . R R .
hssumewlag | on 20 GDHA = o0 20H G > (5 whidh implies that the
inputofboth Bdtors remairs arstantifthe tesk assigmeanttis undanged whidh ae anassume
T he dir erence in payar s Tor the deviating .. im is then just the din erance in wage paymaTts, i.e

2Z - 3

4 WOE, @i WO, @dS =

e v

= K @O, @i &+ X @R, @Odi=
HZES Z _ 4 z _

= k a©d@df;, @dhi &+ ') a©d @, Odxd
sy oz 2=z

= k acd i + D a@d Gt

C
u2£b u2£2

NS

Sinkelimz (¢ &> | haeedsts2> | sudhthatt > 0, sofor2 snallencudh thedevatian is
pro.tebke Synmetrically snooaeltereaesels:ﬁa':ﬁbp[ﬂj @ );1 withstrictly pasitive messure
(vbere v egpin wlog. mey asime " ot o 1 2O GHXETh = Ruzﬁb " 1 25 XD
such that @4 QF@P' s E @< kiorally 2 £2 ad @ (O=Gp 1 E @ . kor
ally 2 £°: 4 gin arsider a deviation acoording 1 2.32). Since p! p;1/41¢= (/4"1:" (@ =1 7 i @D
autputis undhanged and by a symmetric algument the deviatian pro. teble T2 amall enaugh.

(nec=ssiy) Hon L eanma 17 the ../ims must o ernwagss that are idatical aincst everyinhere
ardl satishy WDRE § @D = K i< BEadw)=p i WE I @I Bru> RE) T
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same real rumbers K ;K ; j = gwz Itremains tobeshonn tatd =y, C ;S )ad K. =y, C;S):
I'tis essy toshovtatiforsanegap K < vy, C:;S)ad K .< y; € ;S); then..ims are making
pasitive pro. ts and adeviatian where . 1m i @ ers WD =w; @)+ 2 farallp woul be pro. tebke
o2 gnmall enauch. A Bg ifbath inegualities wauld go the otherway .. ims wauld make necative
pro.ts and adeviation tow; @)=0 forallp would be pro.tebke. T hetho Gesss that require sane
wark are when the inequaliies wak in gopasite directias. T he aigumatts are synmetricand we
willanly aosidertre sewith K > y, €:S)and K< y, €:5)

Reall ety €SP @ GO EI@D =y, C:S)EIGR ¢ YDby G11): H e ifid >
Yo €:8)ad ke< yi €38 then K @ i X i@ < KEI @R ¢ pad tereis an interel
€@ ¢ such tatw @) = Kp ip;%i¢Ei@q‘yzi < HEi@jDTrallyin ths intenal W e
will show that it is better t dispase of same of the warkers being paid @Ej@ﬁj@))and at
tract dhespervarkers with |1 2 @ @); p")ﬁrm the otter..m. Toobsq dhoose 5@ p=
geﬂbmng equalties gesﬂls e (a) ; a(cp(czu)mh = e' dcp(cum ad (b)
¢ OGN = o @G ad arsider..m i daviatian wP() fran wegs
gvan togap j sud tat

£ &
0 orp2 0;u
ez 2@ ad
K Brp2pso pegD

0 Torpu2p ;%
-1 orp2u®D

W@ _
P @ YHE @D

N A

O =

By astrucian, the inputofsimple Ebaris undanged. T hedrar@mena:u\emls ofFamplex
Ebafion gap j isgvenbyC O CJ =€Ej(aj:1)’zi¢§1@°)i2F ] p +F 3 @MU singinequakty
(b) eboeitis essy toshonvthatCC § C > 0 : T hus, autputinaessss and the dic erance in pro. ts
mustbe g then the divaraxe in the wage asts, so
R .

w OF; @Od
pe
@\P@))ﬁﬁ,, Odii; WEOR; Od

ﬁ
1 Ru J'él: il 'R: “ i ¢J
=5 " E@dF; U sE @D IO'H/4 k#;+2 T @d
e

R .
¢G)>1§ W @F], @dt i

ﬁ Y

'C
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R ecall thatKipl ;%0 Ei@ppd < HET @i oru2 @ ;po)x ad
R cR R, =R
) ce@pGIh = 5 a@pGIdd: Ths
l_f-- i 1 s -z:-i €
> HE‘@oE, @di> sEf@d  pos KE, @d
e e
Henas Ine (¢ > | adthaeedsts2> (| such ttatthedevatianis pro. tebke T heasewth
K<y, C:;SadHK >y C:;S)acn be treated synmetrically and P ripasitian . Hllons. B

338. 0 tterpaameters

T he Tolloning tEblks ripart the parameters dotained in the estimatian not reparted in the main
Bex<t

Year| y8 | WY ya v

16 || 1505 | 150.6( 10939 | 9764

196 || 1500 | 1500 || 988.4 | 9839
1971 || 1580 | 1580 || 920.7 | 968.6
1974 || 102 | 103 || 9958 | 9834
1977 || 1518 | 1518 || 9719 9745
1980 || 1505 | 1505 || 9909 9840
1983 || 1345 | 1345 || 9560 | 975.7
86| 1223 | 1223 || 9712 | 9847
1989 || 108.1 | 1081 || 10059 | 1015.4
1992 || 11&3 | 1163 || 9879 977.7

Tabk 3.6 0 therparametars dotained in the .. 1Iststep
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Year | EP@ED | EV@ERD) | EP@ELD) | EV@ELD) || #P ®
V6 | 3429 5703 2165 1760 || 1.057 | 228
Ve | 497 683 2232 1836 | 1.001 | 203
1971 | 4897 | 7726 || 2441 2008 991 | 400
1974 | 5737 | 8349 198 8 163 || 957 || 452
1977 | 490 7238 2167 1819 999 || =25
1980 | 459 689 208 .1 1766 980 || 294
1983 || 4730 610 1926 | 1638 997 || =20
1986 500.0 748 177.0 147.7 998 || .30
1989 | 5.3 | 7582 1545 131.0 86| 3>1
1992 | 54 | 7450 1746 | 187 985 || 407
Tabk 3.7: 0 therparaneters
Year| p P2 3 Py’ | Y
196 || -2.40 | 0174 || 104200 | 937742 || -57.47 | -50.30
196 || -1.030 | 0082 || 5571.3 | 57€354 | -2628 | -2614
1971 || -. 06| 0038 || 848 | 3@&3.11 | -1190 | -12.55
1974 || -231 | 002 || 34332 | 3&055 || -11.78 | -11.&
1977 || -587 | 0047 || 4178.1 | 4379 .30 || -1497 | -15.02
1980 || -507 | 0043 | R91.6| H03716| -138 | -1347
1983 || -.377 | 0034 | 34430 | 368875 || -10.79 | -11.15
1986|| -.36| 0033 | 3652 | 32636| -1087 | -11.05
1989 || -218 | 0025 || 150 | 344419 || -881 | -891
1992 || -279 | 0027 || 347 .3 | 36347 || 954 | -943

Tabk 38: P arametars ofthe asstad ski ll distributias
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39 . Summary statistics fortte trearetical ad empinaGl distributias

B bd<s een | S Dev.| Skennes | Kurtosis
Ne Empirncal 314.7 1275 1461 2024
Estimaied 2.3 1515 1930 264
NG Empirncal 332 1428 1687 2271
Estimaied 333 1530 178 .6 204
1871 Empirncal $H7.3 152.6 1708 230.6
Estimaied 5.1 1459 1a3 2259
1974 Empirncal 3701 187 163 235
Estimaied 36 9 laal 1735 23 1
877 Empirncal 36 9 1686 168 .3 234.7
Estimaied 371.6 1741 189 0 2540
1980 Empirncal 375.7 1718 1799 2474
Estimaied 375.2 1747 1854 2505
1983 Empirncal 0.4 184 1767 2432
Estimaied 3478 1741 189 8 2539
1986 Empirncal $H18 1845 1 6&7 265
Estimaied A7l 1853 1991 269
1989 Empirncal 3H49 1851 1918 2G2
Estimaied 3$H1I 187.7 1 al 264
1997 Empirncal H7.2 189 .7 2019 272.6
Estimaied A0 188 8 2026 2711
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W hites Ieen | S Dev.| Skennes | Kurtcsis
Ne Empirncal 12 .6 1808 184 258 .6
Estimaied 4303 1778 1729 2449
NG Empirncal 458 1 189 5 186b 2630
Estimaied 4577 188 8 1772 2548
1871 Empirncal 47 9 19 & 1845 2610
Estimaied 4823 199 .6 181.6 2631
1974 Empirncal 4855 2072 1821 2709
Estimaied 488 1 2121 181.7 2731
877 Empirncal 465 2 2008 1815 265
Estimaied 4742 2078 1835 260
1980 Empirncal 450 8 2020 184.6 26.6
Estimaied 4711 208 1 1843 268 8
1983 Empirncal 441 0 2133 1919 2767
Estimaied 4503 2075 1939 27166
136 Empirncal 44 5 219 3 19 2854
Estimaied 465 2 2272 1944 2875
1989 Empirncal 44 8 2229 1989 289 2
Estimaied 450 8 2319 198 .3 2944
1992 Empirncal 4342 2223 2073 2924
Estimaied 447 0 229 9 2043 2938

Tabk 39: Summary statistics Torthe enpirical and estimated distributias
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3.10. Camputed equilibria

T he equilibrium thathes bean sebected in the ecoamy is reparted in italics

INnestars Averacpwvwere || A verace welbre
we | ywW | Bldk | W hite| Bldk | W hite
196 || 000 | 410 R35 | 4338 35 3703
103 | .155 3054 | 4059 2904 | 330
A79 | 3B || 24 | 4303 | 2959 37195
191 | 401 46| 4334 || 29 3715
800 | .000 9513 | 3A73 || 818.7 3A73
196 || 000 | 3a>| 3363 | 458.2 PBG&3 | 4037
222 | 36 || 3B.3 | 4577 3072 | 4042
S5 | 246 4756 | 4431 310 408 5
590 | 174 || 5561 | 4245 465 2 4008
823 | 000 || 11839 | 2954 || 10384 | 2954
1971 || 000 | .30 D37 | B2.7 D37 | 407
257 | 3B7 || HB7.3 | 4824 | R7.6| 408
35| I3 3&0 | 4817 218 4310
765| 023 || 12267 | 2536 | 10864 | 251.7
795 ) 000 || 13854 | 225.7 || 1236& | 2257
1974 | 000 | 46| 383 | 4884 | 363 | 4341
16 | 405 3G5 | 483 | 3H2.1 4341
274 | 404 || 368.0 | 488.1 3378 4341
744 | 017 || 1308.7 | 2118 11703 | 2105
/65| 000 || 14302 | 1901 | 12850 | 1901
1977 || 000 | B6S|| 3.7 | 4745 36.7 | 403
28l | 33 || 371.6| 4742 3311 | 4108
436 .36 4002 | 4712.6| 54 | 4139
752 | 038 || 1037.7 | FHAL.1 8836 | &K
808 | .000 || 1282.6| 2875 | 11123 | 2875
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INnestars Averacpwace || A verace welbre

yb | yw || Bk | W hite|| Bldk | W hite

1980 || 000 | B0 || 373.7 | 4714 | 3737 | 409 2

265| 377 || 375.2 | 4711 || 3H.2 | 409 .5

D4 | 30 || 39.1 | 4707 P22 | 405

B6| 04 8939 3819 754.1 | 389

768 | 000 || 1116l | 40 9575 | 340

1983 | 000 | 371 || 3454 | 4505 4| B3

274 | 36 || 345 | 450.2 || 3071 | 399

701 | 03l || 9688 | 317.0 8190 | 3134

744 | 000 || 11231 | 2885 9595 | 2885

1986| 000 | 37 || 3448 | 4864 | 34438 304

28 | 34 || A7l | 4862 | 3047 | 09

723 | 024 | 10578 | 2942 889 8 291.1

757 | 000 || 11932 | 2681 || 10132 | 2681

1989 | 000 | B3 || HB0S | 4599 H0S | 373

121 | B3 || H0.6| 459 9 3rl | 373

270 | .31 || 3B1I | 459 .8 3137 | 375

.65 | 017 || 11450 | 28038 98738 279 3

715 | 000 || 12277 | 2633 | 106382 | 2&33

1992 || 000 | 316|| AKX | 4/3 | A& | I17

261 | 373 || 34.1 | 4470 || 3085 | FB2.1

715 | 017 || 11520 | 23838 9824 | 2370

737 | 000 || 1248 .3 | 2202 || 1070.2 | 2202

Tabk 3.10: Equilibria 19 6-92
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