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A B ST R A CT

STA T IST ICA L D ISCR IM IN A T IO N IN T H E L A B O R M A R KET : P U B L IC

PO L ICY A N D EM P IR ICA L EV ID EN CE

A ndreaM oro

KennethI. W olpin

Statisticaldiscrimination in thelabormarketoccurs when employers haveonly incomplete

informationaboutworkers’productivity, anduseaggregatestatisticstomaketheirdecisions. T his

dissertation expands ourunderstandingofhowstatisticaldiscrimination is generated, explains

howpublicpolicycana¤ectit, and explores towhatextentracedi¤erentials in the U .S. have

beengeneratedbythis source. A ftertheintroductorychapter, thesecondchapter, A ¢rmative

A ction inaCompetitiveEconomy (jointwithPeterN orman), analyzeshowincentives forhuman

capitalacquisitionarea¤ectedbya¢rmativeactioninamodelofstatisticaldiscriminationwith

endogenoushumancapital. Itisshownthata¢rmativeactioncanfail, inthesensethattheremay

stillbediscriminationinequilibrium. H owever, theincentivesforagentsinthedisadvantagedgroup

toinvestarebetterinanyequilibrium undera¢rmativeactionthan inthemostdiscriminatory

equilibrium withoutthepolicy. T hewelfaree¤ects areambiguous: itis demonstratedthatthe

policymayhurttheintendedbene…ciariesevenwhentheinitialequilibriumistheworstequilibrium

forthetargetedgroup. T hethird chapter, T he E¤ ects ofStatisticalD iscrimination on B lack-

W hiteW ageD i¤ erentials: EstimatingaM odelwithM ultipleEquilibria, structurallyestimatesan

extensionofthemodelpresentedinthesecondchapter. A lthoughthemodeliscapableofdisplaying

multipleequilibria, an estimation strategythatidenti…es boththefundamentalparameters and

the equilibrium selected bytheagents is developed. T hemodelis estimated usingU .S. black

andwhitemalewagedatafrom 1963to19 9 2. Inadditiontorecoveringtheselectedequilibrium,

alltheequilibriathatthemodelcouldhavedisplayedarecomputed. A comparisonbetweenthe

equilibriathatwereselectedovertimeandtheotherpotentialequilibriarevealsthattheoutcome

with essentially the lowestwage inequalityhavealways been selected. T his implies thatself-

ful…llingexpectations did notexacerbatewagedi¤erentials in theU .S. andthatthedecline in

wageinequalityexperiencedintheU .S. inthelastdecadescannotbeattributedtochangesinthe

equilibrium selection.

iv



Contents

1 Introduction 1

2 A ¢rmativeA ctioninaCompetitiveEconomy 5

2.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 T heM odel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 T heG ame. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 CharacterizationofEquilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.1 SomeM odelingIssues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 T heM odelwithTwoIdenti…ableG roupsofW orkers . . . . . . . . . . . . . . . . . 16

2.4.1 T heExtendedM odel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 A ¢rmativeA ction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.5.1 T heM odelwithA ¢rmativeA ction. . . . . . . . . . . . . . . . . . . . . . . 20

2.5.2 Examples: W elfareE¤ectsofA ¢rmativeA ction . . . . . . . . . . . . . . . 26

2.5.3 W hyaQ uotaintheSimpleTask? . . . . . . . . . . . . . . . . . . . . . . . 28

2.6 ConcludingR emarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.7 P roofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 Thee¤ectofStatisticalD iscriminationonB lack-W hiteW ageD i¤erentials: Es-

timatingaM odelwithM ultipleEquilibria 49

3.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 T hemodel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.3 CharacterizationofEquilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.4 Estimationstrategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.4.1 Firststage: thewagedistribution. . . . . . . . . . . . . . . . . . . . . . . . 62

3.4.2 Secondstage: costandskillendowment . . . . . . . . . . . . . . . . . . . . 64

v



3.4.3 D ata. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.5 R esults. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3

3.7 Proofofproposition9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 4

3.8 O therparameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 9

3.9 Summarystatisticsforthetheoreticalandempiricaldistributions . . . . . . . . . . 81

3.10 Computedequilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

vi



L istofTables

3.1 Estimationresults . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.2 Computedresults . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 0

3.3 A ggregatewelfare, actualequilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . 7 0

3.4 Equilibria, 19 65, 1968, 19 9 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1

3.5 A color-blindsociety . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3

3.6 O therparametersobtainedinthe…rststep . . . . . . . . . . . . . . . . . . . . . . 7 9

3.7 O therparameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.8 Parametersofthecostandskilldistributions . . . . . . . . . . . . . . . . . . . . . 80

3.9 Summarystatisticsfortheempiricalandestimateddistributions . . . . . . . . . . 82

3.10 Equilibria, 19 65-9 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

vii



L istofFigures

1.1 B lack-W hitemedianwageratio(3-yearmovingaverage) . . . . . . . . . . . . . . . 3

2.1 A nexamplewithauniqueinteriorequilibrium . . . . . . . . . . . . . . . . . . . . 15

2.2 N otanequilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Equilibrium wageschedulesundera¢rmativeaction . . . . . . . . . . . . . . . . . 23

2.4 Costdistributionwithnoe¤ectonbehavior . . . . . . . . . . . . . . . . . . . . . 26

2.5 A pro…tabledeviation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1 T hewagefunction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2 Symmetricequilibriawithex-anteidenticalgroups . . . . . . . . . . . . . . . . . . 60

3.3 EmpiricalandEstimateddistributions, blackmales19 80 . . . . . . . . . . . . . . . 69

viii



1. Introduction

Statisticaldiscriminationinthelabormarketoccurswhenemployershaveonlyincompleteinfor-

mationaboutworkers’productivity, anduseaggregateby-groupstatisticstomaketheirdecisions.

T hisdissertationexpandsourunderstandingofhowstatisticaldiscriminationisgenerated, explains

howpublicpolicycana¤ectit, andexplorestowhatextentracedi¤erentialsintheU .S.havebeen

generatedbythis source.

T hedictionaryde…nitionofdiscriminationis “toshowprejudice”, or, “tomakeadi¤erencein

treatmentonabasisotherthanindividualmerit”. T herefore, onemightquestiontherightfulness

oftheuseofthis term inthecontextofstatisticaldiscrimination. N evertheless, itwillbeused

throughoutthedissertation, becausetheterminologyhas beencommonlyadopted in economic

researchinthecontextofgroup inequalitygeneratedbytheuseofstatisticalaverages.

T heoreticalresearchondiscriminationperhaps beganwith theessaybyB ecker(19 57 ), who

showedhowwagedi¤erentials canbegeneratedbyemployers whocareabouttheraceoftheir

employees. In an importantarticle, A rrow(19 7 3) raised some doubts on Becker’s framework

suggestingthatin acompetitiveenvironmentprejudicedemployers shouldbedrivenoutofthe

marketby(economicallymoree¢cient) non-discriminatingemployers. A rrowproposedamodel

thatgeneratesdi¤erentialswithoutresortingtopreferences, orgroupdisparity. A s inthemodels

thatwillbedescribedinthisdissertation, wageinequalitycanbeanoutcomewhenemployershave

incompleteinformationaboutworkers’productivity. Ifemployersexpectmembersofonegroupto

belessproductive, thenthisinformationwillbeusedintheformationofexpectationsforaworker’s

productivity, andworkersofdi¤erentgroupswillbejudgeddi¤erentlyproductive. Phelps (19 7 2)

showedhowdiscriminationcanbegeneratedinadi¤erentframework. Inhismodel, individualsare

di¤erentlyproductive, butgroups havethesamedistributionoverproductivity. Employers have

incompleteinformationaboutaworkers’productivity, andobserveproductivitywithnoise. Ifthe

signalismoreinformativeformembersofonegroup(thatis, ifthenoisehassmallervariance), then

wagedistributionswillbedi¤erent. T heunreliabilityofthesignalisnotsu¢cientforgenerating
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di¤erentaveragewages, butseveralextensions ofthemodelhavebeenproposed. Forexample,

includingemployers’riskaversion (A ignerandCain (19 7 7 )), workers’outputdependenton job

assignment(R othschildandStiglitz (19 82)), pre-labormarketinvestmentbyworkers (L undberg

andStartz(19 83))onecangenerateoutcomewithgroupsreceivingdi¤erentaveragewages. W hile

Phelps’argumentdi¤ers substantiallyfrom A rrows’, bothmodels havereceived the “statistical

discrimination” label. Infact, theysharethebasicfeatureofbeingincompleteinformationmodels

wherestatisticalaveragesareusedinordertoform expectations.

W hilethetheoreticalliteraturehas explaineddi¤erentfactors responsibleforgeneratingdis-

crimination, quitesurprisinglyverylittlehas beendonetoanalyzethee¤ectofpublicpolicyon

discrimination. Inthe…rstessayofthis dissertation, titled A ¢rmative A ction in aCompetitive

Economy(jointwithPeterN orman), wedevelopamodelwhereincentivee¤ectsanddistributional

consequences ofa¢rmativeactioncanbestudied. T hemodelbuildsonA rrow(19 7 3) andCoate

andL oury(19 83)butincorporatessomeuniquefeatures, mostlybecauseinthismodelitisinsome

sensehardertodiscriminateagainstthesmallergroup. Introducingana¢rmativeactionpolicy

consistingofanemploymentquotawe…ndthatweingeneralcannotruleoutthepossibilityof

discriminatoryequilibria. T hemoststrikingresultis perhaps thatthereis apossibilitythatthe

discriminatedgroupismadeworseo¤ intermsofwelfarebythepolicy, whiletheothergroupmay

gain. O neofthemaindi¢culties inevaluatingthee¤ectivenessofpublicpolicyisthatthemodel

is ingeneralcapableofdisplayingmultipleequilibria, thereforeonlyset-basedcomparisonscanbe

performed.

From anempiricalperspective, thetheoreticalliteratureraises severalinterestingquestions.

M ultiplicityofequilibria, andthequalitativedependenceoftheresultsontheparameters ofthe

modelmaketheoryincapableofdeliveringsharppredictions. Empiricalliteraturehastendedtolag

behindtheory: quantitativeresearchondiscriminationhasmainlybeenconductedbyestimating

raceandsexwagedi¤erentials aftercontrollingforproxies forproductivity(seeforexamplethe

surveys inSmithandW elch(19 89 ) and D onohueandH eckman(19 9 1)). Figure1.1 reports one

measureofwagedi¤erentials: theB lacktoW hitemedianwageratiofrom 1965 to19 9 3 (3-year

movingaverage). T he…gureis consistentwithresults obtainedfrom theliterature: blacks earn

less thanwhites, andthis remains trueaftercontrollingforobservablecharacteristics. H owever,

overthelast30 years theracialwagedi¤erentialhas narrowedconsiderably, especiallybetween

1965 and19 80. A mongthereasoncitedforthereductioninthedi¤erentialare(1) aconvergence

in years ofschooling; (2) aconvergence in thequalityofschooling, (3) the selectivedecline in

2



Figure1.1: B lack-W hitemedianwageratio(3-yearmovingaverage)

thelaborforceparticipationoflow-skilledblacks, (4) migrationofblackworkers outofsouthern

regions, (5) a¢rmativeactionandotheranti-discriminationlegislation. M uchofthedebatehas

centeredontherelativecontributionsofeachoftheseexplanations.

Itis interestingtonotethatintheirsurvey, D onohueandH eckman(19 9 1) arguethatthe…rst

fourexplanationscanaccountforatmost65% ofthereductioninearnings inequality. A lthough

bettermeasurementofthesefactorscouldenhancetheircombinedexplanatorypower, anadditional

explanation is thattheunexplained portionofthedeclinere‡ects movements betweendi¤erent

economy-wide equilibria thatmightresultfrom the same fundamentals. From the theoretical

literature, weknowthatdi¤erentlevels ofinequalitymightbepossibleevenunderthesameset

offundamentals. T herefore, onecouldconjecturethattheeconomyexperiencedamovementfrom

an equilibrium with high di¤erentials toonewith lowdi¤erentials thatimplied areduction of

inequalitygreaterthanthereductionofthemeasureddi¤erenceinfundamentals.

Chapter3attemptsto…llthegapbetweentheoreticalandempiricalliteraturebydevelopinga

methodologycapableofverifyingthisconjecture. T hismethodconsists instructurallyestimating

anextensionofthestatisticaldiscriminationmodelpresentedinchapter2. T hetechniqueallows

identi…cationnotonlyoftheparametersofthemodel, butalsooftheequilibrium selectedbythe

3



economicagents. T his allows the investigatortocomparetheequilibriathathavebeenchosen

overtimewiththeotherequilibriathatcouldhavebeenselected. R esultsshowthattheeconomy

selectedalwaystheoutcomewithessentiallythelowestwageinequality. T hisimpliesthatstatistical

discriminationgeneratedbyself-ful…llingexpectationsdidnotexacerbatewagedi¤erentials inthe

U .S. labormarket, antthatthedecline inwage inequality experienced in thelastthirtyyears

cannotbeattributedtochanges intheequilibrium selection.
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2. A ffirmative A ctioninaCompetitive

Economy

(jointwithPeterN orman)

2.1. Introduction

T hepurposeofthischapteristodevelopamodelwhereincentivee¤ ects anddistributionalconse-

quences ofa¢rmativeactioncanbestudied. W hilethereareotherimportantaspects, webelieve

thatthesearekeyissuesforaproperevaluationoftheseprograms, aviewthatseemstobeshared

bymanyparticipants inthepublicdebate1

M anyopponentsofa¢rmativeactionarguethata¢rmativeactionmakesiteasierforunskilled

femaleandminorityworkers toobtaingoodjobs. T his, itis claimed, reduces the incentives to

acquireskills andmaythereforebecounterproductivesinceskilldi¤erences, whichareviewedas

therealproblem, mayincreaseasaresult. Proponents, ontheotherhand, arguethatminorities

andwomenareexcludedfromcertainattractivepartsofthelabormarket, sotheydonothavethe

sameincentivestoinvestinhumancapitalaswhitemaleworkers. A ¢rmativeaction, itisargued,

improves incentivestoinvestinskillsbyforcing…rmstohireworkersfrom disadvantagedgroups.

D istributionale¤ectsarealsoheavilydebated: opponentsoftenclaim thata¢rmativeactiononly

helpsalreadywell-situatedmembersofthetargetgroups, whileproponentsarguethatthis isnot

thecase. H owever, itis moreorless takenforgrantedthatthepolicyredistributes towards the

groupsthequotasareintendedtohelp, aviewthatwechallengehere.

O urmodelis a straightforward extension ofmodels studied in the literature on statistical

discrimination, pioneeredbyA rrow(19 7 3) andPhelps(19 7 2), butthemostcloselyrelatedpaper

is Coateand L oury (19 9 3) 2. T heirmotivation is similartoours, butsince theirmodelhas
1SeeforexampleBergman(19 9 6), B olick(19 9 6) andSowell(19 9 0).
2See alsoFosterand Vohra (19 9 2) whoindependently proposed asimilarmodel, A cemoglu
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exogenously…xedwagestheycannotaddresse¤ectsontheincomedistribution.

CoateandL oury(19 9 3) assumethatoutputcanbeproducedusingtwodi¤erenttechnologies

andworkers faceacostlyhumancapitalinvestment, which, ifundertaken, makes aworkerpro-

ductiveintheadvancedtechnology. T hesoledecisionmadeby…rms’ishowtoallocaterandomly

drawnworkers betweenthetechnologies basedonanoisysignalofproductivity. G iventhatthe

modelhasmultipleequilibria, thereareequilibriawithdiscriminationwhenpayo¤ irrelevantgroup

characteristics areintroduced intothemodel. T herearecircumstances underwhicha¢rmative

actionremovesalldiscriminatoryequilibria. H owever, underequallyplausiblecircumstancesthere

arestillequilibriawheregroupsbehavedi¤erentlyandemployers rationallyperceivemembers of

oneofthegroupstobelesscapable. Infact, oneofthemainpointswiththepaperistoshowthat

groupdisparityininvestmentbehaviormayincreaseasaresultofa¢rmativeaction.

W agesaswellastheworkforceforanyparticular…rmare…xedexogenouslyinCoateandL oury

(19 9 3). Inaworldwhere…rmscompetetoattractworkers theseassumptions donotmakemuch

sense3. Indeed, onemayeventhinkthatthepossibilityofequilibriawithidenticalworkerstreated

di¤erentlydisappears if…rms areengagedinwagecompetitionforworkers. A fterall, astandard

neoclassicaltextbookargumentholdsthatifidenticalworkershavedi¤erentwages, thenno…rms

woulddemandanyofthehigherpaidworkers, sowagesmustadjust.

W emaketwoimportantchangesrelativeCoateandL oury(19 9 3). M ostimportantis thatwe

assumethat…rmsareengagedinwagecompetitionforworkers, whichimpliesthatallworkersare

paidaccordingtotheirexpectedmarginalproductivityconditionalonobservablecharacteristics.

T hesecondchange, which is importantforthe interpretationofdiscrimination, butnotforthe

policy analysis, is thatthereare complementarities in the production technology. Production

requiresinputoflaborintwotasks, acomplextaskandasimpletask, thatarecomplementaryin

thestandardneoclassicalsense. O nlyworkerswhohaveundertakentheinvestmentareproductive

inthecomplextask, whereasanyworkercanperform thesimpletask. T hismeansthatthereisa

potentialmismatchbetweenworkersandjobs.

Firstofallweverifythatdiscrimination between exante identicalgroups is sustainable in

equilibrium, sowagecompetitiondoesnotguaranteea“color-blind” equilibrium. A t…rstthismay

(19 9 5)whostudieslabormarketquotasinasearchframeworkandL undberg(19 9 1)andL undberg
andStartz(19 83)whostudye¢ciencypropertiesofequaloppurtunitiespolicies.

3Infact, itis hardtoreconcilethemodelinCoateand L ourywithrationalbehaviorbythe
…rms. Firmsmoveaftertheworkers, soifthe…rmsdon’tcompeteitishardtoseewhy…rmswould
noto¤erthereservationwagetoallworkers. SeeFriedman(19 9 2) foranelaborationonthispoint.
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seem surprisingandonemaywonderwherethetextbookargumentforequaltreatmentfails. T he

reasonisthattheinvestmentdecisionisunobservable. Instead, …rmsmustusewhateverindicators

ofproductivitythatareavailableand ifthesearenoisy, arational…rm willusegroup averages

when interpretingthem. Forworkers from groupswerefewagents investintheirhumancapital

thismeansthatahighsignalismorelikelytobetheresultofaluckydrawratherthanactually

indicatingthattheworkerinvested. Firms takes this intoaccountwhenwageo¤ers aremade,

sogroupswithfewinvestors face‡atterwageschemes. Itshouldbeobservedthatagentswith

thesameexpectedmarginalproductivitiesarepaidequalwages inthemodel. Still, workersfrom

discriminatedgroupshavelesserincentivestoinvestduetothenegativeexternalitycreatedbythe

informationalproblem.

T hereareothermodels, somewithacompetitivelabormarket, thatcanexplaindiscrimination

ofidenticalgroups. H owever, thedrivingforceinourmodelisdistinctfrom theearlierliterature.

T hestandardapproachistoviewdiscriminationasacoordinationfailure, asinforexampleSpence

(19 7 4), A kerlof(19 7 6)andCoateandL oury(19 9 3). W hiledi¤eringondetails, thesepapershavein

commonthattheystartfroma“basemodel” withmultipleequilibriaandgeneratediscrimination

byassumingthatdi¤erentgroupscoordinateondi¤erentequilibria.

Inourmodeldiscrimination is drivenbyspecialization ofthegroups. Infact, discrimination

is possibleeven ifthecorresponding“singlegroupmodel” has auniqueequilibrium. T hereason

is thatan increase in the fraction ofinvestors in oneofthegroups makes quali…ed workers a

less scarceresource, whichmakesthewagescheme‡atterfortheothergroup4. T hus, bene…tsof

investmentdecreasesinthefractionofinvestorsintheothergroup, whichopensupthepossibility

ofequilibriawheregroups specializeashighandlowqualityworkersrespectively. T hishurtsthe

groupthatspecializesaslowqualityworkersandcreatesine¢ciencies ininvestmentbehavior, but

reducestheinformationalproblem forthe…rms5.

Incontrasttomodelswherediscriminationisacoordinationfailuretherearecon‡ictsofinter-

estsbetweengroups: ifdiscriminationoccursbecauseagroupiscoordinatingonabadequilibrium,

othergroups neednotbea¤ected ifthecoordinationfailure is solved. Inourmodel, removing
4T hesee¤ectsonmarginalproductivitieswouldofcoursenotoccurunlessthetasks arecom-

plementary.
5Itis easytovisualizeaversionofourmodelwhereagents choosedi¤erenttypes ofhuman

capitalinvestmentthatenhances theproductivity in di¤erenttypes ofjobs. In such amodel,
discriminationmaybee¢ciencyenhancing. H owever, contrarytoourframework, discrimination
wouldbevoluntaryinthesensethatitwouldbeincentivecompatibletotruthfullyannouncegroup
identityifthiswereunobservable.
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discriminationwillingenerala¤ectthedominantgroupadversely.

Introducingana¢rmativeactionpolicyconsistingofanemploymentquotainthemodelwe

…ndthatweingeneralcannotruleoutthepossibilityofdiscriminatoryequilibria. T his exactly

parallelsthe…ndingsinCoateandL oury(19 9 3). Still, thehumancapitalinvestmentonlymatters

forproductivityinthecomplextask, sotheexpectedmarginalproductivityvaryacrossagents in

thecomplextaskonly. T hissuggeststhatifmoreagentsfromthediscriminatedgroupwouldbein

thecomplextask, incentiveswouldimprove. T hus, itseemsthatwagecompetitionwouldruleout

theperversee¤ectson investmentbehaviorconsidered inCoateand L oury(19 9 3). O uranalysis

gives somesupportforthis intuition. Comparingthemostdiscriminatoryequilibrium undereach

regimewe…ndthattheincentivestoinvestandthefractionofinvestorsinthediscriminatedgroup

arehigherwitha¢rmativeaction6.

Turningtothewelfaree¤ectsofa¢rmativeactionwegetthemoststrikingresult. Itispossible

thatthediscriminatedgroup ismadeworseo¤, whiletheothergroupmaygain. T heseperverse

distributionale¤ects may seem counterintuitive, butfollowin a straightforwardwayfrom the

characterizationofcompetitivewageswithandwithoutthepolicy. T hepartialequilibrium e¤ect

ofthequotais topushdownthewageinthebadjobforthediscriminatedgroupandpushitup

fortheothergroup. T his indeedchanges incentives inthedesireddirection, buttheimmediate

e¤ectontheincomedistributionistoincreasegroupinequality. T hefullequilibriume¤ectdepends

onhowworkers respondtothis changein incentives and iftheresponseis toosmall, thepolicy

increasesthedi¤erenceinearningsbetweengroups.

T herestofthechapteris structuredas follows. Section 2.2 describes thebasicmodeland

section 2.3 characterizes theequilibria. In section 2.4weextendthemodelby introducingtwo

identicalgroups ofworkers and insection2.5 weanalyzetheconsequences ofa¢rmativeaction.

T hediscussioninsection2.6presentssomeconcludingremarks. A llproofsareinsection2.7 .

2.2.TheM odel

Tocapturetheideathathumancapitalismoreimportantinquali…edjobsweassumethat…rms

needworkers performingtwoseparatetasks, thecomplextaskandthesimple task. W orkers on

thelabormarketareoftwodi¤erenttypes: someworkers, calledquali…ed, areabletoperform

thecomplextaskandothers arenot. T hee¤ectiveinputoflaborinthecomplextask, denoted
6T hus, togetperverse incentive e¤ects atleasttwoequilibriawhere a particulargroup is

discriminatedareneeded.
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C; is takentobethequantityofquali…ed workers employed inthecomplextask7 . W eassume

thatthehumancapitalinvestmentdoes notmatterfortheproductivity in the simpletask, so

the inputoflabor, S; is equaltothequantityofworkers employedtoperform thesimpletask.

T he outputofthe …rm is then given by y(C;S)where y :R 2
+ ! R + satis…es the standard

neoclassicalassumptions, i.e. itisatwicecontinuouslydi¤erentiablefunction, strictlyconcavein

botharguments, homogenous ofdegreeone, satis…es theInadaconditions8 andbothfactors are

essential9 .

2.2.1. TheG ame

T hetimingis as follows: InStage1 individualworkers decidewhethertoinvestornotintheir

humancapital. A fterthe investmentdecisions (Stage 2) eachworkeris assignedasignalµ by

nature. InStage3…rmssimultaneouslyannouncewages(asfunctionsofthesignal)andinStage

4workers choosewhich …rm toworkfor. Finally, in Stage 5 …rms decidehowtoallocatethe

workersbetweenthetwotasks. T hemodelwillnowbedescribedindetail.

Stage1. Fortractabilitywedonotwantactionsofanyindividualworkertohavee¤ectson

aggregatevariables, soweassumethatthereisacontinuumofagentswithheterogeneouscostsof

investment. Eachagenthastochooseanactione2feq;eug, wheree=eqmeansthattheagent

invests inhis humancapital(andbecomes aquali…ed worker) ande= eu thathedoes not. If

agentcundertakestheinvestmentheincursacostofcwhilenocostis incurrediftheinvestment

isnotundertaken. T heagentsaredistributedon [c;c]µR accordingtoacontinuousandstrictly

increasingdistributionfunctionG. W eassumethatc·0 andc> 0 :

Stage 2. Eachworkeris assignedasignalµ 2 [0 ;1 ], distributedaccordingtodensityfq if

theworkerinvested inStage1 andfu otherwise. Itis assumedthatfqandfu arecontinuously

di¤erentiable, boundedawayfrom zeroandsatisfythestrictmonotonelikelihoodratioproperty

fq(µ)=fu(µ)< fq
¡
µ0
¢
=fu

¡
µ0
¢
forallµ;µ0suchthatµ < µ0: T his implies thatquali…edworkers

7 W eareabstractingfrom heterogeneity in intrinsicabilities. T his is purelyforexpositional
convenience(seeChapter3), as istheassumptionofonlytwotasks inproduction.

8 W eassumelimC ! 0 y1 (C;S)=1 foranyS > 0 andlimS ! 0 y2(C;S)=1 foranyC > 0 . W e
willconsistentlyusesubscribtstodenotepartialderivatives

9 T helimitingcasewithy beinglinearcorrespondstothetechnologyconsideredinCoateand
L oury(19 9 3).
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aremorelikelytogethighervalues ofµ thanunquali…edworkers. W eletF qand F u denotethe

associatedcumulativedistributions.

Stage3. T herearetwo…rms, i=1 ;2. T he…rms simultaneouslyannouncewages, whichare

allowedtodependonthesignal, soa(pure) actionof…rm i isameasurablefunctionwi :[0 ;1 ]!
R + :W eassumethatthe…rmscannotobservethedistributionofsignalsatthis stage.10.

Stage4. W orkersobservethewageschedulesw1 andw2 anddecidewhich…rm toworkfor.

Stage 5. Firms allocatetheavailableworkers byusingataskassignmentrulewhich is a

measurablefunctionti :[0 ;1 ]! f0 ;1g:T heinterpretationis thatti(µ)=1 (0 )meansthat…rm i

assignsallworkerswithsignalµ tothecomplex(simple) task.

W eassumethattheriskneutralworkers’payo¤sareadditivelyseparableinmoneyincomeand

thecostofinvestmentandthatworkersdonotcaredirectlyaboutwhichtasktheyareemployed

in. T hus, oncetheinvestmentcostis sunk, theworkerwillrationallychoosethe…rm thato¤ers

thehigherwageforhis particularrealizationofµ: Tosaveonnotationweimmediately impose

optimalbehaviorbyworkers inStage4andwritepayo¤sas

E µ [maxfw1 (µ);w2 (µ)gje]¡c(e); (2.1)

wherec(eq)=candc(eu)=0 :

N extwewanttoexpressthe…rms’pro…tsasafunctionoftheactionsandtodothisweneed

frequencydistributionsoverrealizedvaluesofthesignals. W etakethesedistributionstobegiven

byF qand F u;soastronglawoflargenumbersholds inthemodel11.

10T his isnotcrucial, butsimpli…esthedescriptionofthestrategysets.
11SeeJudd (19 85) andFeldmanand G illes (19 85) fordiscussions onthetechnicalissues cor-

respondingtolawoflargenumbers forcontinuum random variables. Inourmodel, thesimplest
waytobypassthesetechnicalissues is touse“aggregateshocks” ratherthanassumethatsignals
arei.i.d. draws from F qand F u: theinvestmentdecisions bytheagents inducedistributions of
quali…edworkers andunquali…edworkers on [c;c]:CallthesedistributionsHqandHu: N owlet
therandom variablexbeuniformlydistributedon [0 ;1 ]andletµc(x)denotethetest-scorefora
quali…edagentc;whereµc(x)= F ¡1q (Hq(c)+ x)ifHq(c)+ x·1 andµc(x)= F ¡1q (Hq(c)+ x¡1 )
ifHq(c)+ x> 1 . Straightforward, buttediouscalculationsverifythatPr[µc(x)·µ jeq]= F q(µ)
forallc2 [c;c]and allµ 2 [0 ;1 ]andthat

R
c2A(x;µ)dHq(c)= F q(µ)forallx2 [0 ;1 ]and all

10



A single…rm does notcaredirectlyabouttherealizedfrequencydistributions forthewhole

population. O nlythedistributions ofavailableworkersarerelevantandthesedependonactions

byindividualworkersinStage4. T hus, toevaluatethepro…tsofasingle…rmweneedtoaggregate

thebehavioroftheworkers. W ede…ne

Iihwi;wji(µ)=

8
>>><
>>>:

1 ifwi(µ)> wj(µ)
1
2 ifwi(µ)=wj(µ)

0 ifwi(µ)< wj(µ)

: (2.2)

T heinterpretationis thatIihwi;wji(µ)= 1 means thataworkerwithsignalµ chooses toworkfor

…rm i. B esidesthearbitrarytie-breakingrule, eachworkergoestothe…rm thato¤ersthehigher

wageforherparticularsignal, so(2.2) simplyaggregatesworkers’rationalresponsestoapairof

wageschemes. N oadditionalequilibrium outcomescanbesupportedbyothertie-breakingrules,

sotherestrictionin(2.2) is innocuous.

G iven thatafraction ¼ oftheworkers invests andwageschedules hw1 ;w2i thequantityof

quali…edworkersavailablefor…rm iwithasignalµ·µ is
Rµ
0 I

i
hw1 ;w2i(µ)¼fq(µ)dµandthequantity

ofunquali…edworkers is computedsymmetrically. T hee¤ectiveinputoflaborinthetwotasks

giventaskassignmentruleti arethengivenby

C i(w1 ;w2;ti) =
Z
Iihw1 ;w2i(µ)ti(µ)¼fq(µ)dµ (2.3)

S i(w1 ;w2;ti) =
Z
Iihw1 ;w2i(µ)(1 ¡ti(µ))(¼fq(µ)+ (1 ¡¼)fu(µ))dµ

respectively. T hepro…tsof…rm i canthenbeexpressedas

¦i(¢)=y(C i(w1 ;w2;ti);Si(w1 ;w2;ti))¡
Z
Iihw1 ;w2i(µ)wi(µ)(¼fq(µ)+ (1 ¡¼)fu(µ))dµ: (2.4)

A ftertheworkers’decisions inStage4havebeenreplacedbythesequentiallyrationalallocation

rule(2.2) apurestrategyforaworkeris simplytodecidetoinvestornot. W ewillsummarizethe

behaviorofallworkersasamap i:[c;c]! feq;eug. A purestrategyfora…rm isapair< wi;»i >

wherewi is ameasurablefunctionfrom [0 ;1 ]intoR + , »i :M £M ! T , M denotes thesetof

measurablefunctionsfrom [0 ;1 ]intoR + andT denotesthesetofmeasurablefunctionsfrom [0 ;1 ]

intof0 ;1 g:T heinterpretationisthatif»i(w1 ;w2)(µ)=1 then…rm i assignsworkerswithsignal

µ02 [0 ;1 ];whereA (x;µ)=fc2 [c;c]jµc(x)< µg:U nquali…edagentscanbetreatedidentically.
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µ tothecomplextaskgiventhatthepairofwagescheduleso¤eredinStage3 is(w1 ;w2):

2.3.CharacterizationofEquilibria

A lthoughthemodelis dynamic, re…nements suchas perfectBayesian equilibrium willnotgive

sharperpredictions than N ashEquilibrium intermsofequilibrium outcomes (seeSection2.3.1).

T hereforewe take N ash equilibrium as oursolution concept. Firstwe characterize the …rms’

“equilibriumresponses”, whichdetermineauniquewageschedulesuchthatboth…rmsareplaying

bestresponses givenany…xed investmentbehaviorbytheworkers. Inequilibrium, investment

decisions byworkers mustalsobebestresponses tothewages andthis generates a…xedpoint

equationinasinglevariablethatfullycharacterizestheequilibriaofthemodel.

Considerthedecisionproblemforthe…rminthe…nalstageafterahistorywhenafraction¼ > 0

oftheworkers invested. T hemonotonelikelihoodratioimpliesthatanyoptimaltaskassignment

rulefor…rm imustagreewithsomecuto¤ -ruleoftheform ti(µ)=0 forµ < eµi andti(µ)=1 for

µ¸eµi, exceptpossiblyforasetofsignalswithmeasurezero. Since…rmshavealreadycommitted

towages, thecut-o¤ mustmaximizeoutput. O n theEquilibrium path both…rmsmusto¤erthe

samewageforalmostallµ, sothequantityofquali…ed(unquali…ed)workers availablefor…rm i

withrealizedsignallessthanµ is F q(µ)=2 (F u(µ)=2). T heoutput-maximizingcuto¤ solves

max
µi;C i;Si

y(C i;S i) (2.5)

subj. to2Ci · ¼ (1 ¡F q(µi))

2Si · ¼F q(µi)+ (1 ¡¼)F u(µi):

T heconstraintsetis convexandthereisaunique, interiorsolution(seetheproofofProposition

1). Sinceboth…rmsfaceaidenticalproblemswithauniquesolutionwedroptheindicesfromnow

on. EliminatingC andS from theproblemwecanwritethenecessaryandsu¢cientconditionfor

µ tosolve(2.5) as

p(µ;¼)y1 (¼(1 ¡F q(µ));F ¼ (µ))=y2(¼(1 ¡F q(µ));F ¼ (µ)); (2.6)
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whereF ¼ (µ)is shorthandnotationfor¼F q(µ)+ (1 ¡¼)F u(µ)and

p(µ;¼)́
¼fq(µ)

¼fq(µ)+ (1 ¡¼)fu(µ)
(2.7 )

istheposteriorprobabilitythatarandomlydrawnagentwithtestscoreµ isquali…edgivenprior

¼: T he interpretation of(2.6) is thatthecuto¤ forthe“criticalworker” is setsothattheex-

pectedmarginalproductivity is equalized across tasks. A gents with lower(higher) signals are

moreproductiveinthesimple(complex) taskandareassignedaccordingly.

Foreach¼ > 0 thesolutionto(2.6) isdenotedbyeµ(¼):T heimplicitfunctiontheoremapplies,

soeµ is asmoothfunctionof¼. Fornotationalconveniencewede…ner(¼)astheratioofe¤ective

unitsofcomplexlaboroverunitsofsimplelaborimpliedbyeµ(¼);

r(¼)=
¼(1 ¡F q(eµ(¼)))

¼F q(eµ(¼))+ (1 ¡¼)F u(eµ(¼))
: (2.8)

Since…rms areinvolved in B ertrandcompetitionforworkersweconjecturethatworkers are

paidaccordingtotheirexpectedmarginalproductivities: givenafraction¼ ofinvestorswetake

thecandidate“labormarketequilibrium” wagescheduletobegivenby

w(µ)=

8
<
:

y2 (r(¼);1 ) forµ < eµ(¼)
p(µ;¼)y1 (r(¼);1 ) forµ¸eµ(¼)

: (2.9 )

T hemain contentofour…rstresultis thatourconjectureaboutequilibrium wages is correct.

D enotebytthecuto¤ rulewithcriticalpointeµ(¼)andletti bethetaskassignmentruleonthe

outcomepathfor…rm i=1;2 foranarbitrarystrategypro…le.

Proposition1. A necessaryandsu¢cientconditionforboth…rmstoplaybestresponseswhen

afraction ¼ oftheworkers investis thatwi(µ)=w(µ)andti(µ)= t(µ)fori= 1 ;2 andforall

almostallµ2 [0 ;1 ].

T heintuitionforthesu¢ciencypartis thatadeviating…rm hastopayatleasttheexpected

marginalproductivity(giventaskassignmentsaccordingtocandidateequilibrium)forallworkers

andstrictlymoreifitwantstoattractanyadditionalworkers. T hiscouldonlybepro…tableifthe

deviating…rm couldallocatetheworkersmoree¢cientlybetweentasks, whichis impossiblesince

theoriginaltaskassignmentrulemaximizesoutput.
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Sofarwehavekeptinvestmentbehavior…xed. Inafullequilibrium theadditionalcondition

thateachworkermaximizes(2.1)giventhewageschedulesmustholdaswell. W edenotebyB (¼)

thegrossbene…tsofinvestment, thedi¤erenceinexpectedearningsforanagentwhoinvestsand

anagentwhodoesnot. Bysubstitutionfrom (2.9 )we…ndthat

B (¼)=y2 (r(¼);1 )(F q(eµ(¼))¡F ueµ(¼)))+ y1 (r(¼);1 )
1Z

eµ(¼)
p(µ;¼)(fq(µ)¡fu(µ))dµ: (2.10)

G ivenawageschedulewaworkerwithinvestmentcostcis bettero¤ byinvestingifandonlyif

thegrossbene…tsofinvestmentsarehigherthanthecosts, soG (B (¼))is thefractionofworkers

whoinvestasbestresponsestothelabormarketequilibriumwageswhenafraction¼ invests. The

equilibriaofthemodelarethusfullycharacterizedbythesolutionsto

¼ =G (B (¼)): (2.11)

Summinguptheseobservationswehave:

Proposition2. T hefractionofinvestorsinanyequilibriumsolves(2.11). M oreover, anysolution

to(2.11) correspondswithanequilibrium ofthemodel12.

P roposition 2 implies thatthequestionofexistenceofequilibriareduces tothequestion of

existenceofa…xedpointofG ±B :T hisgivesusarelativelyeasyproofofexistenceofequilibria:

Proposition3. IfG (0 )> 0 13, thenthereexistsanon-trivialequilibrium ofthemodel.

FromFigure2weseethatallthereistoshowisthatG±B iscontinuous, butforfuturereference

wealsonotethatB (0)= B (1)= 0 . T heintuitionforthis is simple: sinceweassumethatboth

factorsareessential, outputmustbezeroifnobodyinvestsanditfollowsthatw(µ)=0 forallµ:

H enceB (0 )=0 :Ifontheotherhandeverybodyinvestswehavethatthesignalisuninformative,

sothewagemustbeaconstantfunctionofthesignal, implyingB (1)=0 :

12T hesecondpartmeansthatif¼ solves(2.11)wecanconstructanequilibrium
n
i;hwi;»iii=1 ;2

o

wherei(c)=eqforallc< G¡1 (¼)and i(c)= eu forallc> G¡1 (¼);w1 (µ)=w2 (µ)=w(µ)
givenby(2.9 ) and»1 (w1 ;w2)(µ)=»2 (w1 ;w2)(µ)foralmostallµ2 [0 ;1 ]:

13Inorderforanon-trivialequilibrium toexistwhenG (0 )= 0 theslopeofG ±H evaluated
at0 mustbelargerthanunity. G iventhatthedensityassociatedwithG is boundedawayfrom
zero, asu¢cientconditionforthis is thatlimC ! 0 y1 1 (C;S)y(C;S)=(y1 (C;S))2 > ¡1 ;inwhich
casetheslopeofG ±H isunboundedatzero. W hilenoteasytointerpret, theconditionholdsfor
severalcommonparametricproductionfunctions(forexampleCobb-D ouglas).
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Figure2.1: A nexamplewithauniqueinteriorequilibrium

2.3.1. SomeM odelingIssues

T heequilibrium conditions havea‡avorofcompetitiveequilibrium, soonemayconjecturethat

themodelcould be formalizedas amodelwith pricetakingagents. A s faras weunderstand

this is indeedpossible, butoneruns intosometechnicalandconceptualdi¢culties14. M odeling

competitionas aB ertrandgameratherthanassumingthat…rmsareprice-takers help overcome

thesedi¢cultiesandmakesthepolicyanalysis inlatersectionseasiertohandle.

T he“reducedgame” obtainedbyassumingthateach…rm’sdistributionofavailableworkersis

determinedby(2.2)isstilladynamicgameandwehaveneverthelessignoredunreachedinformation

sets: Propositions 1 and2 donotevenspecifywhat…rmsaresupposedtodowhenchoosingtask

assignmentrulesatinformationsetswherethewageschedulesdi¤eronasetofpointswithpositive

measure. T hereadermaythereforeworrythatweconsiderequilibriasupportedbynon-credible

threats o¤ theequilibrium path, butthis is notthecase. T he intuitivereason is thatthelast

stageofthegameisnon-strategicinthesensethatthetaskassignmentsbytheother…rmhaveno
14M aximizingover“quantities” the…rmhastochooseadistributiononthesupportofthenoisy

signal. Towritedownmarketclearingconditions itturnsoutthatastronglawoflargenumbers
is needed. U nlikeourmodel, thereis nosimple“trick” thatcanbeused, soonehas torelyon
somewhatarbitraryprobabilitymeasures (seeJudd(19 85) andFeldmanandG illles (19 85)). T he
conceptualproblem is thatevenwithastronglawoflargenumbers itis notclearhowthe…rms
shouldevaluatepro…tsoutofequilibrium.
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impactonthebestresponses inStage3. H enceitis impossibletoenlargethesetofequilibrium

outcomes comparedtothesetofperfectBayesian equilibrium outcomes bycommittingtotask

assignmentrulesthataresuboptimalo¤ theequilibrium path.

2.4.TheM odelwithTwoIdenti…ableG roupsofW orkers

W enowassumethateachworkerbelongtooneoftwoidenti…ablegroups. T hemainpoints of

the section is thatunobservablehuman capitalinvestmenttogetherwith complementarities in

productioncreatesnegativeexternalitiesbetweengroups (Proposition4) andthatequilibriawith

discriminationexistunderthenotimplausibleassumptionthatnottoomayagentshavenegative

costsofinvestment(Proposition5).

2.4.1. TheExtendedM odel

W e indexthegroups by j = a;b;whereafraction ¸a oftheworkers belongs togroup aanda

fraction¸b=1 ¡¸a togroupb:T hedistributionofinvestmentcosts isgivenbyG ineachgroup

andtheprobabilitydensityoversignals isgivenbyfqforaworker(from anygroup)whoinvests

andfu otherwise. T hegroupsarethusexanteidentical intermsofinvestmentcostsandsignals

areunbiased15.

T hegameis as in Section 2.2.1, exceptthatwages maydependongroup identity. H ence, a

strategyfor…rm i isaquadruple< wai;wbi;»
a
i;»

b
i > whereforj=a;bthefunctionwji :[0 ;1 ]! R +

denotesagenericwagescheduleand»ji mapswageschedulestotaskassignmentrulesforgroup j:

Inequilibrium, both…rmsmustpostthesamewageforalmostallsignals, sothedistribution

ofavailableworkers foreach …rm is a scalingofthe population distribution. A s before, task

assignmentsmustbedoneaccordingtocut-o¤ rulesandsincewagecostsaresunkthecuto¤smust

bechosensoastomaximizeoutput(giveninvestmentbehavior), thatis solve

max
(µa;µb)2[0 ;1 ]2

y(
X

j=a;b

¸j¼j
¡
1 ¡F q

¡
µj

¢¢
;
X

j=a;b

¸jF ¼j
¡
µj

¢
): (2.12)

Q ualitatively, theonlydi¤erencebetweenthisproblemandthetaskassignmentproblem inSection

2.3 is thatcornersolutions nowarepossible(andinteresting). O neshows thatthereis aunique

solutionto(2.12) forany¼ 6=(0 ;0 );which is characterizedbytheKuhn-Tuckerconditions. W e
15 A s inthebasicmodelwewillusefu andfqasrealizedfrequencydistributions aswell. T his

canbejusti…edbyadirectgeneralizationoftheexactstochasticmodeldescribedinfootnote2.2.1.
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let° j bethemultiplierassociatedwiththeconstraintµj¸0 and´j beassociatedwith1 ¡µj¸0 :

T heoptimalityconditionsare, aftersomerearranging, givenby

¡p
¡
µj;¼j

¢
y1 (¢)+ y2 (¢)+

° j¡´j
f¼j

¡
µj

¢=0 ;forj=a;b (2.13)

togetherwith complementary slackness conditions. W e leteµ(¼)= (eµa(¼);eµb(¼))denotethe

uniquesolutionand, as inthebasicmodel, theimplicitfunctiontheorem implies thateµ is con-

tinuous. Toeconomizeonnotationweleter(¼)denotethefactorratioimplied by eµ(¼);that
is

er(¼)=

P
j=a;b

¸j¼j(1 ¡F q(eµ
j
(¼)))

P
j=a;b

¸j(¼jF q(eµ
j
(¼))+ (1 ¡¼j)F u(eµ

j
(¼)))

(2.14)

Inequilibrium, eachworkerispaidaccordingtohis expectedmarginalproductivity, i.e.

wj(µ)=

8
<
:

y2(er(¼);1 ) forµ < eµj(¼)
p
¡
µ;¼j

¢
y1 (er(¼);1 ) forµ¸eµj(¼)

(2.15)

T hegrossbene…tsofinvestmentgivenanyinvestmentbehavior¼ is

B j(¼)=y2(er(¼);1 )(F q(eµ
j
(¼))¡F u(eµ

j
(¼)))+ y1(er(¼);1 )

1Z

eµj(¼)
p
¡
µ;¼j

¢
(fq(µ)¡fu(µ))dµ

(2.16)

andthefractionofagentsingroupjwhoinvestsisstillgivenbythefractionwithinvestmentcost

lowerthanthebene…ts, sotherelevantsystem of…xed-pointequationsthatfullycharacterizethe

equilibrium setis

¼j=G(B j(¼))forj=a;b: (2.17 )

T hemostnaturalwaytode…nediscrimination is inthis frameworkis tocallanequilibrium

discriminatory if, say, theaveragewageislowerforonegroupthantheother. H owever, from(2.15)

weseethatif¼j > ¼k;thenthewageschemeforgroup j isuniformlyabovethewageschemefor

groupk;whilethewageschemesareidenticalifthefractionsofinvestorsarethesame. T herefore,

wecallanequilibrium discriminatoryif¼a6=¼bandrefertothegroupwiththelowerfractionof

investorsasthediscriminatedgroup.

If¼a= ¼btheconditions foroptimaltaskassignments (2.13) simplifytotheoptimalitycon-
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ditionforthesinglegroupmodel(2.6). T hus, thecuto¤s, theimpliedfactorratioandthegross

bene…tsofinvestmentwillbeasinthesinglegroupmodel, soif(¼;¼)isanequilibrium, then¼ isan

equilibrium inthesinglegroupmodel. T heconverseisalsotrue, sothesetofnon-discriminatory

equilibriacorrespondsdirectlywiththesetofequilibriainthesinglegroupmodel, whichguarantees

existenceofequilibriaunderthesameconditionsasbefore.

W e aremainly interested in discriminatoryequilibriaandwilldemonstratebelowthatdis-

criminatoryequilibriaexistundertheratherplausibleassumptionthatnottoomanyagentshave

negativecostsofinvestment. H owever, tohighlightthatthedrivingforcebehinddiscriminationis

distinctfrom theearlierliterature, wewill…rstdiscussacomparativestaticsresultthatsaysthat

increasedinvestments inonegroupa¤ectincentivestoinvestnegativelyfortheothergroup.

Proposition4. Fix¼j > 0 :T henB j(¼j;¼k)isdecreasingin¼koverthewholeunitintervaland

strictlydecreasingforall¼k suchthat0 < < eµ(¼)< < 1 :

T heintuitiveexplanationisasfollows: if¼bincreasesthe…rmswillrespondbyreplacingsome

a¡workersbyb¡workersinthecomplextaskandincreasethefactorratio(2.14). Sincelaborinputs

inthetwojobsarecomplementary, themarginalproductivityinthecomplextaskdecreaseswhile

itincreasesinthesimpletask. H ence, fromthea¡workerspoint, thecuto¤ signalisincreased, the

wageinthesimpletaskincreases andthewageinthecomplextaskdecreases forallrealizations

ofµ. Takentogetherthisunambiguouslyreduces incentivestoinvest.

Toconstructan examplewhere, say, group a is discriminated in equilibrium the …rststep

is to showthatthere exists ¼ with ¼a < ¼b such that B a(¼) < B b(¼). O nce existence of

such¼ is establishedwecanpickanydistributionfunctionG thatsatis…es ¼a=G(B a(¼))and

¼b=G(B b(¼))andtheexampleiscomplete. Inspecting(2.13)weseethatif¼b> 0 is held…xed

and¼a is smallenough, thenallworkersfromgroupawillbeassignedtothesimpletask16, while

someworkersfrom theothergroupmustbeassignedtothecomplextask. Itfollowsthatforany

…xed¼b> 0 thereisalwayssome²2(0 ;¼b)suchthat0 = B a(¼a;¼b)< B b(¼a;¼b)forall¼a·²:

T hismeansthatirrespectiveoftheotherfundamentalsofthemodelitisalwayspossibleto…nda

distributionofcostssuchthatthereisatleastonediscriminatoryequilibrium ofthemodel.
16To see this, note that lim¼a! 0 r(¼a;¼b) > 0 ; for any ¼b > 0 since otherwise

lim¼a! 0 eµ
b
(¼a;¼b)= 0 and lim¼a! 0 p(eµ

b
(¼a;¼b);¼b)y1 (¢)= 1 ;which condradicts (2.13) for

¼a su¢ciently small. N ext, lim¼a! 0 r(¼a;¼b) > 0 implies that y1 (¢) stays bounded, so
lim¼a! 0 p(eµ

a
(¼a;¼b);¼b)y1 (¢)= 0 :From (2.13) wethenconcludethat´a mustbestrictlypos-

itivefor¼a smallenough, whichmeansthateµa(¼a;¼b)=1 :
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W hiletheargumentaboveshowsthatitispossibleto…nddistributionsofcostssuchthatthe

modelallows discriminatoryequilibria1 7 itdoes notsayanythingaboutwhatconditions onthe

primitivesareneeded. T henextproposition is intendedtogivesomeintuition: ifthefractionof

agentswhoderivepositiveutilityfromtheinvestmentissmallenoughtherewillbeanequilibrium

whereallagents from oneofthegroups areassignedtothesimpletaskataconstantwage. To

makethisprecisewenowletG besomestrictlyincreasingdistributionfunctionover[0 ;c]satisfying

G (0)= 0 ;whereweassumethatthesingle-groupmodelhas anon-trivialequilibrium. Togeta

parametricsequenceofdistributionfunctionswherethefractionofagentswithnegativeinvestment

costapproacheszeroweletG ® bede…nedasG ® (c)=® + (1 ¡®)G (c)foreachc2 [0 ;c]:

Proposition5. Fixy;fq ;fu;̧ a and ¸bandassumethat¸a;̧ b> 0 . T henthereexists ® > 0

suchthatthereexists an equilibrium wherenoworkers from oneofthegroups, j;areassigned

tothesimpletaskand ¼j = ® = G® (0 )forany® ·®: M oreover, inthis equilibrium thewage

scheduleforgroup j isuniformlybelowthewageschemefortheothergroup.

T heintuitionisstraightforward: ifallagentsin, say, groupa, areassignedtothesimpletaskthe

equilibriumconditionsfortheothergrouparequalitativelyasinthesinglegroupmodel. A pplying

thesamesteps as intheproofofProposition3weestablishthatafraction ¼b > ® mustinvest

intheothergroup andthatsomeoftheseworkersmustbeusedinthecomplextask. L etµbbe

theimpliedcuto¤ forgroupbinthe“restrictedmodel” whereithasbeenassumedthatallagents

fromgroupaareusedinthesimpletask. Toverifythat(®;¼b)isanequilibriumofthefullmodel

weonlyneedtocheckthat(1 ;µb)satis…estheconditions in(2.13)givenfractions(®;¼b);whichis

thecasefor® smallenough.

Itisnotverysurprisingthat(2.16), thebene…tsofinvestmentforgroupj;convergespointwise

to (2.10) as the relative group size ¸j goes towards unity. A lthough this resultis simple to

understand ithas someratherinterestingconsequences. M ostnotableperhaps is thatitmeans

thatifthesingle-groupmodelhasauniqueequilibrium, ¼¤;andgroup j is largeenough, thenthe

fractionofinvestors in group j mustbe“near” ¼¤inanyequilibrium ofthemodelwithmultiple
17 Formalgenericityanalysisisoutofthescopeforthispaper, butitiseasytoseethata“large”

setof¼ 2[0 ;1 ]2 with ¼a 6= ¼bcanbesupportedas equilibriabysome distributionG:Foreach
ofthese¼ thereis obviouslyamultitudeofdistributions thatworksinceonlythevalueattwo
points matters. M ore interestingis maybethatforany ¼ such thatthegroup with thelower
fractionofinvestors has less incentives toinvestwemay pickG suchthatanyG0thatsatis…es
jG0(c)¡G (c)j< ² forallc;alsohas anequilibrium withdiscrimination if² > 0 is su¢ciently
smallandthatthis istrueforanarbitrarychoiceofG thatsupportsadiscriminatoryequilibrium
suchthatB j(¼)isdecreasingin¼j forthegroupwiththehigherfractionofinvestors.
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groups. W hilethisdoesnotruleoutequilibriawherethefractionofinvestors inthesmallgroup

isstrictlylargerthan¼¤wenotethatonlythesmallgroupcanbeinasituationwherenoworkers

from thegroupareassignedtothecomplextask.

2.5. A ¢rmativeA ction

Inthissectionwewilluseourframeworktoanalyzethee¤ectsofa¢rmativeaction. W echaracterize

theequilibriumwageswhenthepolicyis introduced(Proposition6)andusethischaracterization

toshowthatdiscriminationmaypersist(Proposition7 ), butthata¢rmativeactionraisesthelower

boundonthefractionofinvestorsinthediscriminatedgroup(Proposition8). Finally, weconsider

apairofexamples. Inthe…rstexamplewedemonstratethatitispossiblethata¢rmativeaction

has perversedistributionalconsequences and in thesecondweshowthatitis alsoapossibility

thata¢rmativeactionguaranteesthattheeconomymovestoacolorblindequilibrium.

A nalternativeinterventionwouldbeanequalopportunitieslaw, requiring…rmstoo¤erwages

thatdonotdependongroup identity. Inoursimpleframeworkthis wouldmeanthatthe…rms

wouldbeconstrained too¤eridenticalwageschedules toboth groups. Sincethe incentives to

investwouldbethesameforbothgroupsthiswouldeliminatediscrimination. T heproblemwith

this policyis thattheregulatormustobserveallinformationtheemployerhasavailableinorder

toimplementit. Sincehiringdecisionsareoftenbasedonintangiblevariablessuchastheoutcome

ofan interview, verbalrecommendations etc. wethinkthatthis is unrealistic18 . Q uotas onthe

otherhanddon’trequiredetailedinformationabouttheworkersandcanbeimplementedaslong

asthepolicymakercanobservethenumberofworkersfrom eachgroup ineachjobcategory.

2.5.1. TheM odelwithA ¢rmativeA ction

W emodela¢rmativeactionasarequirementforeach…rm tohireworkersforeachtaskinaccor-

dancewiththepopulationfractions. W hiletheconstraintis straightforwardtowritedowngiven

arbitrarywages itismoretransparentforthecasewherewj1 =wj2 forj=a;b;whichwillbethe

caseinequilibrium. T hea¢rmativeactionpolicyrequiresthat

R
tai (µ)̧

af¼a(µ)dµR
tbi (µ)̧

bf¼b(µ)dµ
=
¸a

¸b
and

R
(1 ¡tai (µ))̧

af¼a(µ)dµR¡
1 ¡tbi(µ)

¢
¸bf¼b(µ)dµ

=
¸a

¸b
: (2.18)

18Forexample, itseemsthatapolicyrequiringequalpayforequalquali…cationsintheacademic
marketwouldbemoreorless impossibletoimplement.
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O thernumericalgoals canbehandledas longas fullemploymentis feasible, butitis important

thatthereisaquotaineachtask(seeSection2.5.3).

T hepayo¤s as functions ofactions andthetimingoftheactions areas beforeandtheonly

di¤erencecomparedtothemodelinSection2.4isthatthetaskassignmentrulechoseninthe…nal

stageofthegamemustsatisfythea¢rmativeactionconstraint19 .

A sinearliersectionsthe…rststepintheequilibriumcharacterizationistonotethat…rmsmust

o¤erwageschedulesthatareidenticalalmosteverywhereandthattaskassignmentsmustbedone

accordingtocuto¤ rules. W ecancharacterizetheoptimaltaskassignmentruleafteranyhistory

whereboth…rmshaveo¤ered(essentially) thesamewageschedulesbysolving

max
µa;µb

y(
P

j=a;b
¸j¼j(1 ¡F q

¡
µj

¢
);

P
j=a;b

¸j(¼jF q
¡
µj

¢
+

¡
1 ¡¼j

¢
F u

¡
µj

¢
))

s.t ¼aF q(µa)+ (1 ¡¼a)F u(µa)=¼bF q(µb)+ (1 ¡¼b)F u(µb)
: (2.19 )

T hisproblem is justaddingaconstraint, whichisthea¢rmativeactionrequirement(2.18)when

thetask-assignmentrulesarecuto¤ rules, totheproblem (2.12) inSection2.4. T henecessaryand

su¢cientconditionsforoptimalityare

¡y1 (¢)p(µa;¼a)+ y2 (¢)¡ ¹
¸a =0

¡y1 (¢)p(µb;¼b)+ y2 (¢)+ ¹
¸b=0

; (2.20)

where¹ > 0 if¼a < ¼b . U singtheconstraint, themultiplierandoneofthedecisionvariables

can be eliminated and the remainingequation has allthe qualitative properties of(2.6). By

arguments moreorless identicaltotheones used inthesinglegroup modelonecanshowthat

foreach ¼ =(¼a;¼b)such thateither¼a or¼b is strictly positive there is a unique bµ(¼)=

(bµa(¼a;¼b);bµb(¼a;¼b))>> 0 thatsolves (2.19 ) andthatthe implicitfunction theorem applies.

T hesolutionwillconsequentlybeasmoothfunctionof¼:Fornotationalconvenienceweletbr(¼)
denotetheimpliedfactorratio, whichisde…nedaser(¼)inSection2.4(equation(2.14)), butwith

cuto¤sgivenbybµ(¼)insteadofeµ(¼):
W hilethecharacterizationofequilibriumtask-assignmentrulesisnotsigni…cantlyharderthan

earlier, thedetermination ofwages is somewhatcounterintuitive. Itis temptingtoguess that
19 A lternatively, thestrategysets canbekeptas beforeanda¢rmativeactioncanbeimposed

bychargingpenalties on…rmsthatviolatesthenumericalgoalsonemploymentstipulatedbythe
policymaker. Ifthepenaltiesaresu¢cientlyhighthetwoapproachesareequivalent.
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Figure2.2: N otanequilibrium

wages stillaregivenbyexpectedmarginalproductivities, thatis totake(2.15) as thecandidate

equilibrium wagefunction, usingtheuniquecut-o¤ points determined above. T his is however

notconsistentwithequilibrium since(assuming¼a6=¼b)someagentsofthediscriminatedgroup

employedinthecomplextasksarepaidlessthanagentsfromthesamegroupwhoareinthesimple

task(seeFigure2). H encea…rmcouldstealsomeofthesecheaperworkersfromtheother…rmto

replacesomeoftheworkerspreviouslyinthesimpletask. A slongasthetotalquantityofworkers

inthesimpletask is heldconstant, thea¢rmativeactionconstraintis nota¤ected. O utputis

unchangedandtotalwagepaymenthasdecreased, sothis isapro…tabledeviation.

T heuniquewageschedulesconsistentwithequilibrium are

wj(µ)=

8
<
:

y1 (br(¼);1 )p(bµ
j
(¼);¼j) forµ < bµj(¼)

y1(br(¼);1 )p
¡
µ;¼j

¢
forµ¸bµj(¼)

; (2.21)

sothewage in the simpletask is nowdetermined bythemarginalagent’s productivity in the

complextaskratherthantheproductivityinthesimpletask. T hesewageschemestogetherwith

thetaskassignmentrulesderivedabovecharacterizethe…rms’equilibrium responses. Inanalogue

withthesinglegroup modelwelettjdenotethetask-assignmentrulewith cuto¤ bµj(¼a;¼b)for

j = a;band lettji bethetaskassignmentruleontheoutcomepath foranarbitrarystrategy
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pro…le.

Proposition6. A necessaryandsu¢cientconditionforboth…rmstoplaybestresponseswhen

fractions ¼ =(¼a;¼b)oftheworkers investis thatwji (µ)=wj(µ)andtji (µ)= tj(µ)fori= 1 ;2

andj=a;bandforalmostallµ 2 [0 ;1 ].

W enowgiveabriefintuition: workersemployedinthecomplextaskarepaidtheirexpected

marginalproductivities, sothere is noincentivetodeviatetochangetheallocation ofworkers

inthecomplextask. ConsultingFigure3, whichdepicts theequilibrium wages inthecasewith

¼a < ¼bweseethatworkersfrom thegroupwiththelowerfractionofinvestorsarepaidlessthan

theirmarginalcontributiontooutputinthesimpletask, whileworkersfrom theothergroupare

paidmore20. H owever, thea¢rmativeactionpolicymeansthata…rm cannotchangetheratioof

a¡workerstob¡workers inthesimpletaskandeliminatingthemultiplierfrom (2.20)weget

y1 (br(¼);1 )
X

j=a;b

¸jp(bµj(¼);¼j)=y2(br(¼);1 ); (2.22)

whichmeans thattheweightedaverageoftheexpectedmarginalproductivities inthecomplex

taskforthecriticalagentsequalsthemarginalproductivityinthesimpletask. A tthis pointwe

20If¼a < ¼bthenbµa(¼)< bµb(¼);sinceotherwisethea¢rmativeactionconstraintcannotbe
satis…ed. H encep(bµa(¼);¼a)< p(bµb(¼);¼b)andby inspection of(2.20) weseethatwa(µ)<
y2(br(¼);1 )forµ < bµa(¼)andwb(µ)> y2(br(¼);1 )forµ < bµb(¼):
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notethatF ¼a(bµ
a
(¼))= F ¼b(bµ

b
(¼))bythea¢rmativeactionconstraint, sothelefthandsideof

(2.22) is alsotheaveragewageinthesimpletask. H encetheaveragewage inthesimpletaskis

given bythemarginalproductivity, sothereis noincentivetochangethefactorratio. Finally,

sincetheaveragewageinbothtasksistheexpectedmarginalproductivity, …rmsmakezeropro…ts

andhavenoincentivestochangethescaleofoperation.

U singthewageschedules (2.21) wecanexpress theexpectedgrossbene…ts from undertaking

theinvestmentforanagentingroup jwhen¼ =(¼a;¼b)as

Hj(¼) = y1(br(¼);1 )p(bµ
j
(¼);¼j)(F q(bµ

j
(¼))¡F u(bµ

j
(¼)) (2.23)

+ y1(br(¼);1 )
Z 1

bµj(¼)
p
¡
µ;¼j

¢
(fq(µ)¡fu(µ))dµ:

A rguingas inthesinglegroupmodelweseethat¼ =(¼a;¼b)isanequilibrium ifandonlyif

¼j=G(Hj(¼))forj=1 ;2 (2.24)

From theseexpressions itis easilyseenthatanynon-discriminatoryequilibrium in theextended

modelisanequilibrium undera¢rmativeaction. T his shouldbefairlyobvioussinceifthegroups

behavethesamewaythentheemployersvoluntarilytreatthegroupsidentically. Toseeitformally

weobservethatthemultiplierintheconditions(2.20)mustbezerowhen¼a=¼b;sobothequations

in(2.24) reducestothe…xedpointequationforthesinglegroupmodel.

Ifthereareasymmetricequilibriaundera¢rmativeaction, inspectionof(2.21)revealsthatthe

wagescheduleforthegroupwiththelowerfractionofinvestorswillbeuniformlybelowthewage

schedulefortheothergroup. H ence, wagediscriminationpersists inourmodelunless thepolicy

forcestheeconomytoanequilibriumwherethefractionsofagentswhoinvestarethesameinboth

groups. Forthisreasonwewillsaythatanequilibrium isdiscriminatoryunless ¼a=¼b.

Intuitively, a¢rmativeactionmakesithardertosustaindiscriminationsinceitpushesupwages

inthesimpletaskforworkersfromthegroupwiththehigherfractionofinvestorsandpushesdown

wages inthesimpletaskforthediscriminatedgroup. H owever, asweshownext, equilibriawith

discriminationmayexistevenundera¢rmativeaction.

Proposition7 . Fixy;fqfuand(̧ a;̧ b)2(int¢ 2):T henthereexistssomestrictlyincreasingdis-

tributionfunctionG withG (0)> 0 suchthatthemodelwitha¢rmativeactionhasanequilibrium

(b¼a;b¼b)withb¼a < b¼b:
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T he resultcan be strengthened in severaldirections. First, itshould beclearthatweget

multiplicityforalarge setofdistribution functions. Toseethis onenotes thatb¼a < b¼b only

ifHa(b¼)< Hb(b¼);which sinceHa andHbarecontinuous means thatthere is anopensetU

containing(b¼a;b¼b)suchthattheexpectedbene…tsofinvestmentformembers ingroupbexceeds

thebene…ts formembers ingroup aforall¼ 2U . A lso, theargumentonlyrelies onexistence

ofafunction G thattakes on particularvalues atafewpoints, whichmeans thatassumptions

aboutitscurvaturewillnotbeenoughtogetanysu¢cientconditionsforrulingoutdiscriminatory

equilibria.

T hisresulthastheimportantimplicationthatwehavetocompareequilibriasetwise. A natural

waytomakesuchasetwisecomparisonistocomparethe“worstcasescenarios” , thatis, compare

themostdiscriminatoryequilibrium undereachregimewitheachother.

Ifwetake“mostdiscriminatoryequilibrium” tomeantheequilibrium wherethedistancebe-

tween ¼a and ¼b is thelargest, itfollows from Proposition 4 thatthis is theequilibrium with

thelowestfractionofinvestors inthediscriminatedgroup andthehighestfraction intheother

group. N ow, ifthemodelallows a“cornerequilibrium”, itfollows triviallythatthefractionof

investorsinthediscriminatedgroupmustincreaserelativetothisequilibrium ifa¢rmativeaction

isintroduced: ifG (0)> 0 thereisapositivefractionofagentsfrombothgroupswhoinvestinany

equilibrium. H encethewagescheduleforbothgroupswillbestrictly increasingundera¢rmative

actionandtherewillconsequentlybesome(possiblyverysmall)monetaryincentivestoinvestfor

agents inbothgroups inanyequilibrium undera¢rmativeaction.

O nemayconjecturethatthis holds true in general. A fterall, comparingthewageschemes

underthedi¤erentregimes itlooks as ifa¢rmativeaction increases the incentives toinvestfor

thediscriminatedgroupanddecreasestheincentives fortheothergroup. T hecomplementarities

betweengroups shouldthenguaranteethatthis holds trueevenifonetakes thefullequilibrium

e¤ects intoaccount. T he second partofthis argumentturns outtoberight: given thatthe

directe¤ectofa¢rmativeaction on incentives (holdingthe fraction ofinvestors …xed in each

group) increases (decreases) thebene…ts ofinvestmentinthediscriminated (other) group, then

thefractionofinvestorsinthediscriminatedgroupmustbehigherundera¢rmativeactionthanin

the“worst” equilibriumwithoutthepolicy. W hatfails ingeneralisthe…rstpart: duetochanges

inthefactorratiothedirecte¤ectmaygothewrongwayforoneofthegroups(butnotforboth).

H owever, ifthediscriminatedgroup is smallenough, thee¤ectonthefactorratioisnegligible

and in this casewecan showthatthedirecte¤ectofa¢rmativeaction is whatwe intuitively
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Figure2.4: Costdistributionwithnoe¤ectonbehavior

expectandthelogicabovegoesthrough.

Proposition8. L et(¼a;¼b)bethemostdiscriminatoryequilibrium inthemodelofSection2.4

andlet(b¼a;b¼b)bethemostdiscriminatoryequilibriuminthemodelwitha¢rmativeaction, where

groupaisthediscriminatedgroup inbothcases. T hen¼a < b¼a if¸a is su¢cientlysmall.

2.5.2.Examples: W elfareE¤ectsofA ¢rmativeA ction

W enowconsidersimpledistributionfunctionsoftheform:

G (c)=

8
>>><
>>>:

¼a ifc< c

¼b ifc2
£
c;c

¤

1 ifc> c

(2.25)

wherecwillbelargerthananypossiblebene…tsofinvestment.

Example1: T hepointofthisexampleisthatthedisadvantagedgroupmaybemadeworseo¤

bya¢rmativeactionevenifthestartingpointisthemostsevereform ofdiscriminationpossible.

T heconstructionis illustratedinFigure4.

U singthenotationfrom Section2.4weletB j(¼)denotetheexpectedgrossbene…tsofinvest-

mentinthemodelwithouta¢rmativeaction. N ow, ifwe…x¼b> 0 and¼a is su¢cientlysmall

thesolutiontothetaskassignmentproblem forthe…rm istoassignallworkersfrom groupato

thesimpletask, whilesomeworkers from group bwillbeassignedtothecomplextask. H ence
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B a(¼a;¼b)= 0 < B b(¼a;¼b)for¼a su¢cientlysmall. T hus, ifc in (2.25) is in between 0 and

B b(¼a;¼b)wehavethat(¼a;¼b)is anequilibrium inthemodelwithouta¢rmativeaction. N ext

weproceedinthespiritoftheargumentoftheproofofProposition6andarguethatfor¼a small

enoughandfortherightchoiceofcthiswillalsobeanequilibriumwitha¢rmativeaction. Tosee

thiswenotethatHa(¼a;¼b)! 0 as ¼a ! 0 whileHb(¼a;¼b)! Hb(0 ;¼b)> 0 as ¼a ! 0 :H ence

thereexistssome¼a> 0 suchthat

0 = B a(¼a;¼b)< Ha(¼a;¼b)< min(B b(¼a;¼b);Hb(¼a;¼b)): (2.26)

Choosingcin(2.25) betweenHa(¼a;¼b)andtheminimumofB b(¼a;¼b)andHb(¼a;¼b)wehave

that(¼a;¼b)is anequilibrium bothwithandwithoutthepolicy. T hechangeinexpectedutility

foranagentofgroup jwhoinvests is

¢ W j
IN V = p(bµj(¼);¼j)y1 (br(¼);1 )F q(bµ(¼))+

Z 1

bµj(¼)
y1 (br(¼);1 )p(µ;¼j))q(µ)dµ¡(2.27 )

¡
"
y2 (er(¼))F q(eµ

j
(¼))+

Z 1

eµj(¼)
y1 (er(¼);1 )p(µ;¼j)fq(µ)dµ

#
;

andthechangeinexpectedutilityforagentswhodonotinvestisderivedsymmetrically21. N ote

thatthefactorratioingeneralchangeswhenthepolicyis introduced. T his e¤ectmaygoeither

waydependingontheproductionfunctionandthedistributionfunctionsforthesignal. H owever,

forthis examplethis creates noproblems: nomatterwhathappens tothefactorratiowecan

always relyonthefactthatundera¢rmativeactionwa(µ)· y1(br(¼);1 )p(1;¼a)forallµ;so

for¼a smallenoughthepolicymustdecreasetheexpectedutilityforallagents ingroupa:T he

welfaree¤ectfortheothergroup isambiguous, butsincethesetoffeasibleproductionplanswith

thepolicy is astrictsubsetofthefeasibleplanswithoutthepolicy(rememberthatinvestment

behaviorisunchanged) outputunambiguouslydecreases.

Example2: Inthisexampleweshowthatitisindeedpossiblethata¢rmativeactionremoves

equilibriawithdiscriminationandthatthetargetgroupmaybemadebettero¤.

Considerthebene…tsofinvestmentifafraction¼bwouldinvestinbothgroups, B j(¼a;¼b)in

themodelwithoutthequotaandHj(¼a;¼b)in themodelwith;bothwhichequals thebene…ts

ofinvestmentin thesinglegroup modelifafraction ¼b invests, B (¼b): Itis straightforwardto
21Sinceweconstructedtheequilibriasothatthefractionofinvestors remains thesamewedo

notneedtoworryaboutagentswhochangetheirbehaviourwhenthepolicyis introduced.
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showthatthebene…ts ofinvestmentforagents inoneofthegroups is monotonicallydecreasing

inthefractionofinvestors intheothergroup, soB a(¼a;¼b)< B a(¼b;¼b)= B (¼b)< B b(¼a;¼b):

A swearguedaboveB a(¼a;¼b)= 0 forsomesmallenough¼a > 0 ;soforcchoseninbetween 0

and B b(¼a;¼b)and¼a smallenough(¼a;¼b)is anequilibrium. Butifcis chosenintheinterval

(0 ;Ha(¼a;¼b))then (¼a;¼b)is notanequilibrium whena¢rmativeaction is introduced. T hus

(assumingais thesmallergroupwecannotswitchtodiscriminationoftheothergroup) theonly

remainingequilibrium candidateisonewhereafractionof¼b invests inbothgroups. Sinceccan

bechosensothatitissmallerthanB (¼)thereisarangeofparametervaluessothatthisisindeed

anequilibrium. O necanshowthatthewageforagentsemployedinthesimpletaskwillbehigher

inthesymmetricequilibrium andthismeansthatallagents ingroupabene…ts from thepolicy.

Sinceproductionincreasestheothergroupmayormaynotbemadeworseo¤.

B yrelativelystandardcontinuityargumentsbothargumentsextendtostrictlyincreasingdis-

tributionsaswell.

2.5.3.W hyaQ uotaintheSimpleTask?

M ostpeopleprobablythinkofrealworldquotasastargetedtowardsincreasingtherepresentation

ofminoritiesandwomeningoodjobsandnotas increasingwhitemaleemploymentinbadjobs.

Inourmodelhowever, theconstraintsin(2.18) imposerestrictionsbothways, soitmaybeargued

thatouranalysisdoesnotcorrespondtorealworldquotas.

U nfortunately, itisnotpossibletohaveaquotainonetaskonlyinourmodel. L abormarket

equilibrium wages simplyfailtoexistwithsuchaquota. Tounderstandthis, notethatwhatever

necessaryconditionswehaveforanequilibrium withquotas inbothtasksremains necessaryfor

anequilibrium ifonequotaisremoved: removingthequotainthesimpletaskjustincreasesthe

possibilities fordeviations, butanequilibrium, ifthereis one, muststillbe immuneagainstall

deviations thatarefeasiblewithquotas in bothtasks. B ut, consultingFigure3 weseethatif

thereisnoquotainthesimpletask, thena…rmwouldwanttodeviatebygettingridofthehigher

paidworkers from group b;sothereis nolabormarketequilibrium if¼a 6= ¼b:Sinceonlynon-

discriminatory(N ash) equilibriaremains inthefullgameonecould inprincipleinterpretthis as

sayingthata¢rmativeactionguaranteesacolorblindequilibrium. W earehoweveruncomfortable

withthis interpretation. T helogicrelies onnon-existenceofequilibriainallcontinuationgames

wheregroups di¤erin theirinvestment. W e think thatthis is “abusing” the notion ofN ash

equilibrium andnotethesimilarities totheuseof“integergames” intheN ash implementation
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literature.

W hilewerecognize thatitwould bedesirable tohaveamodelthatcan handlequotas in

goodjobsonlywenotethatdi¤erences betweentheracialcompositionoftheworkforceandthe

racialcompositionofthecommunitywherethe…rm is locatedaswellasdi¤erences intheracial

compositionintheworkforceacrossjobcategorieswithinthe…rm havebeentakenasevidenceof

discriminationinlawsuits22. Takentogetherthis e¤ectivelyimpliesaquotaineachtask.

2.6.ConcludingR emarks

W ehavedevelopedaframeworkwherethee¤ects ofa¢rmativeactionpolicies onwages canbe

studied. T hereareatleasttworeasons why amodelwith endogenouslydetermined wages is

desirablewhenstudyingtheimpactoflabormarketquotas. Firstofall, ifweareinterested in

distributionalconsequencesofthepolicy, weneedanideaabouthowwagesrespond. Second, itis

di¢culttoreconcileexogenously…xedwageswithrationalbehaviorbythe…rms.

W ithcompetitivelydeterminedwagesa¢rmativeactionseemsmorepromisingthaninCoate

andL oury(19 9 3) intermsofimprovingincentivestoinvestinhumancapitalforthediscriminated

group. A lthough acolorblind equilibrium is notguaranteed, the partialequilibrium e¤ectis

typicallytoincreasetheincentivesforthedisadvantagedgroup23. G eneralequilibrium e¤ectsare

somewhatblurredbythefactthatwecompare sets ofequilibria, butifthe initialequilibrium

withoutthepolicyis themostdiscriminatory, thenthefractionofinvestors inthediscriminated

groupmustincreaseandgroupdisparitywilltypicallydecrease24.

Sincewagesare…xedexogenously, a¢rmativeactionalwayshasthedesireddistributionale¤ect

toreducegroup inequalityinCoateand L oury(19 9 3). T hemajorlessonofthis chapteris that

this is notnecessarilytruewithcompetitivelydeterminedwages, soinequalityinearningsacross

groupsmayincreaseasaconsequenceofquotas inthelabormarket.

O urmodelhas thenovelfeaturethatdiscriminationmayoccurinequilibrium even ifthere

isauniqueequilibrium inthecorrespondingmodelwithoutobservablegroupcharacteristics. W e
22SeeB olick(19 9 6).
23Itisalogicalpossibilitythatthisconclusionisreversediftheinputoflaborinthecomplextask

relativetothesimpleincreaseswhenthequotasareintroduced. H owever, ifthediscriminatedgroup
issmall, changesinfactorproportionswillbesmall, sointhiscasetheincentivesareunambiguously
improvedforthedisadvantagedgroup.

24A gain, changesinfactorproportionsmayproducecounterintuitiveresults. T hus, itislogically
possiblethattheincentivestoinvestforthedominantgroupalsoincreases.
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interpretthisas sayingthatdiscriminationisdrivenbyspecialization ratherthanbeingacoordi-

nationfailure. O nemayobjectthateconomicsofspecializationasweknowitis intheinterestof

allparticipantsinthemarket, whileagents inthediscriminatedgroupareworseo¤ inourmodel.

Still, ifwethinkoftherespectivegroupsas “countries” sellinglaborontheworldmarketwesee

thattheforcesatplayaresimilartoforcesthatdrivespecializationintrademodelswithincreasing

returns: theexistenceofothergroupswithahighfractionofinvestors is whatdrives downthe

returnstoinvestmentrelativeasituationwherethegroupswereseparated.

Sincediscriminationhas this specialization interpretationand since specialization is usually

e¢ciencyenhancingwemayaskwhetherdiscriminationise¢cientornot. T hisquestionisstudied

inN orman(19 9 7 ), whereitisshownthatwhileallmarketequilibriainthemodelareconstrained

sub-optimal, discriminationasaphenomenonneednotbe. Inparticular, autilitarianplannermay

wanttodiscriminatebetween identicalgroups. H ence, given thattransfers betweengroups are

feasibleandthattheregulatorcaresaboutequalityinincomeratherthanequalityinbehavior, the

regulatormayactuallywanttodiscriminate.

2.7 . Proofs

ProofofProposition 1: (su¢ciency) Suppose a …rm deviates and plays strategy
­
w0i;»

0
i
®
with

actions ontheimpliedoutcome path hw0i;t0ii di¤erentfrom hw;ti givenby(3.12) andthecuto¤

rulewithcriticalpointsolving(3.12)onasetofpositivemeasure. D e…ne£h=fµ :w0(µ)> w(µ)g;
£l=fµ :w0(µ)< w(µ)g;£e=fµ :w0(µ)=w(µ)g: L ettingC0andS0denotetheimpliedfactor

inputs forthedeviatorgiventhattheother…rm playsaccordingtotheequilibrium strategieswe

canexpresspro…tsforthedeviatoras(usingequations(2.3) and(2.4))

¦id = y(C 0;S0)¡
Z

µ2£h

w0(µ)f¼ (µ)dµ¡
1
2

Z

µ2£e
w(µ)f¼ (µ)dµ;where (2.28)

C0 =
Z

µ2£h
t0(µ)¼fq(µ)dµ+

1
2

Z

µ2£e
t0(µ)¼fq(µ)dµ

S0 =
Z

µ2£h
(1 ¡t0(µ))f¼ (µ)dµ+

1
2

Z

µ2£e
(1 ¡t0(µ))f¼ (µ)dµ
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W enowmultiplybothsidesinthesecondequationof(2.28)byy1 (C;S)andsubstitutetheidentity

¼fq(µ)=p(µ;¼)f¼ (µ). Similarlywemultiplythethirdequationbyy2 (C;S)andget

y1 (C;S)C0 =
Z

µ2£h

t0(µ)p(µ;¼)y1 (C;S)f¼ (µ)dµ+
1
2

Z

µ2£e
t0(µ)p(µ;¼)y1 (C;S)f¼ (µ)dµ(2.29 )

y2 (C;S)S0 =
Z

µ2£h

(1 ¡t0(µ))y2 (C;S)f¼ (µ)dµ+
1
2

Z

µ2£e
(1 ¡t0(µ))y2 (C;S)f¼ (µ)dµ:

B utw(µ)=maxfy2 (C;S);p(µ;¼)y1 (C;S)g, whereC;S aretheimpliedfactorinputsinthepro-

posedequilibrium:Furthermore, y(C0;S0)·y1 (C;S)C0+ y2 (C;S)S0byconcavityandconstant

returns. Summingthe equalities in (2.29 ) and usingthese twofacts we…ndthaty(C 0;S0)·
R

µ2£h
w(µ)f¼ (µ)dµ + 1

2

R
µ2£e

w(µ)f¼ (µ)dµ andsubstitutinginto(2.28)weget

¦id·
Z

µ2£h
(w(µ) ¡ w0(µ))f¼ (µ)dµ·0 :

T henecessitypartwillbeprovedfrom asequenceofintermediateresults:

L emma1. Supposehwi;»iii=1 ;2 is apairofbestresponses. T henw1 (µ)=w2 (µ)foralmostall

µ2 [0 ;1 ]

Proof. Supposehwi;»iii=1 ;2 arebestresponsesandthereisaset£µ[0 ;1 ]withpositivemeasure

suchthatwi(µ)¡wj(µ)> 0 forallµ2£. Consideradeviation
­
w0i;»

0
i
®
suchthat»0i(w0i;wj)(µ)=

»i(wi;wj)(µ)forallµ;w0i(µ)=wi(µ)forµ 2 [0 ;1 ]n£andw0i(µ)=(wi(µ)+ wj(µ))=2 forµ 2£.
T hedistributionofavailableworkers andtaskassignments ontheoutcomepathareunchanged,

sooutputisunchanged. T hedi¤erenceinexpectedpro…ts isthusthedi¤erenceinthetotalwage

costs, 1 =2
R
µ2£(wi(µ)¡wj(µ))f¼ (µ)dµ > 0 ;contradictingthehypothesis thathwi;»iii=1 ;2 is a

pairofbestresponses.

L emma2. L etti denote the implied taskassignmentrule on the equilibrium path for…rms

i=1;2. T henthereexistssomeeµi 2(0 ;1 )suchthatti(µ)=1 foralmostallµ > eµi andti(µ)=0

foralmostallµ < eµi andfori=1 ;2:

Proof. Iftheclaim is falsetherearesets£h;£lµ[0 ;1 ]withpositivemeasuresuchthatµh> µl

forallµh;µl2£h££l , ti(µh)= 0 forallµh2£h andti(µl)= 1 forallµl2£l. fqandfu are
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continuous, sof¼ iscontinuousandwemayw.l.o.g. assume
R
µ2£hf¼ (µ)dµ=

R
µ2£lf¼ (µ)dµ > 0 .

Considerthealternativetaskassignmentrule,

tai (µ)=

8
>>><
>>>:

1 ifµ2£h

0 ifµ2£l

ti(µ) otherwise

L etSi;Ci andSai , C a
i bethefactorinputs impliedbyti , tai respectively. Since

R
µ2£hf¼ (µ)dµ=R

µ2£lf¼ (µ)dµ itfollows thatS i = Sai :Sincethedeviationassigns tothecomplextaskworkers

whoaremorelikelytobeproductiveitis intuitivelyratherclearthatC a
i > Ci:Toseethiswelet

l(µ)=fq(µ)=fu(µ)denotethelikelihoodratioandnotethat

2(Ca
i¡C i)=¼ =

Z

µ2£h
fq(µ)dµ¡

Z

µ2£l
fq(µ)dµ=

Z

µ2£h
l(µ)fu(µ)dµ¡

Z

µ2£l
l(µ)fu(µ)dµ; (2.30)

Bythemonotonelikelihoodratiothereexists µ¤suchthatl(µ)̧ l(µ¤)forallµ 2£handl(µ)·
l(µ¤)forallµ2£l, withatleastoneinequalitystrict. H enceCa

i ¡C i > ¼l(µ¤)(Sai ¡S i)=2 =0 ,

sooutput, andthereforealsopro…ts, arehigherundertai.

L emma3. L ettidenotetheimpliedtaskassignmentruleontheequilibriumpathfor…rmsi=1 ;2

andlettbecuto¤ rulewithcriticalpointeµ(¼). T henti(µ)=t(µ)almosteverywhere.

Proof. B y L emmas 1 and2 theproblem of…ndinganoptimaltaskassignmentrulereduces to

…ndingasolutiontoproblem (2.5) inthemaintext. Since…rmsarefacingidenticalproblemswe

drop indices. Changingvariables byde…ningC = ¼ (1 ¡F q(µ))andS = ¼F q(µ)+ (1 ¡¼)F u(µ)

theproblem canberestatedas

max
c;s

y(C;S)

subj. tog(C;S) ´¼¡C ¡S + (1 ¡¼)F u
¡
F ¡1q

¡¼¡C
¼

¢¢
¸0

(2.31)

U singthe inversefunctiontheorem anddi¤erentiatingwe…ndthat@g=@C =¡1 ¡(1 ¡¼)=¼ ¢
l(F ¡1q (¼¡C¼ ))andtakingsecondderivativeswe…ndthat@2g=@C 2 < 0 whileallotherelementsof

theH essianis zerobythelinearityinS:H encegisconcave. Sincey is concavetheKuhn-Tucker

conditionsaresu¢cientforasolutionto(2.31)andnecessityfollowssinceconcavityofgissu¢cient

forconstraintquali…cation. Invokingtheboundaryconditionsweseethatanysolutionmustbe

interior. Sincetheprograms(2.5) and(2.31) areequivalentthiscompletestheproof.
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L emma4. Supposehw1 ;w2i isapairofequilibriumwageschedulesandleteµ(¼)bethesolution

to(2.6). T henthereisapair(ks;kc)suchthatwi(µ)=ks fori=1;2 andforalmostallµ < eµ(¼)
andwi(µ)=p(µ;¼)kcfori=1 ;2 andforalmostallµ > eµ(¼).

Proof. Firstweshowthatwi(µ)=ks foralmostallµ < eµ . Forcontradictionassumethatthere

aresets£a;£bµ [0 ;eµ(¼)]withstrictlypositivemeasuresuchthatwi(µ)< kforallµ 2£a and

wi(µ)̧ kforallµ2£b:Consideraunilateraldeviation
­
w0i;»

0
i
®
by…rm iwhere

w0i(µ)=

0
BBB@

wi(µ)+ ² forµ2£a

0 forµ2£b

wi(µ) otherwise

: (2.32)

Bycontinuityoff¼ wemayw.l.o.g. assume
R
µ2£af¼ (µ)dµ =

R
µ2£bf¼ (µ)dµ > 0 ;which implies

thattheinputofboth factors remains constantif»0i is chosen sothattaskassignments onthe

outcomepathareunchanged, whichweassume. T hedi¤erenceinpayo¤sforthedeviating…rm is

thenjustthedi¤erenceinwagepayments, i.e.

¢ (²)=
1
2

2
4

Z

µ2£b

wi(µ)f¼ (µ)dµ¡
Z

µ2£a
(wi(µ)+ ²)f¼ (µ)dµ

3
5

Sincelim²! 0 ¢ (²)> 0 thereexists²> 0 suchthat¢ (²)> 0 , sofor²smallenoughthedeviationis

pro…table. Symmetrically, supposetherearesets£a;£bµ[eµ(¼);1 ]withstrictlypositivemeasure

(whereweagainw.l.o.g. mayassume
R
µ2£afq(µ)dµ=

R
µ2£bfq(µ)dµ) suchthat(wi(µ)=p(µ;¼))

< kforallµ 2£aand(wi(µ)=p(µ;¼))̧ kforallµ2£b:A gainweconsideradeviationaccording

to(2.32). Since p(µ;¼)= (¼fq(µ)=f¼ (µ))we …nd thatoutputis unchanged by asymmetric

argumentthedeviationpro…tablefor² smallenough.

ProofofProposition 1: (necessity) O nlythecharacterizationofwages remains. From L emma4

the…rmsmusto¤erwagesthatareidenticalalmosteverywhereandsatisfyw(µ)=ks forµ < eµ(¼)
andw(µ)= p(µ;¼)kc forµ > eµ(¼), forsomerealnumbersks;kc: Itremains tobeshownthat

ks = y2 (C;S)andkc= y1 (C;S): Itis easytoshowthatifks < y2 (C;S)andkc < y1 (C;S);

then…rmsaremakingpositivepro…tsandadeviationwhere…rm io¤ersw0i(µ)=wi(µ)+ ²forall

µ wouldbepro…tablefor² smallenough. A lso, ifbothinequalitieswouldgotheotherway…rms

wouldmakenegativepro…ts andadeviationtowi(µ)=0 forallµ wouldbepro…table. T hetwo
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y2

ks

kcp(µ)

y1 p(µ)

µeµ µ¤µ00µ0

w

candidateequilibriumwages
deviation

Figure2.5: A pro…tabledeviation

casesthatrequiresomeworkarewhentheinequalitiesworkinoppositedirections. T hearguments

aresymmetricandwewillonlyconsiderthecasewithks > y2 (C;S)andkc< y1 (C;S):T heidea

is illustratedinFigure6.

R ecallthaty1 (C;S)p(eµ(¼);¼)=y2 (C;S)by(2.6):H enceifks > y2 (C;S)andkc< y1 (C;S)

thenkcp(eµ(¼);¼)< ks andthereis an interval(eµ(¼);µ¤)suchthatwi(µ)=p(µ;¼)kc < ks for

allµ inthis interval. W ewillshowthatitis bettertodisposeofsomeoftheworkers beingpaid

ks andattractcheaperworkerswith µ 2 (eµ(¼);µ¤)from theother…rm. L etµ0solve F ¼
¡
µ0
¢
=

F ¼ (µ¤)¡F ¼(eµ(¼))andµ00assolveF ¼
¡
µ00

¢
¡F ¼(eµ(¼))=(F ¼ (µ¤)¡F ¼(eµ(¼)))=2 andconsiderthe

deviation:

w0i(µ)=

8
>>><
>>>:

0 forµ 2
£
0 ;µ0

¢

wi(µ)+ ² forµ 2 [eµ(¼);µ¤)
wi(µ) forµ 2 [µ¤;1 )[ [µ0;eµ)

andt0i(µ)=

8
<
:

0 forµ2 [0 ;µ00)
1 forµ2 [µ00;1 )

B yconstruction, theinputofsimplelaborisunchanged25. T hechangeine¤ectiveunitsofcomplex

laborisgivenbyC 0¡C = ¼
2(F q(µ

¤)¡2F q
¡
µ00

¢
+ F q(eµ))andusingF ¼ (µ¤)¡2F ¼

¡
µ00

¢
+ F ¼(eµ)=0

itis easytoshowthatC 0¡C > 0 :T hus, outputincreases andthedi¤erenceinpro…tsmustbe

25 F ¼
¡
µ00

¢
¡F ¼(eµ(¼))+ 1 =2(F ¼(eµ(¼))¡F ¼

¡
µ0
¢
)istheinputoflaborinthesimpletaskafterthe

deviation.
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largerthanthedi¤erenceinthewagecosts, so

¢ (²)> 1
2

1R
0
wi(µ)f¼ (µ)dµ¡ 1

2

eµR
µ0
wi(µ)f¼ (µ)dµ¡

µ¤R

eµ
(wi(µ)¡²)f¼ (µ)dµ¡ 1

2

1R
µ¤
wi(µ)f¼ (µ)dµ=

= 1
2ksF ¼

¡
µ0
¢
¡ 1

2

µ¤R

eµ
p(µ;¼)kcf¼ (µ)dµ¡

µ¤R

eµ
²f¼ (µ)dµ

R ecallthatp(µ;¼)kc< ks forµ2(eµ;µ¤)and F ¼
¡
µ0
¢
= F ¼ (µ¤)¡F ¼(eµ):T hus:

1
2
ksF ¼

¡
µ0
¢
=
1
2

µ¤Z

eµ
ksf¼ (µ)dµ >

1
2

µ¤Z

eµ
p(µ;¼)kcf¼ (µ)dµ:

H ence, lim²! 0 ¢ (²)> 0 andthereexists²> 0 suchthatthedeviationispro…table. T hecasewith

ks < y2 (C;S)andkc> y1 (C;S)canbetreatedsymmetricallyandProposition1 follows.

Proposition3: W ewillprovethisresultfrom apairofintermediateresults:

L emma5. Supposethaty :R 2
+ ! R is strictlyconcaveinbotharguments andhomogenousof

degree1. T henforeach¼ 2(0 ;1 ]thereexistsauniqueeµ(¼)2(0 ;1 )suchthat(2.6) is satis…ed.

Proof. L etD :(0 ;1 )£(0 ;1 ]! R bede…nedas

D(µ;¼)=p(µ;¼)¡y2 (½(µ;¼);1 )
y1 (½(µ;¼);1 )

; (2.33)

where½(µ;¼)= ¼ (1 ¡F q(µ))=F ¼ (µ):Sincey is homogenousofdegreeoneeµ(¼)solves the…rst

ordercondition forthe taskassignmentproblem, equation (2.6) in Section 2.3, ifand only if

D(eµ(¼);¼)= 0 : Itfollows from the (strict) monotonelikelihoodratiopropertythatp(µ;¼)is

strictly increasingin µ forany ¼ > 0 :FixingS , y1 (C;S)is strictlydecreasingand y2 (C;S)is

strictly increasingin C . Since F q and F u arestrictlyincreasing½(µ;¼)is strictlydecreasingin

µ:Consequently, y1 (½(µ;¼);1 )is strictly increasingand y2 (½(µ;¼);1 )is strictlydecreasingin

µ: H ence, theratioy2 (½(µ;¼);1 )=y1 (½(µ;¼);1 )is strictlydecreasing, implyingthatD(µ;¼)is

strictlyincreasinginµ:T hus, therecanbeatmostonesolutionD(eµ(¼);¼)=0 :Toshowthata

solutionexists forany¼ > 0 wenotethat0 < p(0 ;¼)< p(1 ;¼)< 1 forany¼ > 0 . SinceF qand

F u arecdfs itis easytocheckthatlim¼! 0 ½(µ;¼)=1 andlim¼ ! 1 ½(µ;¼)=0 . U singtheInada
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conditions, constantreturnstoscaleandstandardlimitlaws

lim
µ! 0

y2(½(µ;¼);1 )
y1(½(µ;¼);1 )

=lim
µ! 0

y2(1 ; 1
½(µ;¼))

y1(½(µ;¼);1 )
=

lim
x! 0

y2 (1 ;x)

lim
z! 1

y1 (z;1 )
=1 :

Symmetrically, limµ! 1 y2 (½(µ;¼);1 )=y1 (½(µ;¼);1 )=0 . T hus, limµ! 0 D(µ;¼)=¡1 andlimµ! 1

D(µ;¼)=p(1;¼)> 0 :T heresultfollows.

L emma6. eµ andr(de…nedinequation(2.8)) satisfythefollowingproperties:

1. eµ iscontinuouslydi¤erentiableon(0 ;1 ):

2. lim¼ ! 0 + r(¼)=0

3. rismonotonicallyincreasingin¼

Proof. 1) SinceD1 (µ;¼)> 0 foreach¼ > 0 this followsfrom theimplicitfunctiontheorem. 2)

p(eµ(¼);¼)¡ y2(r(¼);1 )
y1(r(¼);1 )= 0 mustholdforeach ¼ > 0 . B utlim¼ ! 0 p(eµ(¼);¼)·lim¼ ! 0 p(1 ;¼)

= 0 solim¼ ! 0
y2(r(¼);1 )
y1 (r(¼);1 )= 0 ;which implies thatlim¼ ! 0 r(¼)= 0 :3) Forcontradiction suppose

r(¼)< r(¼0)for¼ > ¼0:Since(2.6)mustholdforboth¼ and¼0andy is strictlyconcaveinboth

arguments itfollowsthatp(eµ(¼);¼)< p(eµ(¼0);¼0):B utp(µ;¼)is increasing¼, soeµ(¼)< eµ(¼0):
Pluggingthis intoequation(2.8), itfollowsthatr(¼)> r(¼0);acontradiction.

ProofofProposition 3: T heequilibriaarecharacterizedas …xedpoints ofG ±B :[0 ;1 ]! [0 ;1 ];

whereB isde…nedby(2.10) inSection2.3. B yL emma6, eµ (andthereforealsor)arecontinuously

di¤erentiableon(0 ;1 ). Since B is acompositionofcontinuouslydi¤erentiablefunctions, B is a

continuous in¼ on(0 ;1 ):R ewriting(2.6) intermsofeµ(¼)andr(¼)weseethat

p(eµ(¼);¼)y1 (r(¼);1 )=y2 (r(¼);1 ) (2.34)

mustholdforeach¼ 2(0 ;1 ):For¼ =1 p(µ;1 )=1 forallµ;sotaskassignmentsareindeterminate.

H owever, r(1)mustnevertheless satisfyy1 (r(1);1 )= y2 (r(¼);1 )(onewayofachievingthis is

byacuto¤ rule). Sinceallworkers areequally productive in both tasks, w(µ)= y1 (r(¼);1 )

= y2 (r(¼);1 )forallµ and the bene…ts ofinvestmentis B (1)= 0 : It is easy toverify that

lim¼! 1 r(¼)=r(1)byuseof(2.34) andusing(2.10) itfollows thatlim¼! 1 B (¼)= B (1):T he
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casewith¼ =0 is takencareofinthesameway. N omatterhowworkersareallocated, outputis

zero, implyingw(µ)=0 forallµ:H enceB (0 )=0 andfrom (2.34)wehavethat

0 = lim
¼! 0

p(eµ(¼);¼)= lim
¼ ! 0

y2 (r(¼);1 )
y1 (r(¼);1 )

: (2.35)

U singtheboundaryconditions ony weseethattheonlypossibilityforthis tobesatis…ed is if

lim¼! 0 r(¼)= 0 ;lim¼! 0 y2 (r(¼);1 )= 0 andlim¼ ! 0 y1 (r(¼);1 )p(eµ(¼);¼)= 0 . F q(µ)¡F u(µ)

and
R1
eµ(¼)p(µ;¼)(fq(µ)¡fu(µ))dµ areboundedbelowandabove, soitfollows from (2.10) that

lim¼! 0 B (¼)=0 = B (0 )establishingcontinuityofG ±B on [0 ;1 ]:For¼ 2(0 ;1 );0 < eµ(¼)< 1

andp(µ;¼)is strictlyincreasinginµ , so

1Z

eµ(¼)
p(µ;¼)(fq(µ)¡fu(µ))dµ > p(eµ(¼);¼)

h
F u(eµ(¼))¡F q(eµ(¼))

i
:

H enceB (¼)> 0 forall¼ 2(0 ;1 ):SinceG (0 )> 0 theintermediatevaluetheoremguaranteesthat

thereis atleastone…xedpointofG ±B and, directlyfrom theassumptionthatG (0 )> 0 this

mustbeanontrivialequilibrium.

Proposition4: A gainwewillproceedbyprovingasequenceofintermediateresult…rst:

L emma7 . Suppose¼a> ¼a0:T heneµb
¡
¼a;¼b

¢
¸eµb

¡
¼a0;¼b

¢
:

Proof. L etr;r0;eµj andeµj0denoter
¡
¼a;¼b

¢
;r

¡
¼a0;¼b

¢
;eµj

¡
¼a;¼b

¢
andeµa(¼a0;¼b)respectively.

Supposeforacontradictionthat¼a> ¼a0;buteµb< eµb0:T his impliesthateµb> 0 andeµb< 1 and

fromtheoptimalitycondition(2.13)itfollowsthatp(eµb;¼b)y1 (r;1 )̧ y2 (r;1 )andp(eµ
b0
;¼b)y1 (r0;1 )

·y2 (r0;1 ):Combiningtheseconditionsweget

y2 (r;1 )
y1 (r;1 )

·p(eµb;¼b)< p(eµb0;¼b)·y2 (r0;1 )
y1 (r0;1 )

;

whichimpliesthatr< r0:U sing(2.14)weseethatifeµb< eµb0, theneµa> eµa0inorderforr< r0:B ut

thenp(eµa;¼a)> p(eµa0;¼a0);y1 (r;1 )> y1 (r0;1 )andy2 (r;1 )< y2 (r0;1 ):Sinceeµ
a
> eµa0impliesthat

eµa> 0 andeµa0< 1 wealsohavethatp(eµa;¼b)y1 (r;1 )¸y2 (r;1 )andp(eµ
a0
;¼a0)y1 (r;1 )·y2 (r;1 )
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from (2.13) andcombiningweget

0 ¸p(eµa;¼a)¡y2 (r;1 )
y1 (r;1 )

> p(eµa0;¼a)¡y2 (r0;1 )
y1 (r0;1 )

¸0 ;

whichisacontradiction.

L emma8. r
¡
¼a;¼b

¢
is increasinginbotharguments.

Proof. Suppose¼a > ¼a0;butr< r0:T heny1 (r;1 )> y1 (r0;1 )andy2 (r;1 )< y2 (r0;1 )and, by

L emma7 , ¼a> ¼a0) eµb¸eµb0;so

p(eµb;¼b)y1 (r;1 )¡y2 (r;1 )> p(eµb0;¼b)y1 (r0;1 )¡y2 (r0;1 ):

Suppose 1 ¸eµb> eµb0¸ 0 :T hen, thelefthandsidemust(applying(2.13)) belessthanorequal

tozero, whiletherighthandsidemustbeas leastzero, whichisacontradiction. N ext, suppose

that1 > eµb=eµb0> 0 : N owboththeleftandrighthandsidemustbeequaltozero, whichagain

isacontradiction. W econcludethattheonlypossibilities leftareifeµb=eµb0=1 oreµb=eµb0=0 :

H ence, ifr< r0and¼a> ¼a0;thiscanonlyhappenifeµa> eµa0, so

p(eµa;¼a)y1 (r;1 )¡y2 (r;1 )> p(eµa0;¼a)y1 (r0;1 )¡y2 (r0;1 );

whichis acontradictionsincethelefthandsidemustbelessthanorequaltozeroandtheright

handsidemustbeatleastzeroinorderfor(2.13) tohold.

L emma9 . r
¡
¼j;¼k

¢
isstrictlyincreasingin¼j intherangewhereeµj

¡
¼j;¼k

¢
< 1 forj;k=a;b:

Proof. A rguingas in L emma8 we…ndthatif¼a> ¼a0andr=r0;theneµb=eµb0:W enotefrom

(2.14)thatifr=r0;eµb=eµb0and¼a> ¼a0;thenitmustbethateithereµa=eµa0=1 oreµa < eµa0·1;

butthesecondcaseisacontradictionforthesamereasonsas intheproofofL emma8:

ProofofProposition4: Suppose¼a> ¼a0andconsiderthedi¤erenceingrossbene…tsofinvestment

givenby(2.16), ¢ B b= B b
¡
¼a;¼b

¢
¡B b

¡
¼a0;¼b

¢
:B yL emma8, r¸r0;soy1 (r;1 )·y1 (r0;1 )and

y2 (r;1 )̧ y2 (r0;1 ):H ence

B b¡¼a;¼b
¢

= y2 (r;1 )(F q(eµ
b
)¡F u(eµ

b
))+ y1 (r;1 )

1Z

eµb
p
¡
µ;¼b

¢
(fq(µ)¡fu(µ))dµ·

38



· y2 (r0;1 )(F q(eµ
b
)¡F u(eµ

b
))+ y1 (r0;1 )

1Z

eµb
p
¡
µ;¼b

¢
(fq(µ)¡fu(µ))dµ;

whichimpliesthat

¢ B b · y2 (r0;1 )[F q(eµ
b
)¡F u(eµ

b
)¡F q(eµ

b0
)+ F u(eµ

b0
)]

¡y1 (r0;1 )
eµbZ

eµb0
p
¡
µ;¼b

¢
(fq(µ)¡fu(µ))dµ;

wherewehaveusedthateµb¸eµb0. N otethatp
¡
µ;¼b

¢
¸p(eµb0;¼b)andifeµb0is interiorwehave

thatthe…rstorderconditionp(eµb0;¼b)y1 =y2 musthold26. T hus

¢ B b·y2 (r0;1 )

0
B@F q(eµ

b
)¡F u(eµ

b
)¡F q(eµ

b0
)+ F u(eµ

b0
)¡

eµbZ

eµb0
(fq(µ)¡fu(µ))dµ

1
CA =0 ;

whichproves thatB j is weaklydecreasingin ¼k. ToshowthatB j is strictlydecreasinginthe

rangewheresolutionsareinterioronenotesthatr> r0inthiscase:

ProofofProposition 5: A ssumethatthereis anequilibrium with ¼a= ®: Suchanequilibrium

exists ifandonlyifthereis some¼bsuchthat(®;¼b)=(G®(B a(®;¼b));G ®(B b((®;¼b))):Fixing

¼bwenotethat® =G ®(B a(®;¼b))issatis…edifandonlyifeµa(®;¼b)=1 :N ow…x¼a=® andnote

thatG ®(B b(®;0 ))=G ®(B b(®;1 ))=® (theargumentsareexactlyasintheproofofProposition3)

andthatany¼b2(®;1 )willimplystrictlypositivebene…tsofinvestmentsothatG ®(B b(®;¼b))>

®:L et¼b(®)> ® bethelargestfractioningroupbsuchthatG ®(B b(®;¼b(®)))= ¼b(®):Itonly

remainstoshowthatfor® su¢cientlysmall, eµa(®;¼b(®))=1 is indeedoptimalforthe…rms. To

seethisnotethat(2.13) forgroupathenreducesto

p(1 ;®)·y2(er
¡
®;¼b(®)

¢
;1 )

y1(er(®;¼b(®));1 )
=p(eµb(®;¼b(®));¼b(®)))

Sincep(®;1 )! 0 as® ! 0 theonlywaytheresultcouldfailwouldbeifer
¡
®;¼b(®)

¢
! 0 :B utthen

¼b(®)! 0 as ® ! 0 :H owever, ¼b(0 )> 0 bytheassumptionthatthesinglegroupmodeladmits

26Ifeµb0is notinterioritfollowsdirectlyfrom theinequalityabvethattheclaim is true.
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alargerequilibrium andoneveri…esthatG®
¡
B b

¡
®;¼b(0 )

¢¢
> ¼b(0 ):H ence¼b(®)> ¼b(0);for

each® > 0 ;whichisacontradictionagainsthypothesisthat¼b(®)! 0 :

ProofofProposition6: (su¢ciency) Consideradeviation < wad;wbd;»
a
d;»

b
d> andlettheimplied

taskassignmentrulesontheoutcomepathbetadandtbd. D e…ne£h
j =fµ :bwa(¢)> wa(¢)g, £l

j =

fµ :bwa(¢)< wa(¢)g;£e
j =fµ :bwa(¢)=wa(¢)g forj=a;b: L etC andS thefactorinputs inthe

candidateequilibrium andCd, Sdbethefactorinputs forthedeviator(computed inanalogyto

(2.28)). T hepro…tsforthedeviator, ¦id;are,

¦id = y(Cd;Sd)¡
X

j=a;b

¸j

2
64

Z

µ2£hj

wjd(µ)f¼ (µ)dµ+
1
2

Z

µ2£ej

wj(µ)f¼ (µ)dµ

3
75

Cd =
X

j=a;b

¸j
"Z

µ2£hj
tj(µ)¼jfq(µ)+

1
2

Z

µ2£ej
tj(µ)¼jfq(µ)

#

Sd =
X

j=a;b

¸j
"Z

µ2£hj

¡
1 ¡tj(µ)

¢
f́ j (µ)+

1
2

Z

µ2£ej

¡
1 ¡tj(µ)

¢
f́ j (µ)

#

wj(µ)= y1 (C;S)p
¡
µ;¼j

¢
forµ ¸bµj andwj(µ)= y1 (C;S)p(bµ

j
;¼j)> y1 (C;S)p

¡
µ;¼j

¢
for

µ < bµj;sowehavethaty1 (C;S)¼jfq(µ)= y1 (C;S)p
¡
µ;¼j

¢
f¼j(µ)·wj(µ)f¼j (µ):H ence

y1 (C;S)Cd·
X

j=a;b

¸j

2
64

Z

µ2£hj

tjd(µ)w
j(µ)f¼j (µ)dµ+

1
2

Z

µ2£ej

tjd(µ)w
j(µ)f¼j (µ)dµ

3
75 (2.36)

L et S jd = ¸j
R
µ2£hj

¡
1 ¡tj(µ)

¢
f́ j (µ)+ 1

2

R
µ2£ej

¡
1 ¡tj(µ)

¢
f́ j (µ); so that Sad + Sbd: From the

a¢rmativeactionconstraintitfollowsthatanyfeasibledeviationmusthaveSad=Sbd=¸a=¸b:N ote

thaty1 (C;S)p(bµ
j
;¼j)·wj(µ);so

y1 (C;S)p
³
bµj;¼j

´
S jd·

Z

µ2£hj

wj(µ)
³
1 ¡tjd(µ)

´
f¼j(µ)dµ+

1
2

Z

µ2£ej

wj(µ)
³
1 ¡tjd(µ)

´
f¼j(µ)dµ

(2.37 )

>From thea¢rmativeactionconstraintitfollows thaty2 (C;S)Sd= y2 (C;S)
³
¸a+ ¸b́ Sbd=¸

b

andcombiningwith(2.37 ) and(2.22)weget:
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y2 (C;S)Sd·
X

j=a;b

¸j

2
64

Z

µ2£hj

wj(µ)
³
1 ¡tjd(µ)

´
f¼j (µ)dµ+

1
2

Z

µ2£ej

wj(µ)
³
1 ¡tjd(µ)

´
f¼j (µ)dµ

3
75

(2.38)

Summingover(2.36) and(2.38)weget:

y1 (C;S)Cd+ y2 (C;S)Sd·
X

j=a;b

¸j

2
64

Z

µ2£hj

wj(µ)f¼j (µ)dµ+
1
2

Z

µ2£ej

wj(µ)f¼j(µ)dµ

3
75 (2.39 )

A tthispointitisjusttoobservethatconcavityandconstantreturns implythaty(Cd;Sd)is less

thanorequaltotherighthandsideof(2.39 ) to…nishtheproof.

T henecessitypartisprovedusingthefollowingsteps.

L emma10. Suppose
D
wai;wbi;»

a
i;»

b
i

E
i=1 ;2

isapairofbestresponses. T hen;

1. wj1 (µ)=wj2 (µ)foralmostallµ2 [0 ;1 ];j=a;b.

2. Firmsearnzeropro…ts.

3. »j1(w
j
1 ;w

j
1)= »j2(w

j
2;w

j
2)= tj(µ);j=a;b;foralmostallµ 2 [0 ;1 ];wheretj(¢)is thecuto¤

taskassignmentrulewithcriticalvaluebµj:

Proof. (1)SameargumentasL emma1. (2)Followsdirectlyfromconstantreturns. (3)A rguments

aresimpleextensionsofproofsofL emmas2 and3andomitted.

L emma11. Suppose
D
wj1 ;w

j
2

E
j=a;b

isapairofequilibriumwageschedulesandbµ=(bµa;bµb)isthe
solutionto(2.20). T henthereisapair

­
kjc; kjs

®
foreachgroup j=a;bsuchthatwji(µ)=kjs for

almostallµ·bµj andwji(µ)=kjcp(µ;¼j)foralmostallµ > bµj;j=a;b:

Proof. Toprovewji(µ)= kjs foralmostallµ ·bµj , j = a;bwe can use exactly the same

argumentas inL emma4(using“withingroupdeviations”), butsinceonlydeviationsthatsatisfy

thea¢rmativeactionconstraintarefeasibleitturnsoutthatitismorecumbersometoprovethat

wji(µ)=kjcp(µ;¼j)foralmostallµ > bµj:
Supposeforcontradiction thatwji(µ)=p(µ;¼j)is notconstantin µ foronegroup, whichwe

w.l.o.g. take tobegroup a. T henwecan …nd apositivemeasure set£a ½ [bµa;1 ]such that
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wai(µ)=p(µ;¼a)> wai(µ
0)=p(µ0;¼a)forallµ 2 £a; µ02 [bµa;1 ]n£a: N owlet£b ½ [bµb;1 ]be a

measurable setsuch thatwbi(µ)=p(µ;¼b)¸wbi(µ
0)=p(µ0;¼b)forallµ 2 £b;µ02 [bµb;1 ]n£b and

¸a
R
µ2£af¼a(µ)dµ = ¸b

R
µ2£bf¼b(µ)dµ: G iventhatthea¢rmativeactionconstraintwas initially

satis…edsuchsetalwaysexists.

T he proposed deviation consists in ”…ring” workers belongingtosets £a and£b (o¤ering

them wages lowerthanother…rm) whilereducingproportionallyworkers inthesimpletaskto

keep the factorratioatthe same levelas in the candidate equilibrium. B y construction, af-

…rmativeactionconstraintremains satis…edandquali…edworkers havebeenreducedby R C =
P

i=a;b¸
iR

µ2£i ¼
ifq(µ)dµ:Tokeepthefactorratioconstant, thedeviationmustreduceworkersin

thesimpletaskbyR S =S R c=C:L ettheinitialoutputbedenotedbyy=y(C;S);whereC;S are

thefactorinputs inthesupposedequilibrium:B yuseofconstantreturns, thedecreaseinoutput

bythisdownscalingisyR C =C =yR S =S:

B ecauseofthea¢rmativeactionconstraintthedecreaseininputofworkers inthesimpletask

mustbe¸jR S ingroups j=a;b:T hereisanin…nityofwaysofachievingthis: oneistoletµad, µ
b
d

solve
R
[0 ;µjd]

f¼j(µ)dµ=¸jR s;j=a;b andconsiderthedeviation,

wjd(µ)=

8
<
:

0 ifµ2£j [ [0 ;µjd];
wj(µ) otherwise

j=a;b

Sincethefactorratiois constantandwegotridofworkers thatwere“expensiveperproductive

unit” it is nowintuitive, butcumbersome, toshowthataveragewageperunitofproduction

decrease, sothatthedeviationispro…table. Inthesimpletaskaveragewageperworkerisconstant

bythe…rstpartofthis lemma. D e…netheaveragewageperquali…edworkerin thecandidate

equilibrium as

k
j
c=

Z

µ2[bµj;1 ]
w(µ)f¼j(µ)dµ=[¼j(1 ¡F q(bµ

j
)]

andlet

k
j
d=

Z

µ2[bµj;1 ]n£j
wjd(µ)f¼j(µ)dµ=

Z

µ2[bµj;1 ]n£i
¼jfq(µ)dµ

betheaveragewageunderthedeviation:U singw(µ)f¼i(µ)=¼ifq(µ)¢w(µ)=p(µ;¼j)andwjd(µ)=
wji(µ)forµ2 [bµ

j
;1 ]n£j;j=a;bwecanrewriteaveragewagesandderivethefollowinginequality
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from thefactthattheratiow(¢)=p(¢;¼j)ishigherforµ2£j, j=a;b

R
µ2[bµj;1 ]n£j ¼

jfq(µ)w(µ)p(µ)dµ+
R
µ2£j ¼

jfq(µ)w(µ)p(µ)dµR
µ2[bµj;1 ]n£j ¼

jfq(µ)dµ+
R
µ2£j ¼

jfq(µ)dµ
>

R
µ2[bµj;1 ]n£j ¼

jfq(µ)w(µ)p(µ)dµR
µ2[bµj;1 ]n£j ¼

jfq(µ)dµ

i.e.kj > k
j
d:B utthenthetotalwagecostsforquali…edworkers is

W d=
X

i

kid

Z

µ2[bµi;1 ]n£i
¼fq(µ)dµ < (1 ¡R c)

X

i

ki
Z

µ2[bµi;1 ]
¼fq(µ)dµ:

T hedeviationispro…tablebecausewagesdecreaseproportionallymorethanproduction.

L emma12. kjs=kjcp(bµ
j
;¼j)

Proof. Ifnot, thenkjs > kjcp(bµ
j
;¼j)orkjs < kjcp(bµ

j
;¼j)forsomegroup j: Inthe…rstcaseitis

simplytoproceedas intheproofofProposition 1: stealworkers currently inthecomplextask

from theother…rm toreplacesomeworkers currentlypaidwj(µ)=kjs . T hea¢rmativeaction

constraintisuna¤ected, outputconstantandwagecostsdecrease, sothedeviationispro…table.

Supposeinsteadkjs < kjcp(bµ
j
;¼j)for, say, j=a:W ethenconstructadeviationinvolvingboth

groupsthatkeepsoutputconstantandrespectsthea¢rmativeactionconstraint: letµa0< bµa be

suchthatkas=p
¡
µa0;¼a

¢
< kacp(bµ

a
;¼a)andde…neµa002(µa0;bµa)asthevaluethatdividesthemass

ofworkerswithµ2 [µa0;bµa]inequalparts(µa00solves [F ¼a(bµ
a
)¡F ¼a(µa0)]=2 =F ¼a(µa00)¡F ¼a(µa0)):

T hedeviationassignsworkerson [µa0;µa
00
)tothesimpletask, workerson [µa00;bµa]tothecomplex

taskand, tokeep mass ofproductiveworkers in thecomplextaskconstant, workers with µ 2
[bµa;µa¤];(where

Rbµa
µa00fq(µ)dµ=

³Rµa¤
bµa fq(µ)dµ

´
=2 ) arenolongerhired. M oreexactly, weconsider

thedeviation:

wad(µ)=

8
>>><
>>>:

kas + ² forµ2 [µa0;bµa]
0 forµ2 [bµa;µa¤]
wai otherwise

and tad(µ)=

8
<
:

0 forµ2 [0 ;µa00]
1 forµ2(µa00;1 ]

L aborinputineachtaskis unchangedandsincesomeexpensiveworkers havebeenreplacedby

workers thatare“cheaperperproductiveunit” pro…ts increase. H owever, this deviationalone

wouldviolatethea¢rmativeactionconstraint: bruteforcecomputations showthattheincrease
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inthequantityofworkerfromgroupahiredinthecomplextaskis

ª0¡ª=¸a
ÃZbµa

µa00
f¼a(µ)dµ¡

Rµa¤
bµa f¼a(µ)dµ

2

!

Tosatisfythea¢rmativeactionconstraintthedeviationmustalsoinvolvewagesforgroupb:T here

aretwocases toconsider: 1) kbs < kbcp(bµ
b
;¼b)2)kbs=kbcp(bµ

b
;¼b): Inthe…rstcaseitis simplyto

consideran identicaldeviationforgroup bandchose µa0;µb0in suchawaythatthea¢rmative

actionconstraintis satis…edtogettheresult.

T he second case is harder. H erethe idea is thatthequantity ofworkers employedcanbe

increasedwithoutchangingthee¤ ective inputbyattractingworkerswithrelativelylowsignals.

Formally, computeµb
0
andµb¤inordertosatisfythefollowingsetofequations:

Zµb0

bµb
fq(µ)dµ=

Z 1

µb¤
fq(µ)dµ (2.40)

Zµb0

bµb
f¼b(µ)dµ¡

Z 1

µb¤
f¼b(µ)dµ=

ª0¡ª
¸a

(2.41)

(µa0su¢cientlycloseenoughtobµaguaranteesexistenceofµb
0
andµb¤solvingthesystem). L et

wbd(µ)=

8
>>><
>>>:

kbs+ ² forµ2 [bµb;µb0]
0 forµ2 [µb¤;1 ]
wbi otherwise

Sinceoutputis constant, changeinpro…tswilldependonlyonchangeinwages. L etting² terms

gotozero, wehave:

lim
²#0

¢ wd=
1
2

bµaZ

µa0

wai(µ)f¼a(µ)dµ¡
1
2

µa¤Z

bµa
wai(µ)f¼a(µ)dµ+

1
2

µb0Z

bµb
wbi(µ)f¼b(µ)dµ¡

1
2

1Z

µb¤

wbi(µ)f¼b(µ)dµ

O bservenowthatifµa0iscloseenoughtobµathereish< kac satisfyingkas + ²< hp(µ;¼a)forevery

µ2 [µa0;bµa]. W ecanthenconcludeusingtheusualrelationf¼j(¢)=¼jfq(¢):

lim
²#0

¢ wd(²)<
1
2

bµaZ

µa0

h¼afq(µ)dµ¡
1
2

µa¤Z

bµa
kac¼

afq(µ)dµ+
1
2
kbc¼

b

0
B@
µb0Z

bµb
fq(µ)dµ¡

1Z

µb¤

fq(µ)dµ

1
CA (2.42)
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T he lastterm on the righthand side is equalto zeroby construction, so (2.42) reduces to

2lim²#0 ¢ wd(²)< ¼a(h¡kac)
Rbµa
µa0fq(µ)dµ < 0 :H encethedeviationispro…tablefor²smallenough.

ProofofProposition6: (N ecessity) U singlemmas11 and12, thetotalwagecostsforworkersfrom

group j is kjc = [p(bµj;¼j)F ¼j(bµ
j
)+ 1 ¡F q(bµ

j
)], which is strictly increasinginkjc: A lso, pro…ts

mustbezeroin anyequilibrium. Toshowthatawageschedulewithkjc 6= y1(C;S)cannotbe

anequilibrium, wesupposethatkac > y1 (C;S), whichbyzeropro…ts implieskbc < y1 (C;S):W e

willconstructadeviationthatdealsonlywithworkersassignedtothecomplextask, buildingon

theobservationthatthecostoflaborperproductiveworkeris higheringroup athan ingroup

b:substitutehightestworkers ingroupawithlowtestworkers (as in L emma12). Keepingthe

numberofworkers employedintheskilledtaskconstantthis reducestheinputofquali…edlabor

from group a. D oingexactlytheoppositeintheothergroup brestores theoriginalquantityof

quali…edworkers. Furthermore, thetotalwagecostsarelowerthaninthecandidateequilibrium

whileoutputiskeptconstantandthea¢rmativeactionconstraintisstillsatis…ed. Formally, de…ne

µa0and µa¤withbµa < µa0< µa¤< 1 as thesolutiontoF ¼a(µa0)¡F ¼a(bµ
a
)= 1 ¡F ¼a(µa¤)and

consideradeviationwheregroupaworkersarepaidaccordingto

wad(µ)=

8
>>><
>>>:

wai(µ)+ ² forµ2 [bµa;µa0]
0 forµ2 [µa¤;1 ]

wai(µ) otherwise

T hee¤ective inputofquali…ed workers from group adecreasesincewesubstituteworkerswith

high testresultwith anequalmass ofworkers with lowtestresult. W ecanquantify theloss

inproductiveworkers employedinthecomplextaskas ¢ C a= ¸a
2

³R1
µa¤¼

afq(µ)¡
Rµa0
bµa ¼afq(µ)

´
:

N ext, letwages ingroupbbegivenby

wbd(µ)=

8
>>><
>>>:

0 forµ 2 [bµb;µb0]
wbi(µ)+ ² forµ 2 [µb¤;1 ]
wbi(µ) otherwise

;

whereµb0andµb¤satisfyingthefollowingequations:

F ¼b(µ
b0)¡F ¼b(bµ

b
) = 1 ¡F ¼b(µ

b¤) (2.43)
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1Z

µb¤

¼bfq(µ)¡
µa0Z

bµb
¼bfq(µ) =

¸a

¸b

Z 1

µa¤
¼afq(µ)¡

Zµa0

bµa
¼afq(µ)

Ifµa0is closeenough tobµa asolution to(2.43) exists. T he …rstequation guarantees thatthe

numberofemployedworkersremainsconstant, andthesecondthatthee¤ectiveinputofquali…ed

workers andthereforealsooutputis constant. T hus, thechangeinpro…ts depends onlyonthe

changeinwagecosts,

W (²)¡W =
¸a

2

Zµa0

bµa
(wai(µ)+ 2²)f¼a(µ)dµ¡

¸a

2

Z 1

µa¤
wai(µ)f¼a(µ)dµ

¡¸
b

2

Zµb0

bµb
wbi(µ)f¼b(µ)dµ+

¸b

2

Z 1

µb¤

¡
wbi(µ)+ 2²

¢
f¼b(µ)dµ

=
¡
kbc¡kac

¢
¢ C a+ ²

"
¸a

Zµa0

bµa
¼afq(µ)dµ+ ¸b

Z 1

µb¤
¼bfq(µ)dµ

#

Sincekbc < y1 (C;S)< kac and ¢ Ca < 0 there is an ² smallenough suchthatthedeviation is

pro…table.

ProofofProposition 7 : Suppose¼a=0 and 0 < ¼b< 1 :T heoptimalityconditions for(2.19 ) are

then
y2 (¢)¡ ¹

¸a =0

¡y1 (¢)p(µb;¼b)+ y2 (¢)+ ¹
¸b=0

(2.44)

weobservethattheuniquesolution(bµa;bµb)muststillbeinterior. U sing(2.23) wealsoseethat

Ha(0 ;¼b)= 0 < Hb(0 ;¼b): Itis straightforward toverify thatHj is continuous at(0 ;¼b)for

j = a;band itfollows thattheremustexistsome(b¼a;b¼b)where 0 < b¼a < b¼b and, sinceHa

is initially increasing, 0 < Ha(b¼a;b¼b)< Hb(b¼a;b¼b): T heremusttherefore existsome strictly

increasingfunction G suchthatG (0)> 0 , G(Ha(b¼a;b¼b))= b¼a and G(Hb(b¼a;b¼b))= b¼b; i.e.
(b¼a;b¼b)isanequilibrium intheeconomywithfundamentalsfy;fq;fu;(̧ a;̧ b);Gg:

Proposition 8: W e…rstprovethefollowinglemma.

L emma13. L et¼ =
¡
¼a;¼b

¢
besuchthat¼a < ¼b. T henthereexists¸a> 0 suchthatB a(¼)<

Ha(¼).
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Proof. U sing(2.13)and(2.22)weseethater
¡
¼a;¼b

¢
! r

¡
¼b

¢
=r¤andbr

¡
¼a;¼b

¢
! r

¡
¼b

¢
=r¤

as ¸a ! 0 ;thefactorratiounderbothregimes goestowardsthefactorratiothatwouldoccurif

¼ = ¼b inthesinglegroupmodel. T his implies (from thede…nitionsofer
¡
¼a;¼b

¢
andbr

¡
¼a;¼b

¢
)

thateµb
¡
¼a;¼b

¢
! eµ

¡
¼b

¢
andbµb

¡
¼a;¼b

¢
! eµ

¡
¼b

¢
;whichmeansthatthee¤ectonthelargegroup

is negligible in thelimit. T hee¤ectonthe smallgroup is howevernon-negligible. Toseethis

notethateµa
¡
¼a;¼b

¢
< eµb

¡
¼a;¼b

¢
and F ¼a(bµ

a
(¼a;¼b))= F ¼b(bµ

b
(¼a;¼b))forany¼ where¼a < ¼b

(holds irrespectiveof¸a). T hus,

bµa(¼a;¼b)! F ¡1¼a(F ¼b(bµ
¡
¼b

¢
))> bµb(¼b);

whichmeansthateµa¤=lim¸a! 0 eµ
a¡
¼a;¼b

¢
< lim¸a! 0 bµ

a¡
¼a;¼b

¢
=bµa¤:H ence

lim
¸a! 0

B a¡¼a;¼b
¢

= y2 (r¤;1 )(F q(eµ
a¤
)¡F u(eµ

a¤
))+

Z 1

eµa¤
p(µ;¼a)(fq(µ)¡fu(µ))dµ <

< y2 (r¤;1 )(F q(bµ
a¤
)¡F u(bµ

a¤
))+

Z 1

bµa¤
p(µ;¼a)(fq(µ)¡fu(µ))dµ=

= lim
¸a! 0

Ha(¼a;¼b)

ProofofProposition8 : L et¸abesmallenoughsothatB a(b¼a;b¼a)< Ha(b¼a;b¼b):N owforj=1 ;2

let¼j0 =b¼j andconstructthesequencesf¼jtg1t=0 byletting

¼at bethesmallestsolutionto¼at = G
¡
B a¡¼at;¼bt¡1

¢¢

¼bt bethelargestsolutionto¼bt = G
¡
B a¡¼at¡1 ;¼bt

¢¢

fort= 1 ;2;::::Fort = 1 oneveri…es that¼a1 < ¼a0 by usingthe intermediatevalue theorem

(G(B a(b¼a;b¼a))isbelowthediagonalandG (0 )isabove). ¼b1 mayontheotherhandbelargeror

smallerthan¼b0 . H enceforthenextstepwecouldpotentiallygetaproblem (wewanttoconstruct

monotonesequences). H owever, ifweinsteadlet¼b0 =b¼b¡² itfollowsbycontinuitythat¼a1 < ¼a0

for² su¢cientlysmallandfor¸a smallenoughweget¼b1 > ¼b0 :

Fort> 1 weseethatif¼bt > ¼bt¡1 thenitfollowsfrom Proposition4that

G
¡
B a¡¼at;¼bt

¢¢
< G

¡
B a¡¼at;¼bt¡1

¢¢
=¼at

andsinceG(B a(0 ;¼bt))= 0 wecanagainapplytheintermediatevaluetheorem toconcludethat
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¼at+ 1 < ¼at2 7 . Similarly, wehavethatif¼at < ¼at¡1 then¼bt+ 1 > ¼bt:H ence, f¼atg isamonotonically

decreasingsequenceandf¼btg is amonotonically increasingsequence. Since¼jt 2 [0 ;1 ]foreach

t itfollows thatboth sequences areconvergingtosomelimits
¡
¼a¤;¼b¤

¢
in [0 ;1 ]:Clearly, the

¡
¼a¤;¼b¤

¢
is an equilibrium ofthemodelwithoutpolicyand since ¼a¤< b¼a;whereb¼a is the

fractionofinvestorsfrom ainthemostdiscriminatoryequilibriumwitha¢rmativeaction.

27 Intheargumentswearepresumingthat¼at > G (0 ):Ifforsomet¼at =G (0 );thentheprocess
stopsandwehavereachedacornerequilibrium, acasewhereweknowtheresultholdsanyway.
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3. TheeffectofStatisticalD iscriminationon

Black-W hiteW ageD ifferentials: Estimatinga

M odelwithM ultipleEquilibria

3.1. Introduction

T heempiricalliteratureondiscriminationhasconsistentlydocumentedthatblacksearnlessthan

whites, evenaftercontrollingforobservablecharacteristics. H owever, overthelast30 years the

racialwagedi¤erentialhasnarrowedconsiderably. A mongthereasoncitedforthereductioninthe

di¤erentialare(1)aconvergenceinyearsofschooling;(2)aconvergenceinthequalityofschooling,

(3)theselectivedeclineinthelaborforceparticipationoflow-skilledblacks, (4)migrationofblack

workers outofsouthernregions1, (5) a¢rmativeactionandotheranti-discriminationlegislation.

M uchofthedebatehascenteredontherelativecontributionsofeachoftheseexplanations2.

Intheirsurveyoftheempiricalliterature, D onohueandH eckman(19 9 1) arguethatthe…rst

fourexplanationscanaccountforatmost65% ofthereductioninearnings inequality. A lthough

bettermeasurementofthesefactorscouldenhancetheircombinedexplanatorypower, anadditional

explanation is thattheunexplained portionofthedeclinere‡ects movements betweendi¤erent

economy-wideequilibriathatmightresultfrom thesamefundamentals. Inanenvironmentwhere

multipleequilibriaco-exist, areduction in inequalitycanbeexperienced iftheeconomymoves

from anequilibrium withhighdi¤erentials toonewithlowdi¤erentials. D onohueandH eckman

conjecturethatsuchaphenomenonmighthaveoccurredinthepast30 years, perhapsasaresult

ofanti-discriminationpolicy. But, theydidnotprovideastructurewithinwhichananalysis of

thisconjecturecouldbeconducted.
1 M igrationcontributedsigni…cantlytothereductionininequalityearlierthiscentury, butdoes

notseem tohaveplayedanimportanroleinthelastdecades.
2T hereisavastliteratureonthissubject. See, forexampleCardandKrueger(19 9 1), H eckman

(19 89 ), L eonard(19 84), SmithandW elch(19 84, 19 89 ).
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Statisticaltheoriesofdiscrimination, pioneeredbyA rrow(19 7 3) andPhelps (19 7 2), providea

settingwithinwhichdi¤erentoutcomesarepossibleunderthesamesetofprimitives. Thesemodels

donotprovideanequilibrium selectionmechanism. N onetheless, recentstudies havefocusedon

thee¢cacyofanti-discriminationpolicies inreducinggroup disparities. T heyshowthateven if

thee¤ectofsuchpoliciesisingeneralambiguous, therearecaseswheresuchpoliciescaneliminate

theequilibriawithdiscriminationandleadtheeconomytowardsgroupequality3.

T hestartingpointofthis essayis theobservationthatwhiletheempiricalliteraturecannot

accountforallofthereduction inwage inequality based on changes in thefundamentals, the

theoreticalliteraturehas demonstrated thatundersomecircumstances wage inequality can be

reducedevenwithoutsuchchanges. T hischapterproposesandimplementsanestimationstrategy

capableofidentifyingboththefundamentalsandtheequilibrium chosenbytheeconomicagents

inastatisticaldiscriminationmodelinwhichtheremaybemultipleoutcomes. Byestimatingthe

modelin di¤erenttimeperiods, itis possibletocomparethepatternoftheequilibriaselected

in theeconomywith theotherequilibriathatthemodelcouldhavegeneratedunderthe same

fundamentals. T hisexercisecanprovideanansweraboutwhetherthereductioninwageinequality

canbeexplained, atleastinpart, bythewayequilibriawereselectedovertime4.

T hemodelpresentedherebuildsonA rrow(19 7 3), andisanextensionofthemodelpresented

inChapter2. Productiontakesplaceusingtwodi¤erentjob-tasksofdi¤erentcomplexity. W orkers

faceacostlyhumancapitalinvestmentdecision, which, ifundertaken, makesaworkerproductive

inthecomplextask. W orkersareheterogeneousinthecostofinvestment. T herefore, thefraction

ofworkerswhoinvestdependsonhowbigthebene…tsfrom investingare. Firmsdecidehowmuch

topayworkers andhowtoallocatethem betweenthetechnologiesonthebasisofanoisysignal

ofproductivity. Equilibriawithwageinequalitycanexistbecauseifemployers holdasymmetric

expectations aboutaggregatehumancapitalinvestmentofmembers ofdi¤erentgroups, workers

belongingtothegroup withless productivepeoplewillbeexpectedtobeless productivethan

workersoftheothergroupcarryingthesamesignal. Inthissituation, highersignalsofproductivity

willbedi¤erentlyrewardedformembersofthetwogroups. T hisgeneratesdi¤erentincentivesto

invest. T herefore, onegroupwillhavelessworkerswillingtoundertakethecostlyhumancapital

investment, whichful…lls theasymmetricexpectations from theemployers. Inthis contextitis
3SeeCoateandL oury(19 9 3), L undberg(19 9 1), andM oroandN orman(19 9 7 )
4Fosterand R osenzweig(19 9 6), and O ettinger(19 9 6) proposedi¤erentmethods toestimate

thepresenceofstatisticaldiscrimination, butnoneofthem possessesthestructuretoanswerthe
questionposedinthispaper.
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possiblethatmultipleequilibriacoexistwithdi¤erentlevelsofinvestmentdisparity, whichimplies

di¤erentwageinequalityandincentivestoinvest.

Ingeneral, theproblem ofestimatingmodelswithmultipleequilibriastemsfrom thefactthat

theequilibriumselectionmechanism isunspeci…ed. A lthoughthisistruehereaswell, thestructure

ofthemodelis such thatthe selected equilibrium is nonetheless estimable. T he idea behind

theestimation strategy is thefollowing. Foragiven setoffundamentalparameters, themodel

yieldsdi¤erentequilibriumwagedistributions. H owever, givenworkers’humancapitalinvestment

decision, and…rmsoptimalresponsesintermsofwagesandjoballocation, thewagedistributionis

unique. T hedistinctivefeaturethatallowstheidenti…cationoftheequilibrium isthatthereexists

arepresentationofthemodelthatuniquelyrelatestheequilibriumwagedistributionofonegroup

ofworkerstothesetofequilibrium choicesmadebytheagentsandasubsetofthefundamental

parameters. Inthe…rststageoftheestimation, this subsetofthefundamentalsandthesu¢cient

statisticsforworkersand…rms’equilibrium choicesareconsideredasestimableparametersofthe

wagedistribution. T heotherfundamentalparameters, whichreferessentiallytothedistribution

ofworkersoverinvestmentcosts, arerecoveredinasecondstage. Identi…cationrequiresmerging

the…rststageresults obtainedforblackandwhitemaleworkers, andadoptingfunctionalform

assumptionsthatreplicatetheequilibrium estimatedinthe…rststage. A mongtheseassumption,

itisrequiredthatthetwogroupsofworkerspossessthesamedistributionovercostsofinvestment.

A ftercompletingtheestimation, itispossibletocomputewhetherthereareotherequilibriathat

themodelcangenerateunderthesamesetoffundamentals andtoevaluatewhetherthereis a

patterninthewayequilibriawereselectedovertime.

T heestimationwasperformedusingwagedatafortenthree-yearperiodsfrom1963-65 to19 9 0-

9 2. R esults from the…rstestimationstageshowthattheestimatedwagedistributionsessentially

matchthebasicfacts, suchastheincreasedwithin-groupwageinequalitythatoccurredafterthe

eighties. Itisfoundthatblacksinvestinhumancapitalonaverage12.3% lessthanwhites, although

thedi¤erencedeclinesovertime. Consequently, relativelymoreblacksareemployedinthesimple

task(9 2.9 % vs. 7 9 .1% ). T hesedi¤erencescausea23.6% averagedi¤erenceinmeanwagebetween

thetwogroups. A s inthedata, thepredictedaveragewagedi¤erencebetweengroups declined

considerablyuntil19 80, andstabilizedafterwards.

Foreveryyearinwhich theestimation is performed, themodelgenerates severalequilibria.

T heequilibriathatwereselected intheeconomyovertime(whichfrom nowonwillbereferred

toas the “selected” equilibria) were those inwhich themean wagedi¤erentialwas essentially
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thesmallest. H owever, attheestimatedparametersequilibriawithhigherwageinequalityalways

existed. Insomeofthem, blacks investlessthanintheestimatedequilibrium andreceivealower

averagewage, butarebettero¤ intermsofwelfarethanintheselectedequilibrium becausethe

reducedcostofinvestmentcompensates forthesmallerwage. Inanothersetofequilibria, blacks

arebettero¤ thanwhites, becausetheyinvestmore. Inalmostalloftheequilibriaofthis type,

whitesareata“cornersolution”, wherenoneofthem investinhumancapital, andthereforeare

allplacedinthesimpletask. Eventhoughwhitesintheseequilibriasavetheinvestmentcost, their

welfareisonaveragelowerthanintheselectedequilibrium. T his isaconsequenceofthefactthat

thelargergroup isnotinvesting, whichstronglya¤ectstheaggregateoutputoftheeconomy.

T hese…ndingsimplythatstatisticaldiscriminationandself-ful…llingexpectationsaboutgroups

averageproductivitiesdidnotexacerbatewagedi¤erencesintheU .S., andthatthedeclineinwage

di¤erentialscannotbeexplainedbyachangeinthewayequilibriawereselectedovertime.

T heremainderofthechapteris organizedas follows. A fterdescribingthemodelin Section

3.2, wecharacterizethesetofequilibriainsection3.3. Insection3.4wedescribetheestimation

strategyandthedatasetsusedintheestimation. Section3.5 presentstheresults, andsection3.6

summarizestheimplicationsoftheresultsandoutlinesextensionsforfutureresearch. Proofsand

othertablesareinsections3.7 – 3.10.

3.2.Themodel

T hismodelisanextensionofthestatisticaldiscriminationmodelpresentedinChapter2. T here

isacompetitivelabormarketwhere…rmsproducefrom atechnologywhichconsistsoftwotypes

ofjob-tasks. O ne, whichwillbereferredtoasthesimpletask, canbeperformedbyanyworker,

whereastheotherone, thecomplextask, requiresquali…edworkers5.

Firmscannotobservewithcertaintywhetherornotaworkerisquali…ed. H owever, workerscan

bedistinguishedbyanobservablesignal(atestresult), aswellasbytheirrace, whichis indicated

withbandw:T hesizeofeachgroup is ¸band ¸w;respectively. T heinformationalasymmetry

between tasks (i.e. thefactthatproductivityofaworkeris knownwith certaintyonly in the

simpletask) iscertainlynotaninnocuousassumption, butitseemsquitereasonableonempirical

grounds.
5Ideally, onewouldallowformoretasks andmoregroups;withappropriateassumptions the

modelcanbeeasilyextendedtoincorporatemoretasks andgroups. T hesimpli…cationadopted
inthispaperisneededbecauseofcomputationalproblemsanddatalimitations.
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O nthelabormarketthereisacontinuum ofworkerswithheterogeneous skillendowment6: A

workerwithskillaissaidtohave“ae¢ciency-units”. Eachworkerbelongstooneoftwoidenti…able

groups, indexedbybandw;ofsize¸band¸w, respectively. Skillendowmentisdistributedineach

groupaccordingtothesamedistributionh(a)7 :T hee¢ciencyunitsofworkerswillcontributeto

thetotalsizeofthefactorinputs: T hekeyassumptionofthemodelis thatonlyworkers who

invested in humancapitalcontributetotheinputinthecomplextask, whereas allworkers are

productiveinthesimpletask. Investmentinhumancapitaldoesnota¤ectworkers’skilla;butonly

makestheworker’se¢ciencyunitsproductiveinthecomplextask. Costofinvestmentinhuman

capitalcdepends deterministicallyon skillaccordingtothecostfunctionk(a), withk0(a)< 0

(i.e. moreableworkershavelesscostofinvestment). T heinverseofk(¢);whichrelatese¢ciencyto

costs, isdenotedwithe(¢):D istributionh(¢)inducesadistributionofcostsg(c)=h(e(c))de(c)=dc.

D enotethecumulativedistributionofcostswithG(c)

T heoutputofthe…rm isgivenby

y(C;S)=C ®S 1¡® (3.1)

where C and S denote the inputofe¢ciencyunits oflaborin the complexand simple task,

respectively. A ssumeC =Cb+ CwandS =Sb+ Sw;whereSb;Swrepresentthemassofe¢ciency

unitsofallworkersemployedinthesimpletask, belongingrespectivelytogroupbandw, andC b;

Cw representthee¤ectiveinputofquali…edworkers employed inthecomplextaskbelongingto

group bandw: W ecan express thesequantities as follows: lethf(a)be thedistribution over

e¢ciencyunits ofworkers hiredby…rm f8;anddenotewithKj andHj thesetofworkers of

group j employedrespectivelyinthecomplexandsimpletask, andwith Q j thesetofquali…ed

workersfrom group j. T henwecomputetheinputsforthis …rm asfollows:

C j = ½j
Z

a2Q j\Kj

ahf(a)da (3.2)

6T his is themaindi¤erencebetweenthismodelandtheonepresented in M oroand N orman
(19 9 7 ).

7 T his assumption willbe relaxed in the estimation. T he description ofthemodeland the
characterizationofequilibriacanbeeasilyextendedtothecasewheregroupshavedi¤erentdistri-
butionsofskillendowment. Infact, theparametrizationofthewagedistributiondoesnotchange
atall.

8 Inequilibrium thiswillbethesameforall…rms, andequaltoh(a)
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S j =
Z

a2Hj

ahf(a)da (3.3)

Parameters½jrepresentcommonlyknownexogenousdi¤erencesbetweengroupsinproductivity

inthecomplextaskrelativetoproductivityinthesimpletask9 . W ecanwithoutlossofgenerality

re-scalethemodelsothat½w= 1 : Its roleis toallowforacomparativeadvantageinemploying

blacks inoneofthetasks.

Ithas alreadybeenmentionedthataworker’s quali…cation is only imperfectlyobservedby

employers, whichimpliesthatthereisapotentialmismatch: someworkerswithouthumancapital

investmentwillingeneralendup employedinthecomplextask, andsomequali…edworkerswill

beemployedinthesimpletask.

T hetimingofeventsisasfollows: inStage1 workerschoosewhethertoinvestornotinhuman

capitaltobecomequali…edfortheskilledjob;aftertheinvestmentdecision, eachworkerperforms

atest(Stage2)thatresultsinasignalµ:T hissignalisasummaryofallinformationtheemployers

haveavailablewhentheyhireoneworker. Instage3…rmssimultaneouslyannouncewageschedules

(i.e. wagesasafunctionofthesignalandgroupidentity)andinStage4workerschoosewhat…rm

toworkfor. Finally, inStage5, …rmsallocateworkersbetweenthetwotasks.

T his isaformaldescriptionofthegame:

Stage 1. Each agentchooses an action e2 feq;eug, wheree= eq means thattheagent

undertakesaninvestmentinhishumancapital(andbecomesaquali…edworker) ande=eu that

hedoes not. Ifagentaundertakes theinvestmentheincurs acostofc=k(a)whilenocostis

incurrediftheinvestmentisnotundertaken.

Stage2. Eachworkerperformsatestresultinginanobservablesignalµ2 [0 ;1 ]. T hesignal

µ is distributedaccordingtodensityfjq forgroup j workerswhoinvested inStage1 andfju for

groupjworkerswhodidnotinvest, wherej=b;w. Itisassumedthatfjqandfju arecontinuously

di¤erentiable, boundedawayfrom zeroandsatisfy:
fjq(µ)

fju(µ)
>

fjq(µ0)
fju(µ0)ifµ > µ0; j=b;w: [strictlymonotonelikelihoodratioproperty]

T his assumption implies thatquali…edworkers aremorelikelytogethighervalues ofµ than

unquali…edworkers. L etF q and F u denotetheassociated cumulativedistributions. Sincethe

“testingtechnology” isallowedtobedi¤erentbetweengroups, thesamesignalcanbedi¤erently
9 T heycanalsorepresenta“taste” parameterrepresentingbiasedpreferencesoftheemployers.

U nderthis interpretationemployerscareaboutbothproductionandraceoftheiremployees, and
function(3.1) isareducedform representationofemployers’utilityfunction.
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informativeforworkersofdi¤erentgroups, evenwhengroupsareequalinallotheraspects.

Stage3. T he…rmssimultaneouslyannouncewageschedules. W agesareallowedtobedepen-

dentonthesignalandgroup identitysothata(pure)actionof…rm i=1 :::ninstage3isasetof

measurablefunctionswji :[0 ;1 ]! R + ;j=b;w:

Stage4. T heworkersobservewji;i=1;:::n;j=b;w;anddecidewhich…rm toworkfor.

Stage 5. Inthis …nalstageofthegamethe…rms allocatetheavailableworkers byusinga

taskassignmentrulewhichisameasurablefunctiontji :[0 ;1 ]! f0 ;1 g:T heinterpretationisthat

tji (µ)=1 (0 )meansthat…rm iassignsallworkersofgroupjwithsignalµ tothecomplex(simple)

task.

Itisassumedthatworkersdonotcaredirectlywhattasktheyareemployedin;thus, oncethe

investmentcostis sunk, theworkerwillrationallychoosethe…rm thato¤ersthehighestwagefor

hisparticularrealizationofµ andthegrouphebelongsto. T herefore, imposingoptimalbehavior

instage4, thepayo¤ ofaworkerbelongingtogroup j canbewrittenas

E µ[ max
i=1 :::n

wji(µ)]¡c(e)

wherec(eq)=k(a);andc(eu)=0 :

Firms’objectiveis tomaximizeoutputminusthewagebill.

3.3.CharacterizationofEquilibria

T hebasicstructureofthemodelis similartothemodelpresented inChapter2, thereforethe

equilibriawillbecharacterized in asimilarfashion. O ne importantdi¤erence introduced here

isworkerheterogeneity, whichallowsforawagefunctionthatis strictlyincreasinginthesignal.

W ithoutheterogeneity, allworkersinthesimpletaskwouldreceivethesamewage. Inaddition, the

modelpresentedinthis chapterallowstheparametersofthe“testingtechnology” tobedi¤erent.

T heN ashequilibriaofthegamearecomputedbycharacterizing…rstthe…rms’bestresponses

(in terms ofwage schedules and taskassignmentrules) toworkers’ investmentchoices. T hese

responseswilldetermineauniquesetofwageschedulesgiveninvestmentbehaviorbytheworkers;

imposingoptimalworkerbehaviorin the …rststagewegetasetof…xed pointequations that

characterizethesetofequilibrium outcomes.

First, noticethatthewagescheduleo¤eredbyeach…rmmustbeidenticalalmosteverywhere

inanyN ashequilibrium ofthegame. Ifone…rmweretoo¤erahigherwagetoapositivemassof
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workers, thenitcouldslightlylowerwagesforthoseworkers. Ifthewagecutissmallenough, those

workerswillnotchooseother…rms, butpro…tswillincrease. B ecauseworkersdonotcaredirectly

whattasktheyareassignedto, theyareindi¤erentamongwhich…rm toworkfor;itisassumed

that…rms equally shareworkers whenevertheypostthesamewageforworkers ofaparticular

groupandtestresultµ:

N ext, considertheproblem facedbythe…rm inthelaststage, whenfractions ¼band ¼w of

bandwworkers invested in Stage 1 and …rms o¤eredwageschedules wji(µ)= w(µ);j = b;w

forall…rms i = 1 ::nandsignals µ 2 [0 ;1 ]: Inthis case, group j workers’distributionoverµ is

fj¼(µ)=¼jfjq(µ)+ (1 ¡¼j)fju(µ):

O nceworkersarehired, thewagecostis sunk. T herefore…rmswillchooseinstage5 thetask

assignmentrulethatmaximizes output. N oticealsothatthis stageis non-strategicinthesense

thatchoices heredonota¤ecttheother…rms’pro…ts, sothereis noreasontochooseanyrule

thatis notoutputmaximizing. Itis possibletoshow(seeSection3.7 ) thatthis rulemusthave

the“cuto¤ ” property, i.e. thateach…rmwillchooseforeachgroup j ofworkersacuto¤ signaleµj

suchthat:

tj(µ)=

8
<
:

0 ifµ·eµj

1 ifµ > eµj
(3.4)

G iventhisruleitispossibletoexpress…rms’inputs foragivenchoiceofeµbandeµw asfollows.

B ecausefjq andfju areindependentofthecostofinvestment, thejointdistributionofgroup j

workersovercostsandsignals is

gj(c;µ)=

8
<
:

g(c)fjq(µ) iftheworkerinvested,

g(c)fju(µ) iftheworkerdidnotinvest.
(3.5)

From (3.5) theconditionaldistributionofcostscanbewrittenas

gj(cjµ)=

8
><
>:

g(c)fjq(µ)
fj¼(µ)

iftheworkerinvested,
g(c)fju(µ)
fj¼(µ)

iftheworkerdidnotinvest.

Supposethat…rm usethe“cuto¤ rule” (3.4) toassignworkers betweentasks. U singthefact

thatin equilibrium allworkers with costofproduction belowacertain levelB j willinvestin

humancapital, andallworkerswithcostaboveB j willnot( B j satis…es ¼j=
R
c< B jg(c)dc);itis

possibleto“count” theexpectednumberofe¢ciencyunitsassignedtoeachtask. R ewriting(3.2)
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and(3.3),

C j =
¸j

n
½j

1Z

eµj

Z

c< B j

a(c)gj(c;µ)dcdµ; (3.6)

S j =
¸j

n

eµjZ

0

Z

c

a(c)gj(c;µ)dcdµ: (3.7 )

G iventhattheexpectednumberofe¢ciencyunitsofonequali…edandoneunquali…edworker

ofgroup j

E j(ajq) =

R
c< B ja(c)g(c)dc

¼j
;

E j(aju) =

R
ç B ja(c)g(c)dc

1 ¡¼j
;

itispossibletousetheseexpressionalongwith(3.5) torewrite(3.6) and(3.7 ) as

C j =
¸j

n
½j¼j(1 ¡F j

q(eµ
j
))E j(ajq); (3.8)

S j =
¸j

n

³
¼jF j

q(eµ
j
)E j(ajq)+ (1 ¡¼j)F j

u(eµ
j
)E j(aju)

´
: (3.9 )

A ninterpretationoftheseequationsisthatnC j=¸j istheproportionofquali…edworkersemployed

in the complex task (belongingtogroup j) ¼(1 ¡F j
q(eµ

j
))multiplied by theexpected number

ofe¢ciencyunits ofonequali…ed j workerE j(ajq), andnS j=¸j is the sum oftheproportions

ofquali…edandunquali…edworkers employed inthesimpletask, respectivelymultipliedbythe

expectednumberofe¢ciencyunitsofonequali…edandoneunquali…edjworker.

Itisnowpossibletowritetheproblem ofgeneric…rm i atstage5:

max
µbi;µ

w
i 2[0 ;1 ]2

y(C b
i + Cw

i ;S
b
i + Swi ) (3.10)

subj. to
n
¸j
C j · ½j¼j(1 ¡F j

q(µ
j))E j(ajq); j=b;w

n
¸i

S j · ¼jF j
q(µ

j)E j(ajq)+ (1 ¡¼j)F j
u(µ

j)E j(aju); j=b;w

Itis possibletoshowthatthereexistauniquesolutionto(3.10) forany¼ 6=(0 ;0 )andthatthe

solution satis…es theKuhn-Tuckerconditions. L et° j and ´jbethemultipliers associatedwith
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the boundaries forµji: A ftersomemanipulations, theseconditions can be expressed as follows

(droppingthesubscriptfor…rm i):

¡y1(¢)¼jfjq(µj)E j(ajq)+ y2(¢)
¡
¼jfjq(µ

j)E j(ajq)+ (1 ¡¼j)fju(µ
j)E j(aju)

¢
+ (° j¡´j)=0 (3.11)

forj = b;w;togetherwith complementaryslackness conditions. D enotethesolutionwith eµ =

(eµb;eµw):
T henexttaskistocomputeequilibriumwageschedules. Itisnaturaltoassumethatfactorsof

productionarepaidtheirexpectedmarginalproductivity. T hen, wecandenotethe“labormarket

equilibrium” wagefunction, given¼ =(¼a;¼b)asfollows

wj(µ)=

8
<
:

y1 (¢)p(µ;¼j)E j(ajq)½j µ¸eµj;
y2(¢)E j(ajµ) otherwise.

(3.12)

wherep(µ;¼j)= ¼jfjq(µ)=f¼j(µ)is theprobabilitythataworkerwithsignalµ investedinhuman

capitalgiventhattheproportionofinvestors inhisgroup is ¼;andE j(ajµ)=
R
a(c)gj(cjµ)isthe

expectednumberofe¢ciencyunitscarriedbyaworkerwithagivenµ:

Proposition9 . L etthefractionofagentswhoinvestineachgroupbegivenby¼ =
­
¼b;¼w

®
, and

assumethatonlyworkerswithcostlessthanB j invested, whereB j satis…es¼j=
R
c< B jg(c)dc:L et

tj :[0 ;1 ]! f0 ;1 g;j=b;wbeapairofcuto¤ ruleswithcuto¤ pointeµj(¼)determinedby(3.10)

andletwj :[0 ;1 ]! R begiven by(3.12). T hen, …rms areplayingbestresponses ifandonly if

theychoosewagesandtaskassignmentruleinaccordancetowj(µ)andtj(µ);j=b;w.

T heproofis inthesection. G iventhetaskassignments, …rms havetopayatleastmarginal

productivities, andstrictlymoreiftheywanttoattractmoreworkers. B utthentheonlywayto

makeapro…tabledeviation byattractingadditionalworkers wouldbetoreallocatethem more

e¢cientlybetweentasks, whichis impossiblegiventhat, asobservedbefore, thetaskassignment

ruleischoseninanonstrategicstageofthegametomaximizeoutput.

T heinterpretationofthecomponentsofthewageinthecomplextaskisthefollowing: ½jcy1 (¢)is
themarginalproductivityofonee¢ciencyunitoflabor, E j(ajq)istheaveragenumberofe¢ciency

unitscarriedbyaproductiveworker;andp(µ;¼)istheprobabilityofaworkerbeingquali…edfor

thecomplextask. A similarinterpretationcanbeperformedforthesimpletaskwage, whichcan
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eµj

w(µ)

µ

y1 (¢)p(µ;¼)E j(ajq)½jc

y2E j(ajµ)

Figure3.1: T hewagefunction

bewritten:

y2(¢)
Ã
E j(ajq)¼

jfq(µ)
fj¼(µ)

+ E j(aju)(1 ¡¼j)fju(µ)
fj¼(µ)

!
: (3.13)

Inthiscasethemarginalproductismultipliedbytheweightedaverageoftheexpectednumberof

e¢ciencyunitsofaquali…edandunquali…edworker, weightedbytheprobabilityofbeingrespec-

tivelyquali…edandunquali…ed. U singthe…rstorderconditionforthetaskallocationproblem, we

canseethatthewagefunctionis continuous ateµj, thatis thecuto¤ signalis chosensothatthe

workerwhocarries ithasthesameexpectedmarginalproductivityinbothtasks. N oticealsothat

themonotonelikelihoodratiopropertyimpliesthatwj(µ)is strictlyincreasing.

N ext, wehavetoconsideroptimalworkerbehaviorin the …rststage. D enote B j(¼)tobe

thegrossbene…tsofinvestingforaworkerbelongingtogroup jwhenwagesarecomputedinthe

labor-marketequilibrium assuming(¼b;¼w)=¼:T hen, wehave

B j(¼)=
Z

µ
wj(µ)

¡
fjq(µ)¡fju(µ)

¢
dµ; (3.14)

wherethedependenceon ¼ is implicitin thewagefunction. Theequilibriaofthemodelare

characterizedbythesolutionstothesetof…xedpointequations

¼b=G(B b(¼b;¼w));

¼w=G(B w(¼b;¼w)):
(3.15)
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Figure3.2: Symmetricequilibriawithex-anteidenticalgroups

W ecansum upthepreviousdiscussionandstatethefollowingproposition:

Proposition10. A pairoffractionofinvestors
­
¼b;¼w

®
inequilibrium solves (3.15). M oreover,

anysolutionto(3.15) correspondstoanequilibrium ofthemodel.

T henecessitypartofthepreviouspropositionrequiresshowingthatinequilibriumonlyworkers

withcostlessthanacertainlevel, investinhumancapital, andnoworkerwithcostabovethesame

levelinvests (amaintainedassumptioninthecharacterizationofthe“labor-marketequilibrium”.

T hismustbetruesincetheex-antebene…tsofinvestingarethesameforeachworkerofgroup j:

Existenceofequilibriathereforereducestotheexistenceofa…xedpointofG ±B :
Ifgroupsdonotpossessexogenousdi¤erences(i.e. iftheysharedthesametestingtechnology,

and½b=½w)thenexistenceofasymmetricequilibriumcanbeeasilyestablishedsincetheproblem

becomesone-dimensional. Itrequiresexistenceofa…xedpointoftheequation¼ =G(B (¼));where

B (¢)aretheincentives toinvestderivedas in (3.14). W hen ¼ = 0 thenproductionandwages

willbezero, soB (0 )= 0 :W hen¼ = 1;thenwageswillbeconstantin µ sincethereis novalue

in hiringaworkerwith highersignalwhen everybody is known tohave invested. T herefore,

B (1)= 0 :IfG(0 )> 0 thena…xedpointexists from simpleapplicationoftheintermediatevalue

theorem. Complementarityofthefactorinputs guarantees thatfunction B (¼)is “steep” near

¼ = 0 ;thereforeifG(0)= 0 ;anon-trivial…xedpointexists providedthattheminimum costof

investmentisnottoohigh(see…gure3.2).

W hengroupsarenotidentical, thenequilibriacannotingeneralbesymmetric: when¼b=¼w;
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marginalproductwillbedi¤erentbecauseoftheexogenous di¤erences (forexample, adi¤erent

testingtechnology), thereforeincentiveswillbedi¤erentaswell.

3.4.Estimationstrategy

O newayofestimatingthefundamentalparametersofamodelthatgeneratesmultipleequilibriais

tocomputethesetofallequilibriathatcanbegeneratedgivenasetoffundamentals, computethe

likelihoodundereachoftheseequilibria, choosetheequilibriumthatmaximizesthislikelihoodand

thenmaximizeoverthesetoffundamentalparameters. T hisexerciseisnotonlycomputationally

expensive, butitis alsopronetofailuregiventhatnumericalprocedures mightsometimes miss

oneormoreoftheequilibriaofthemodel.

T hetwo-stageestimationprocedurepursuedheredoesnotrequirethecomputationofallthe

feasibleequilibria. T heinterestingfeatureofthemodelthatis exploited intheestimationpro-

cedureis thatgivenworkers’humancapitalinvestmentdecisionsand…rms’optimalresponses in

termsofwages andjoballocation, thewagedistribution is unique. W hatis neededtorepresent

thewagedistributionforagroupofworkersj isthefractionofinvestorsinhumancapital¼j , the

taskassignmentruleeµj, thetestingtechnology° j, andthemarginalproductsofthatgroup’squal-

i…edandunquali…edworkersinthecomplexandsimpletask(y1 ½jE j(ajq);y2E j(aju);y2E j(ajq)).
T hesesixvariablesuniquelydeterminethewagedistribution, andcanthereforebeconsideredas

estimableparameters. T he…rststageoftheestimationconsists in…ndingthesetoftheseparam-

eters thatbestmatches theempiricalwagedistribution. N oticethatnoadditionalinformation

aboutthedistributionovercostg(¢)andthecost-skillendowmentrelatione(¢)is neededtocom-

putethelikelihoodofthedistribution, andingeneral, di¤erentparametrizationforthesefunctions

canbeconsistentwiththesamewagedistribution.

Inthesecondstage, theparametersobtainedseparatelyforthetwogroupsinthe…rststageof

theestimationaremerged, andsomerestrictionsofthemodelareusedinordertorecovermoments

ofthefunctionsg(¢)ande(¢):T hen, itispossibletoadoptfunctionalformassumptionthatreplicate

theequilibrium estimated in the…rststage, andusethecomputedmoments ofg(¢)ande(¢)to

uniquelydeterminetheirparameters. A tthis stage, itis necessarytodrop theassumptionthat

therelationbetweencostandabilitye(¢)isuniqueforthetwogroups.
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3.4.1.Firststage: thewagedistribution

G ivenasetofwagesrepresentativeofthegrouppopulation, itispossibletoformulatethelikelihood

functionforavectorofobservationsaboutwagesofworkersofgroupj=b;wcollectedinaspeci…c

timeperiod. Todothatrequiresthespeci…cationofanexpressionforthewagedensity. Tobegin,

assumethatthetestingtechnologydistributionsbelongtotheone-parameterfamily:

fjq(µ) = ° jµ(°
j¡1 );

fju(µ) = ° j(1 ¡µ)°
j¡1

forj=b;w:T hisfunctionalform imposesthemonotonelikelihoodratiopropertyforanyvalueof

theparameter° j > 1 10: N ow, rewritethewagefunction(3.12), usingalso(3.13) andcontinuityof

thewagefunctionateµj as

wj(µ)=

8
>><
>>:

Ã
yjq+ yju

µ
(1¡eµj)
eµj

¶° j¡1 !
¼jµ(°

j¡1 )

¼jµ(° j¡1 )+(1¡¼j)(1¡µ)° j¡1
µ¸eµj:

yjq ¼jµ(°
j¡1 )

¼jµ(° j¡1 )+(1¡¼j)(1¡µ)° j¡1 + yju
(1¡¼j)(1¡µ)° j¡1

¼jµ(° j¡1 )+(1¡¼j)(1¡µ)° j¡1 otherwise,

where
yjq=y2E j(ajq)
yju=y2E j(aju)

(3.16)

Sincewages arestrictly increasingin µ;thewagefunction is invertible. D enotewith tj(¢):
R + ! [0 ;1 ]thisinverse. G iventhatµ isdistributedinthepopulationaccordingtofj¼j =¼jµ°

j¡1 +

(1 ¡¼j)(1 ¡µ)°
j¡1 thewagedistributionxj willsatisfy:

xj(!)=f¼j(tj(!))
dtj(!)
d!

wheredt(!)=d!canbecomputedanalyticallyusing
¡
dwj(tj(!))=dtj(!)

¢¡1 :Itisthereforepossible
toderivethelikelihoodfunctiongivenavectorofwages forgroup j takenfrom thepopulation

survey!´[!i]
N
i=1 andpopulationweightsk´[ki]Ni=1 .

Tosimplifytheproblem itispossibleto…nddataanalogsto3.16, sothatthewagedistribution

forgroupj canbeexpressedasafunctionof¼j;° j;andeµj only. First, noticethatfromthemodel
10T his assumption is withoutloss ofgenerality sincewhen ° < 1 theroles offq and fu are

reversed: thelowerthesignal, thelowertheprobabilitythattheworkerwhocarriesitisproductive
inthecomplextask
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theminimumwagewj(0 )is equaltoyju:A ssumingthat!1 istheminimum reportedwage11 :

yju=wj(0 )=!1 (3.17 )

Secondly, usingthefactthatdataonwagesusedintheanalysisaretopcoded, yqcanbeexpressed

asafunctionoftheotherparameters. L etting!N bethemaximumreportedwage(i.e. thetopcode

level), yqcanbecomputedbysolvingthefollowingequation12 :

!N =

0
B@yjq+ yju

Ã
1 ¡eµj

eµj

! (° j¡1 )
1
CA ¼jµ(°

j¡1 )
N

¼jµ(°
j¡1 )

N + (1 ¡¼j)(1 ¡µN )(° j¡1 )
; (3.18)

where µN is computedbymatchingtherighttailofthetheoreticalwagedistributionwith the

fractoinofobservations atthetopcodelevel. Formally, denotethis fraction byK;then, µN is

computedastheuniquerootoftheequation F ¼j(µN )=K=§Ni=1ki;i.e.:

¼j(µN )°
j
+ (1 ¡¼j)

³
1 ¡(1 ¡µN )°

j¡1
´
=1 ¡ K

§Ni=1ki
(3.19 )

T heleft-handsideof(3.19 ) is strictlyincreasingin µN when ° j > 1 ;andtheright-handsideof

(3.18) is strictlyincreasinginyjq;henceauniquesolutionisguaranteed. H avingusedthe…rstand

thelastobservationstogetyu andyq;thelikelihoodfunctioncanbecomputedusingobservations

from 2 toN ¡1 : Imposing(3.17 ) and(3.19 ) thewagefunctiondepends onlyon: eµj;¼j;and ° j:

T hereforethelikelihoodofdataset(!;k)isconditionalonlyoneµj;¼j;and ° j. Speci…cally,

l(!;kjeµj;¼j;° j)=
N ¡1X

i=2

³
log

³
¼j° j(µi)°

j¡1 + (1 ¡¼j)° j(1 ¡µi)°
j¡1

´
+ log(ji)

´
¢ki (3.20)

whereji isthederivativeoftheinverseofthewagefunctionat!i:N otethatµi andji dependon

theparameterseµj;¼j;° j:
Foranyvalueoftheparameterseµj;¼j;° j;thevalueofthelikelihoodfordataset(!;k)canbe

11O nlywagesatorabovethemimimumwagesetbyFederallegislationareusedintheestimation.
T his impliesthatybu=ywu;providedthereisatleastoneobservationineachgroupattheFederal
minimum wage.

12T his expressionisvalidonlyif!N hasbeenearnedbyatleastanindividualemployedinthe
complextask. O necouldalways verifythis bycheckingthatthemaximum likelihoodobtained
withamodelwhereeverybodyisemployedinthesimpletaskislessthanthelikelihoodobtained
withthemoregeneralmodel. Ifeverybodyisemployedinthesimpletask, thanthewageequation
impliesyq=!N
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computedasfollows:

1. O btainyju andyjqfrom (3.17 ) and(3.19 )

2. Compute signals µi by solvingnumerically the inversewage function µi = tj(!i)8i =
2;:::;N ¡1 :

3. Computethederivatives oftheinversewagefunction ji usingji = 1 =(dwj(µi)=dµi);8i =
2;:::;N ¡1 (theactualformulaisomitted).

4. Computethelog-likelihoodusing(3.20)

T he…rststageiscompletedbymaximizingthelikelihoodusinganumericalmethod.

3.4.2. Secondstage: costandskillendowment

T heestimatedparametersfromthe…rststepincludesu¢cientstatisticsfortheequilibriumchoices

madebytheagents which characterizetheequilibrium selected in theeconomy (¼j;eµj;yjq;yju).
H owever, theonlyfundamentalparameterwhichisestimatedis ° j:Tocharacterizetheotherequi-

libriathatthemodelcouldpotentiallyhavegenerated, theotherfundamentalparametershaveto

bederived: ®;½b;andtheparameters ofg(¢)ande(¢): T his sectiondescribes aprocedurethat

notonlyrecovers theremainingfundamentalparameters, butalsoimposes thattheequilibrium

estimated inthe…rststageremains anequilibrium ofthemodelundertheestimatedsetoffun-

damentals. T his enables comparisons tobemadebetweentheequilibrium thattheestimation

characterizes in the…rststage(which canbethoughofas theequilibrium thatagents selected

amongtheavailableequilibria), andtheotherequilibriathatthemodelcangenerate.

T heprocedureisperformedaccordingtothefollowingsteps:

1. Parameters ® , ½b;arerecoveredbymergingtheresultsobtainedfrom the…rststageofthe

estimation from thetworacialgroups. In addition, themoments ofthe skillendowment

E (ajq); E (aju); E (ajq); E (aju)are obtained. T hese moments willbe used in step 3 to

obtaintheparametersofthecost-skillendowmentfunction. T hisstep isperformedbyusing

restrictionsimpliedbythemodel, anddoesnotrequireimposinganyadditionalassumptions.

2. A ssumingauniform costdistributiong(¢); its parameters arecomputedusingrestrictions

betweenthewagedistributionandtheestimatedproportionofinvestors ¼j impliedbythe

model.
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3. In the…nalstep theparameters ofthecost-skillendowmentfunctionareestimated. The

assumption thatgroups have identicalcost-skillrelations e(¢)mustbedropped in order

thattheequilibrium estimated in the…rststep is anequilibrium undertheestimated set

offundamentals. A s mentioned infootnote 7 , this canbedonewithoutanychangeinthe

parametrizationofthewagedistribution. T hen, assuminglinearity, alltheparametersofthe

twofunctionscanbecomputedusingtheinformationcomputedin(1) and(2).

D enotealltheparameterscomputedinthe…rststageoftheestimationwithcarets. Step 1 is

performedbysolvingasystem ofeightindependentequations ineightunknowns: E (ajq);E (aju);
E (ajq);E (aju);½b;®;y1 andy2;whichhasauniquesolution13. T he…rsttwoequations, (3.21)and

(3.22), areobtainedusingtherestrictionimposedbythelinearityofthewagefunctionateµw (see

equation(3.12), andrecallthatthemodelisnormalizedwith½w=1));equations(3.23)-(3.26)are

equivalentto(3.16), andthelasttwoequations, (3.27 ) and(3.28), arerestrictions impliedbythe

Cobb-D ouglasproductionfunction.

cywq + cywu

0
@ (1 ¡ceµw)

ceµw

1
A
c° w¡1

= y1 E w(ajq); (3.21)

ybq+ ybu

0
@(1 ¡

beµb)
beµb

1
A

b° b¡1
= y1 ½bE b(ajq); (3.22)

bybq = y2E b(ajq); (3.23)

cywq = y2E w(ajq); (3.24)

cybu = y2E jb(aju); (3.25)

cywu = y2E w(aju) (3.26)

y1 = ®(Cb+ Cw)®¡1 (Sb+ Sw)1¡® (3.27 )

y2 = (1 ¡®)(Cb+ Cw)®(Sb+ Sw)¡® (3.28)

where: C j=¸jc¼j½j(1¡ d
F j
q(eµ

j
))E j(ajq);S j=¸j(c¼j d

F j
q(eµ

j
)E j(ajq)+ ((1¡c¼j) d

F j
u(eµ

j
)E j(aju)14;

and¸j isthenumberofemployedmaleworkersofgroup j:
13Itcanbewrittenasasystem oflinearequations.

14 d
F j
q(eµ

j
)=

beµj
b° j
;and

d
F j
u(eµ

j
)=1 ¡(1 ¡beµj

b° j
)
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Instep2, assumingauniformdistributionforg(¢)impliesthatthecumulativecanbeparametrized

asalinearfunctionG(c)=p1 + p2¢c;c2 [¡p1 =p2;(1 ¡p1)=p2];p2:T he…rststageoftheestimation

provides enough informationaboutthedistributionovercosts g(¢)torecoverp1 andp2: Tosee

this, using(3.14) computethemaximum estimatedcosts bB b;bB w paidbyworkersofgroup band

w , thatis bB j=
R
µ

dwj(µ)(dfjq(µ)¡ dfju(µ))dµ. T hen, onecanwritethefollowingidentities

b¼b = p1 + p2 bB b (3.29 )

b¼w = p1 + p2 bB w (3.30)

fromwhichp1 andp2 canbecomputed. T hecomputedparametershaveaneconomicmeaningonly

ifbp2 > 0 :N oticethatassumingthatg(¢)isthesameforthetwogroupsiscrucialinthisprocedure

(ifdistributionsweredi¤erentthanthis informationwouldnotbeenoughtocomputealloftheir

parameters). Furthermore, evenwithauniquedistributionthis procedureis notguaranteedto

workbecausethesolutiontothesystem (3.29 )-(3.30) mightyieldaninadmissiblevalueofp215

Finally, step 3 is performed by assumingdi¤erent skill-costfunctions forthe twogroups,

parametrizedas follows: eb(c)= pb3 + pb4 ¢c;andew(c)= pw3 + pw4 ¢c. T heparameters canbe

computedbysolvingthefollowingsystemsofequations:

8
<
:

dE b(aju)=
R
c> bB beb(c)dg(c)dc

dE b(ajq)=
R
c·bB be

b(c)dg(c)dc
(3.31)

and 8
<
:

dE w(aju)=
R
c> bB wew(c)dg(c)dc

dE w(ajq)=
R
c·bB wew(c)dg(c)dc

(3.32)

where dE j(ajq); dE j(aju)j=b;warecomputedinstep 1, bB j is theestimatedgross returnsto

investmentcomputedasindicatedinstep2 and dg(c)= bp2 from step2:Systemsofequations(3.31)

and(3.32)arelinear, andhavetwounknownseach. T heirsolutionwillbeeconomicallymeaningful

ifcpw4 < 0 and bpb4 < 0 ;asassumedinthedescriptionofthemodel.

T hisconcludestheestimationofthemodel. Ifadmissibleparametervaluescanbeobtainedfor

thecostdistributionandthecost-skillfunction, thentheequilibrium estimatedinthe…rststage

15Forexample, ifthegroupthatinvestslesshashigherincentives bB ;thenthesolutionwillinclude
p2 < 0 ;which implies thatitis notpossibletomaintainthatgroups havethesamedistribution
overcosts.
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willbealsoanequilibrium undertheestimatedsetoffundamentals.

3.4.3.D ata

T hemodelis estimatedusingweeklywagedatafrom 1963to19 9 2 from theCurrentPopulation

Surveys. D ataweremergedovertenthreeyearintervals usingweeklywagedataofblackand

whitemales. Each sample is referred towith thelastyearofthethree-yearinterval. W eekly

dataareusedbecauseinformationonhoursworkedwas notcollectedbefore19 7 6, whichmakes

itimpossible tocompute thehourlywage. T herefore, onlyworkers workingfulltime (fullor

partyear)areconsidered. O bservationsaremergedoverthreeyearperiodsinordertoperformthe

estimationwithlargersamples. T henumberofobservationsrangesfrom39 9 5 (19 65)to6284(19 9 2)

forblacks, andfrom49 08 7 (19 65) to7 6319 (19 80)forwhites. Toperformconsistentintertemporal

comparisons, wagesarestandardizedtothelevel19 82-84= 100 usingtotheConsumerPriceIndex.

EventhoughCP S wagesaretopcoded, formanyyearstherearenoobservationsofblackworkers

atthetopcodelevel. Ignoringthisfactwouldcreateanarti…cialasymmetrybetweentheestimation

oftheparametersrelativetoblackandwhiteworkers. T herefore, observationsaretopcodedatthe

samelevelof$1000 forthetwogroups, whichguaranteesthatatleastonepercentofobservations

isalwaysonthetopcodedtailofthewagedistribution.

3.5.R esults

T hemodelisestimatedoverthreeyearintervalsfrom 1963to19 9 2. Table3.1 showsthevaluesof

theparametersestimatedinthe…rststage16(standarderrorsareinparenthesis). O therparameters

computed inthe…rststagefrom theestimatedparametersarereportedinsection3.8 , table3.6.

T heproportionofblacks investinginhumancapitalhasalwaysbeenlowerthantheproportionof

whites, onaverageby12.3% , butthedi¤erencehasbeendecliningovertime. Itisalsointeresting

thatthetestingtechnologyisestimatedtobesimilarforblacksandwhites, eventhoughaformal

testrejectsthehypothesisofequalityineachyear.

Inordertoprovideevidenceabouthowwelltheseestimatesmatchtheempiricaldistribution,

thetheoreticalandestimateddistributionsofwages belowthetopcodedlevelis plottedin…gure

3.3. InSection3.9 , table3.9 reportssummarystatisticsofthesedistributions from 1965 to19 9 2.
16T heparametersareobtainedbyminimizingtheloglikelihoodfunctionusingaversionofthe

downhillsimplexmethod.
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A llstatisticsareconditionalonthewagebeinglowerthanthetopcodelevel. T his evidenceseem

tocon…rm thatthemodelperformsfairlywellinrepresentingthewagedistribution

Table3.2 presents informationcomputedfrom theestimatedparameters. T hesecondcolumn

reportsthedi¤erencebetweenblackandwhite’saggregateproportionofinvestors. T hethirdand

fourthcolumnspresenttheimpliedincentivestoinvestinhumancapitalcomputedusingequation

(3.14);predictedaveragewagescomputedintegratingthewagefunctionareincolumns 5 and6.

T helasttwocolumns reporttheproportions ofblackandwhiteworkers employed inthesimple

task. A llmonetaryvariablesareindollarsperweeknormalizedatthe19 82-84= 100 level.

Prop. ofinvestors T hresholdsignal Testingtechnology

Year ¼b ¼w eµb eµw °b °w

19 65
.17 9

(.34E-02)

.333

(.10E-03)

.868

(.17 E-01)

.822

(.29 E-03)

1.68

(.14E-02)

1.67

(.20E-03)

19 68
.222

(.12E-02)

.360

(.88E-04)

.8 85

(.8 7 E-03)

.7 63

(.9 1E-04)

1.7 1

(.21E-02)

1.67

(.17 E-03)

19 7 1
.257

(.23E-02)

.38 7

(.9 6E-04)

.8 57

(.80E-03)

.68 7

(.9 6E-04)

1.7 0

(.26E-02)

1.69

(.21E-03)

19 7 4
.27 4

(.20E-02)

.404

(.9 4E-04)

.9 00

(.28E-02)

.648

(.9 3E-04)

1.67

(.30E-02 )

1.7 0

(.22E-03)

19 7 7
.265

(.26E-02)

.383

(.9 2E-04)

.865

(.25E-02)

.7 57

(.10E-03)

1.7 7

(.27 E-02)

1.7 7

(.20E-03)

19 8 0
.266

(.24E-02)

.37 7

(.81E-04)

.9 06

(.24E-02)

.7 7 7

(.68E-04)

1.7 7

(.25E-02)

1.7 7

(.17 E-03)

19 83
.257

(.24E-02)

.368

(.7 5E-04)

.8 7 2

(.18E-01)

.7 64

(.24E-08)

1.7 9

(.25E-02)

1.80

(.19 E-03)

19 86
.262

(.20E-02)

.384

(.82E-04)

.866

(.19 E-01)

.7 50

(.13E-02)

1.82

(.23E-02)

1.84

(.18E-03)

19 8 9
.27 0

(.10E-02)

.381

(.7 6E-04)

.8 9 5

(.40E-02)

.7 48

(.13E-02)

1.7 7

(.21E-02)

1.81

(.18E-03)

19 9 2
.264

(.15E-02)

.37 3

(.7 3E-04)

.8 53

(.15E-01)

.7 04

(.11E-02)

1.80

(.20E-02)

1.84

(.16E-03)

Table3.1: Estimationresults
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Figure3.3: EmpiricalandEstimateddistributions, blackmales19 80

O bservethattheestimateddi¤erencesintheproportionofinvestorsdeclinesbetween1965 and

19 80 from 15.3% to11.1% , andremains approximatelystableafterwards. T heestimatedrisein

incentivestoinvestovertime, andthedeclineinestimatedaveragewages ineachgroupafterthe

seventies is consistentwiththeincreaseinwithin-groupwageinequalityoccurredafter19 7 0, and

documentedinJuhnetal. (19 9 3) andL evyandM urnane(19 9 2).T helasttwocolumnsshowthat

onaverage, 9 2.9 % ofblacksand 7 9 .1% ofwhiteswereemployedinthesimpletask.

A sdescribedinsection3.4, resultsintable3.2 areobtainedwithoutmakingspeci…cparametric

assumptions aboutthedistribution overcosts and abilities. W hen theresults from blackand

whites aremerged ineachyear, andtherestrictions discussed in section3.4.2 areimposed, the

otherparameters ofthemodelcanbeobtained(seetables 3.7 and3.8) andwelfareanalyses can

beperformed.

Table3.3presentsthecomputedaveragecostofinvestmentbornebyworkers. A veragewelfare

issimplytheaveragewageminustheaveragecost. T helasttwocolumnsreporttheblacktowhite

averagewelfareandwageratios. N oticethatthepatternofreductioninblack/whitedi¤erentials

isnotsubstantiallydi¤erentwhenlookingatwelfareinsteadofwages, andcon…rmsthatdiscrimi-

nation, measuredintermsofeitherwelfareorwageinequality, decreasedsharplybefore19 80, but

remainedapproximatelystableafterwards.

Table3.4 reports theproportionofinvestors, averagewage, andaveragewelfareintheequi-

libriathatwerenotselectedofthe…rstandthelastyeartheestimationhas beenperformed. In
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G rossreturns
toInvest

Predicted
averagewage

% workers in
simpletask

(1) (2) (3) (4) (5) (6) (7 ) (8)
Year ¼w¡¼b B lack W hite B lack W hite B lack W hite
19 65 .154 153.1 162.0 322.4 430.3 .9 35 .869
19 68 .138 153.6 17 0.5 338.3 457 .7 .9 39 .811
19 7 1 .130 149 .6 184.4 357 .3 482.4 .9 14 .7 32
19 7 4 .130 155.9 19 5.9 369 .0 488.1 .9 40 .688
19 7 7 .118 181.2 206.3 37 1.6 47 4.2 .9 19 .801
19 80 .111 181.5 207 .7 37 5.2 47 1.1 .9 46 .821
19 83 .111 186.1 218.6 348.5 450.2 .9 25 .812
19 86 .122 202.0 239 .4 347 .1 460.2 .9 20 .7 9 4
19 8 9 .111 19 5.2 239 .5 351.9 459 .8 .9 38 .7 9 3
19 9 2 .109 202.6 243.4 349 .1 447 .0 .9 11 .7 56

Table3.2: Computedresults

A veragecost
ofinvestment A veragewelfare B lack/W hite

ratio
Year B lack W hite B lack W hite W elfare W age
1965 26.5 50.8 29 5.9 37 9 .5 .7 7 9 .7 44
1968 31.1 53.5 307 .2 404.2 .7 60 .7 40
19 7 1 29 .7 51.5 327 .6 430.8 .7 61 .7 41
19 7 4 31.1 54.0 337 .8 434.1 .7 7 8 .7 56
19 7 7 40.5 63.4 331.1 410.8 .805 .7 85
19 80 40.0 61.6 335.2 409 .5 .817 .7 9 6
19 83 41.3 60.3 307 .1 38 9 .9 .7 8 7 .7 7 6
19 86 42.4 69 .4 304.7 39 0.9 .7 8 7 .7 54
19 8 9 38.2 62.3 313.7 39 7 .5 .7 7 9 .7 63
19 9 2 40.6 64.9 308.5 382.1 .806 .7 81

Table3.3: A ggregatewelfare, actualequilibrium

addition, thecomputationisreportedfor1968 becauseithasuniquefeaturesthatwillbedescribed

below;computationsfortheotheryearsarepresentedinsection3.10. Equilibriaaresortedbythe

proportionofblackinvestors;theequilibriumwhichhasbeenselectedintheeconomyis initalics.

N oticethattheeconomyhas always beencapableofgeneratingeitherfouror…veequilibria

(includingtheselectedequilibrium). T heseequilibriacanbeclassi…ed intothreecategories: (1)

cornerequilibria, where allblacks orallwhites are employed in the simple task, (2) interior

equilibriawhereblacks receiveasmalleraveragewagethanwhites (3) interiorequilibriawhere

whitesreceiveasmalleraveragewagethanblacks

T he…rstobservationisthattheeconomyalwaysselectedequilibriaofthesecondtype, andthat
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1965¤
Investors A veragewage A veragewelfare
¼b ¼w B lack W hite B lack W hite
.000 .410 323.5 433.8 323.5 37 0.3
.103 .155 305.4 405.9 29 0.4 383.0
.17 9 .333 322.4 430.3 29 5.9 37 9 .5
.19 1 .401 324.6 433.4 29 6.3 37 1.5
.800 .000 9 51.3 347 .3 818.7 347 .3

1968¤
.000 .366 336.3 458.2 336.3 403.7
.222 .360 338.3 457 .7 307 .2 404.2
.532 .245 47 5.6 443.1 39 1.0 408.5
.59 0 .17 4 556.1 424.5 460.2 400.8
.823 .000 1183.9 29 5.4 1038.4 29 5.4

19 9 2¤
.000 .37 6 346.2 447 .3 346.2 381.7
.264 .37 3 349 .1 447 .0 308.5 382.1
.7 15 .017 1152.0 238.8 9 82.4 237 .0
.7 37 .000 1248.3 220.2 107 0.2 220.2
* Selectedequilibriainitalics

Table3.4: Equilibria, 19 65, 19 68, 19 9 2

noequilibrium withsubstantiallysmallerdi¤erences intermsofaveragewageinequalityexisted

intheeconomy17 . Forexample, in 1965, threeinteriorequilibriaexist, buttheirblacktowhite

averagewageratiosdi¤eratmostby0.8 percentagepoints.

T heimplicationofthisresultisthatstatisticaldiscriminationgeneratedbyself-ful…llingexpec-

tationsaboutworkers’productivitydidnotexacerbatewageinequalityintheU .S.T herefore, the

observedreductioninwageinequalitymustbeane¤ectofchangesinthefundamentalparameters

ofthemodel.

In thecornerequilibriathegroup which is notinvesting is obviouslyworse-o¤ in terms of

wages than intheselectedequilibrium. Itis interestingtonoticethee¤ectofgroup sizeonthe

performanceoftheeconomyinthistypeofequilibria. Inthecornerequilibriawhereallblacksare

employedinthesimpletask, theyperform betterintermsofwelfarewithrespecttotheselected

equilibrium despitereceivingasmalleraveragewage. T his is becausetheysavethe investment

cost, whiletherearenotbige¤ectsonwagesbecauseonlylessthan10% ofthem areemployedin
17 T here is an exception in 19 7 7 , whenanequilibrium existedwhereblacks investmorethan

whites. Inthisequilibrium, blacks’averagewageisabout8% betterthanintheactualequilibrium
(butstill15.3% lessthanwhites’averagewage). B lacksareworseintermsofwelfarethaninthe
selectedequlibrium sincetheyhavetopayahighercostofinvestment.
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thecomplextaskintheselectedequilibrium (andtheyaccountonlyforabout10% ofthelabor

force). O nthecontrary, therearebige¤ectsintheoverallperformanceoftheeconomyifallwhites

havetobeemployedinthesimpletask. Employersmustinthis typeofequilibriahirealmostall

blacks inthecomplextask, andthisgenerateshighincentives forthem toinvest. Sincethelarge

group is notinvesting, thereis averyhighmarginalproductivityinthecomplextask, andlow

marginalproductivityinthesimpletask. T herefore, whileblacksarebettero¤ thanintheselected

equilibriumwhitesarepenalizedintermsofbothwagesandwelfare.

Finally, observethatequilibriaoftype(3) areinfrequent: only in 1968 (seetable3.4) there

exists an interiorequilibrium wherewhites investless thanblacks andreceiveasmalleraverage

wage. Still, whites’welfareis largerbecauseblacksarepayingasubstantialcostofinvestmentin

ordertosustainhighlevelsofinvestment.

In table 3.5 ameasure ofdiscrimination is computed by calculatingwhatequilibrium the

economywoulddisplayinacolor-blindsociety, whereemployerscannotdistinguishtheraceoftheir

employees. W hilethisdoesnotgenerateasocietywithoutdi¤erentials(sincesomeparametersare

di¤erentforthetwogroups), di¤erences intermsofwagesandwelfarearesubstantiallyreduced.

T hedirecte¤ectofthisexperimentisthatemployerscannotcomputeby-groupstatisticstoassess

individualproductivity, thereforetheaverageexpectedproductivityofaworkerwillbeaweighted

averageofablackandawhite’sworkerproductivity. T his induces an indirecte¤ectofcreating

similarincentivestoinvestinhumancapital. Sincethetestingtechnologyis di¤erent, incentives

aredi¤erentaswell, andforsomeyearstheyaresuchthatblackinvestmentishigherthanwhites

investmentinequilibrium. D espitetheburdenofahigherinvestmentcost, onaverageblacksgain

24.5% intermsofwelfarewithrespecttotheselectedequilibrium. W hites insteadloseonly2.2% ,

sincetheirwageloss ispartiallycompensatedbythesmallercostofinvestmentpaid.

Itis importanttostress thatthis experimenthas beenperformedundertheestimatedsetof

parameters, whichareconditionalontheexistingpolicyadopted in theU .S. atthetimedata

werecollected. A fter1965, theU .S. labormarketexperienced severalwaves ofenforcementof

anti-discriminationpolicies. W hilethesepolicies arenotexplicitlymodelledhere, theyprobably

a¤ectthe estimation ofthe fundamentals. Sinceacolorblind society is normally intended as

asocietywithoutpreferentialtreatment, itwouldbemoreappropriatetodiscountthee¤ectof

preferentialpoliciesonwelfarebeforeperformingtheexperiment. Totheextentthatpreferential

policies improveblacks’welfare, theassessmentofthegains from acolorblindsocietyperformed

hereoverstatesthegainsforblacks.
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Investors A verage W elfare G ains*
Year B lack W hite wage B lack W hite B lack W hite
19 65 .27 4 .268 415.8 37 4.6 37 5.4 126.6 9 8.9
19 68 .37 1 .359 446.9 39 1.5 39 3.7 127 .5 9 7 .4
19 7 1 .381 .37 8 47 0.2 420.0 420.4 128.2 9 7 .6
19 7 4 .38 9 .39 5 47 6.9 425.9 424.6 126.1 9 7 .8
19 7 7 .37 5 .37 5 464.4 402.5 402.5 121.6 9 8.0
19 80 .369 .37 0 461.1 401.2 401.0 119 .7 9 7 .9
19 83 .358 .359 439 .3 381.0 380.6 124.1 9 7 .6
19 86 .37 1 .37 5 448.1 382.0 380.9 125.4 9 7 .4
19 8 9 .364 .37 3 448.6 39 0.4 388.3 124.4 9 7 .7
19 9 2 .357 .365 436.7 37 5.7 37 3.8 121.8 9 7 .8
* W elfarepercentagegainswithrespecttotheselectedequilibrium

Table3.5: A color-blindsociety

3.6.Conclusions

Inthis chapter, amodelofstatisticaldiscriminationwithmultipleequilibriais presented, anda

procedurecapableofidentifyingboththeparametersofthemodelandtheequilibrium selectedin

theeconomyis developedand implemented. T heresults obtainedbyestimatingthemodelover

time showthatthe U . S. economyhas always beenclosetotheequilibrium with the smallest

racialwage di¤erential. T he otherequilibria thatthemodel is capable ofgeneratingdisplay

largerdi¤erencesintermsofwageandjobassignmentdi¤erentials. T his impliesthatself-ful…lling

expectations generatedbystatisticaldiscriminationdidnotexacerbatewagedi¤erentials inthe

U .S. M oreover, there is noevidence thatequilibrium selection played arole in reducingwage

discrimination in the lastthirtyyears. T his seems particularly interestingbecauseoneofthe

e¤ectsthatthetheoreticalliteratureattributes toanti-discriminationpolicies suchasa¢rmative

actionis tochangethesetofequilibriaoftheeconomy18 . Inprinciple, policycanbecapableof

eliminatingequilibriawith inequality, thus leadingtheeconomytowards group equality19 . For

exampleifattheintroductionofa¢rmativeactionpolicies in19 65 theeconomyhadbeenatthe

“corner” equilibriumwithblacksemployedonlyinthelessskilledtask(seetable3.4)thentheory

predictsthataquotawouldhavebeenenoughtomovetheeconomytowardsanequilibriumwith
18 T hise¤ectisalsodiscussedinthepublicdebate, seeB ergman(19 9 6) andSowell(19 9 0).
19 O neoftheimportantpoints oftheliteratureis actuallythatthepolicymaynotbeableto

eliminatesuchequilibria. SeeCoateandL oury(19 9 3), andM oroandN orman(19 9 7 ). M oreover,
itisproblematictoassessthee¤ectsofpolicieswhenstartingfrom aninteriorequilirium because
ofthedi¢culties incomparingsetsofequilibria.
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lowerwagedi¤erentials20.

Canwedrawmoreprecisepolicyimplicationsfrom theseresults?Toanswerthisquestionitis

importanttonotethattheestimationhasbeenperformedconditionallyontheanti-discrimination

policies enforcedatthetimethedatawerecollected. Ifthosepolicieschangedthewagedistribu-

tion, theire¤ectshouldbeincorporatedintheestimatedparameters. T hismakes itis impossible

todistinguishtowhatextentchangesinthefundamentalsarecausedbypolicyandtowhatextent

theyarecaused byotherchanges in, forexample, thequalityofeducation, years ofschooling,

migration, etc... Forthisreason, itisproblematictointerprettheresultsofcounterfactualexper-

iments suchas introducingacolor-blindsociety(seetheexerciseperformedattheendofsection

3.5)

N onetheless, themethodologyproposed inthis chaptercan inprinciplebegeneralized. The

ideaistoproposea“parametrization” forspeci…canti-discriminationpolicies, andtoestimatethe

moregeneralmodelinordertoprovideapreciseassessmentofthee¤ectofsuchpolicies. T hen,

counterfactualexperimentsassociatedwithvaryingpoliciescouldbeconsistentlyestimated.

3.7 . Proofofproposition9

T heproofassumesthatonlytwo…rmsexist, anditiseasilygeneralizabletothecaseofN …rms

(su¢ciency) Supposea…rm deviates andplays strategieswithactions ontheoutcomepath
­
wj0;tj0

®
j=b;w di¤erentfrom hw;tigivenby(3.12) andthecuto¤ rulewithcriticalpointsolving

(3.10). D e…nesets

£jh=
©
µ :wj0(µ)> wj(µ)

ª
;£jl=

©
µ :wj0(µ)< wj(µ)

ª
;£je=

©
µ :wj0(µ)=wj(µ)

ª
:

L ettingC j0andS j0denotetheimpliedfactorinputsforthedeviatorgiventhattheother…rmsplay

accordingtotheequilibrium strategieswecanexpresspro…tsforthedeviatoras(usingequations

(3.6) and(3.7 ))

¦i
d = y

¡
C b0+ Cw0;Sb0+ Sw0

¢
¡

X

j=b;w

Z

µ2£jh

wj0(µ)f¼j (µ)dµ (3.33)

¡1
2

Z

µ2£je

wj(µ)f¼j (µ)dµ;where

20T hisresultcanbederivedas inthesimilarmodelbyM oroandN orman(19 9 7 )
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C j0 = ½jE j(ajq)
µZ

µ2£h
t0(µ)¼fq(µ)dµ+

1
2

Z

µ2£e
t0(µ)¼fq(µ)dµ

¶

S j0 =
Z

µ2£jh

¡
1 ¡tj0(µ)

¢
E j(ajµ)dµ+ 1

2

Z

µ2£je

¡
1 ¡tj0(µ)

¢
E j(ajµ)dµ

W enowmultiplybothsidesinthesecondequationof(3.33)byy1 (C;S);whereC;S aretheimplied

factorinputs intheproposedequilibrium, andsubstitutetheidentity¼jfjq(µ)=pj
¡
µ;¼j

¢
f¼j (µ).

Similarlywemultiplythethirdequationbyy2 (C;S)andget

y1 (C;S)C j0 = ½jE j(ajq)

0
@

Z

µ2£h

t0(µ)pj
¡
µ;¼j

¢
y1 (¢)f¼ (µ)dµ (3.34)

+
1
2

Z

µ2£e
t0(µ)pj

¡
µ;¼j

¢
y1 (¢)f¼ (µ)dµ

1
A

y2 (C;S)S j0 =
Z

µ2£h

(1 ¡t0(µ))y2 (¢)E j(ajµ)dµ+ 1
2

Z

µ2£e
(1 ¡t0(µ))y2 (¢)E j(ajµ)dµ:

B utwj(µ)= max
©
y2 (C;S);pj

¡
µ;¼j

¢
y1 (C;S)

ª
, :Furthermore, y

¡
C j0;S j0

¢
· y1 (C;S)C j0+

y2 (C;S)S j0byconcavityandconstantreturns. Summingtheequalities in(3.34) andusingthese

twofactswe…ndthat

y
¡
C j0;S j0

¢
·

X

j=b;w

0
@

Z

µ2£jh

wj(µ)f¼j(µ)dµ+
1
2

Z

µ2£je
wj(µ)f¼j (µ)dµ

1
A

andsubstitutinginto(3.33)weget¦d·
P

j=b;w

¡R
µ2£jh

¡
wj(µ)¡wj0(µ)

¢
f¼j (µ)dµ

¢
·0 .

T henecessitypartwillbeprovedfrom asequenceofintermediateresults:

L emma14. O ntheequilibrium path, wageschedulepostedby…rmsarethesamealmostevery-

where.

Proof. Supposethereisapositivemeasuresetofsignalswhere…rmspostdi¤erentwages. T hen,

this implies thatthereis asetofsignals ofpositivemeasurewhereone…rms postwages higher

thanthewages postedbytheother…rms. T han, this …rm canreducewages onthis set, while

keepingthem abovewages postedbytheother…rms. O utputforthis …rm willnotchange, but

thedeviationispro…tablesincethetotalwagebillpaidis smaller.
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L emma15. L et
D
tji
E
j=b;w

denotetheimpliedtaskassignmentrulesontheequilibrium pathfor

…rm i = 1 ::N . T hen, this rules havethe“cuto¤ property”, thatis thereexists someeµji 2 (0 ;1 )

suchthattji (µ)=1 foralmostallµ > eµji andtji (µ)=0 foralmostallµ < eµji andfori=1 ::N :

Proof. Iftheclaim is falsetherearesets£h;£lµ [0 ;1 ]withpositivemeasuresuchthatµh >

µl forallµh;µl 2 £h££l , tji(µ
h)= 0 forallµh 2 £h and tji(µ

l)= 1 forallµl 2 £l, and

atleastonegroup j = b;w. fjq and fju arecontinuous, sofj¼j is continuous. A ssumew.l.o.g.
R
µ2£h

R
ca(c)g

j(c;µ)dcdµ =
R
µ2£l

R
ca(c)g

j(c;µ)dµ > 0 . Considerthealternativetaskassignment

ruleforgroup j,

t0i(µ)=

8
>>><
>>>:

1 ifµ2£h

0 ifµ2£l

tji (µ) otherwise

(3.35)

L et S ji;C
j
i and S0i, C0i be the factor inputs implied by tji , tai respectively.

Since
R
µ2£h

R
ca(c)g

j(c;µ)dcdµ =
R
µ2£l

R
ca(c)g

j(c;µ)dµ itfollows thatS0i = Sai : Sincethedevi-

ation assigns tothecomplextaskworkers whoaremore likely tobeproductivewehavethat

C 0i > Ci:Toseethisweletl(µ)=fjq(µ)=fju(µ)denotethelikelihoodratioandnotethat

2(C 0i¡C j
i)=½

j

Z

µ2£h

Z

c< Hj
a(c)g(c)fq(µ)dcdµ¡

Z

µ2£l

Z

c< Hj
a(c)g(c)fq(µ)dcdµ

B y themonotone likelihood ratiothere exists µ¤such thatl(µ)¸ l(µ¤)forallµ 2 £h and

l(µ)·l(µ¤)forallµ 2£l, withatleastoneinequalityholdingstrictly. H enceC 0i¡C j
i > 0 , so

output, andthereforealsopro…ts, arehigherundertai.

L emma16. L et
D
tji
E
j=b;w

denotetheimpliedtaskassignmentruleontheequilibrium pathfor

…rmsi=1 ::N andlettj becuto¤ rulewithcriticalpointeµj
¡
¼b;¼w

¢
. T hentji (µ)=tj(µ);j=b;w

almosteverywhere.

Proof. B yL emmas14and15 theproblem of…ndinganoptimaltaskassignmentrulereducesto

…ndingasolutiontoproblem (3.10) inthemaintext. Itis straightforwardbuttedious toshow

thatthis isaconcaveproblem, andthattheKuhn-Tuckerconditionsarenecessaryandsu¢cient.

T hesolutioncanpossiblybeacornersolution
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L emma17 . Suppose
­
wj

®
j=b;w is apairofequilibrium wageschedules and leteµj(¼)be the

solutionto(3.10). T hentherearepairs
­
kjs;kjc

®
j=b;w suchthatwj(µ)=kjsE j(ajµ)forj = b;w

andforalmostallµ < eµj(¼)andwj(µ)= kjc½jpj(µ;¼j)E j(ajq)forj = b;wandforalmostall

µ > eµj
¡
¼j

¢
.

Proof. Firstitis shown thatwj(µ)= kjsE j(ajµ)foralmostallµ < eµj . Forcontradiction

assumethatforgroupj therearesets£a;£bµ[0 ;eµj(¼)]withstrictlypositivemeasuresuchthat

wj(µ)=E j(ajµ)< kforallµ 2£a andwi(µ)¸kforallµ 2£b:Consideraunilateraldeviation
­
w0i;»

0
i
®
by…rm iwhere

w0i(µ)
E j(ajµ)=

0
BBB@

k+ ² forµ 2£a

0 forµ 2£b

k otherwise

: (3.36)

A ssumew.l.o.g.
R
µ2£h

R
ca(c)g

j(c;µ)dcdµ =
R
µ2£l

R
ca(c)g

j(c;µ)dµ > 0 ;which implies thatthe

inputofbothfactorsremainsconstantifthetaskassignmentisunchanged, whichonecanassume.

T hedi¤erenceinpayo¤sforthedeviating…rm isthenjustthedi¤erenceinwagepayments, i.e.

¢ (²) =

2
4

Z

µ2£b

wj(µ)fj¼j(µ)dµ¡
Z

µ2£a
w0i(µ)f

j
¼j(µ)dµ

3
5 =

=
Z

µ2£b

kE (ajµ)fj¼j (µ)dµ¡
Z

µ2£a
(k+ ")E (ajµ)fj¼j(µ)dµ=

=
Z

µ2£b

k
Z

c
a(c)gj(cjµ)fj¼j (µ)dcdµ¡

Z

µ2£a
(k+ ")

Z

c
a(c)gj(cjµ)fj¼j(µ)dcdµ

= k
Z

µ2£b

Z

c
a(c)gj(c;µ)dc¡(k+ ")

Z

µ2£a

Z

c
a(c)gj(c;µ)dcdµ

Sincelim²! 0 ¢ (²)> 0 thereexists²> 0 suchthat¢ (²)> 0 , sofor²smallenoughthedeviationis

pro…table. Symmetrically, supposetherearesets£a;£bµ[eµj(¼);1 ]withstrictlypositivemeasure

(whereweagainw.l.o.g. mayassume
R
µ2£a

R
c< Hja(c)gj(c;µ)dcdµ =

R
µ2£b

R
c< Hja(c)gj(c;µ)dµ)

suchthat(wi(µ)=(½jpj
¡
µ;¼j

¢
E (ajµ))< kforallµ2£aand(wi(µ)=(½jpj

¡
µ;¼j

¢
E (ajµ))̧ kfor

allµ 2£b: A gainconsideradeviationaccordingto(2.32). Sincepj
¡
µ;¼j

¢
=(¼jfjq(µ)=f

j
¼j (µ))

outputisunchangedandbyasymmetricargumentthedeviationpro…tablefor² smallenough.

(necessity) From L emma17 the…rms musto¤erwages thatareidenticalalmosteverywhere

andsatisfyw(µ)=E j(ajµ)=kjs forµ < eµ(¼)andw(µ)=pj
¡
µ;¼j

¢
½jE j(ajq)kjc forµ > eµ(¼), for

7 7



somerealnumberskjs;kjc;j=b;w:Itremainstobeshownthatkjs=y2 (C;S)andkjc=y1 (C;S):

Itiseasytoshowthatifforsomegroupkjs < y2 (C;S)andkjc < y1 (C;S);then…rmsaremaking

positivepro…tsandadeviationwhere…rm i o¤ersw0i(µ)=wi(µ)+ ²forallµwouldbepro…table

for² smallenough. A lso, ifboth inequalitieswouldgotheotherway…rmswouldmakenegative

pro…tsandadeviationtowi(µ)=0 forallµwouldbepro…table. T hetwocasesthatrequiresome

workarewhentheinequalitiesworkinoppositedirections. T heargumentsaresymmetricandwe

willonlyconsiderthecasewithkjs > y2 (C;S)andkjc < y1 (C;S)

R ecallthaty1 (C;S)pj(eµ
j
(¼);¼)E j(ajq)½j = y2 (C;S)E j(ajeµj(¼))by(3.11): H ence ifkjs >

y2 (C;S)andkc < y1 (C;S)thenkjcpj(eµ
j
;¼j)E j(ajq)½j < kjsE j(ajeµj(¼))andthereis an interval

(eµj(¼);µ¤)suchthatwj(µ)= kjcpj
¡
µ;¼j

¢
E j(ajq)½j < kjsE j(ajµ)forallµ in this interval. W e

willshowthatitis bettertodisposeofsomeoftheworkers beingpaidkjsE j(ajeµj(¼))andat-

tractcheaperworkerswith µ 2 (eµj(¼);µ¤)from theother…rm. Todoso, chooseµ
0
;µ00;µ¤such

thefollowingequalities are satis…ed: (a)
Rµ0
0

R
ca(c)g(c;µ)dcdµ =

Rµ¤
eµj

R
ca(c)g(c;µ)dcdµ;and (b)

Rµ00
eµj

R
ca(c)g(c;µ)dcdµ =

Rµ¤
µ00

R
ca(c)g(c;µ)dcdµ and consider…rm i0s deviationw0i(µ)from wages

giventogroup j suchthat:

w0i(µ)
pj(µ;¼j)½jE j(ajq) =

8
>>><
>>>:

0 forµ2
£
0 ;µ0

¢

kjc+ ² forµ2 [eµj;µ¤)
kjc forµ2 [µ¤;1 )[ [µ0;eµj)

t0i(µ) =

8
<
:

0 forµ2 [0 ;µ00)
1 forµ2 [µ00;1 )

B yconstruction, theinputofsimplelaborisunchanged. T hechangeine¤ectiveunitsofcomplex

laborfromgroupj isgivenbyC 0¡C j= ¼j
2 E

j(ajq)½j(F j
q(µ

¤)¡2F j
q
¡
µ00

¢
+ F j

q(eµ)):U singinequality

(b) aboveitis easytoshowthatC0¡C > 0 :T hus, outputincreasesandthedi¤erenceinpro…ts

mustbelargerthanthedi¤erenceinthewagecosts, so

¢ (²)> 1
2

1R
0
wj(µ)fj¼j(µ)dµ¡ 1

2

eµR
µ0
wj(µ)fj¼j(µ)dµ

¡
µ¤R

eµ
(w0(µ))fj¼j (µ)dµ¡¡1

2

1R
µ¤
wj(µ)fj¼j (µ)dµ

= 1
2k

j
s
Rµ0
0 E (ajµ)fj¼j

¡
µ0
¢
dµ¡ 1

2½
jE (ajq)

µ¤R

eµ
pj

¡
µ;¼j

¢¡
kjc+ 2"

¢
fj¼j(µ)dµ
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R ecallthatkjcpj
¡
µ;¼j

¢
E j(ajq)½j < kjsE j(ajµ)forµ2(eµj;µ¤);and

Rµ0
0

R
ca(c)g(c;µ)dcdµ =

Rµ¤
eµj

R
ca(c)g(c;µ)dcdµ:T hus:

1
2

µ¤Z

eµ
kjsE

j(ajµ)fj¼j(µ)dµ >
1
2
E j(ajq)½j

µ¤Z

eµ
pj

¡
µ;¼j

¢
kjcf

j
¼j (µ)dµ:

H ence, lim²! 0 ¢ (²)> 0 andthereexists²> 0 suchthatthedeviationispro…table. T hecasewith

kjs < y2 (C;S)andkjc> y1 (C;S)canbetreatedsymmetricallyandProposition9 follows.

3.8.O therparameters

T hefollowingtables reporttheparameters obtained intheestimationnotreported inthemain

text

Year ybu ywu ybq ywu

1965 150.5 150.6 109 3.9 9 7 6.4

1968 150.0 150.0 9 8 8.4 9 83.9

19 7 1 158.0 158.0 9 20.7 9 61.6

19 7 4 130.2 130.3 9 9 5.8 9 83.4

19 7 7 151.8 151.8 9 7 1.9 9 7 4.5

19 80 150.5 150.5 9 9 0.9 9 84.0

19 83 134.5 134.5 9 56.0 9 7 5.7

19 86 122.3 122.3 9 7 1.2 9 84.7

19 8 9 108.1 108.1 1005.9 1015.4

19 9 2 116.3 116.3 9 8 7 .9 9 7 7 .7

Table3.6: O therparametersobtainedinthe…rststep
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Year E b(ajq) E w(ajq) E b(aju) E w(aju) ½b ®

19 65 342.9 57 0.3 216.5 17 6.0 1.057 .228

19 68 419 .7 67 8 .3 223.2 183.6 1.001 .303

19 7 1 48 9 .7 7 7 2.6 244.1 200.8 .9 9 1 .400

19 7 4 57 3.7 834.9 19 8.8 163.3 .9 57 .452

19 7 7 49 9 .0 7 23.8 216.7 181.9 .9 9 9 .325

19 80 49 5.9 69 8.9 208.1 17 6.5 .9 80 .29 4

19 83 47 3.0 69 1.0 19 2.6 163.8 .9 9 7 .320

19 86 500.0 7 42.8 17 7 .0 147 .7 .9 9 8 .350

19 8 9 532.3 7 58.2 154.5 131.0 .9 86 .351

19 9 2 532.4 7 45.0 17 4.6 148.7 .9 85 .407

Table3.7 : O therparameters

Year p1 p2 pb3 pw3 pb4 pw4

1965 -2.480 .017 4 10420.0 9 37 7 .42 -57 .47 -50.30

1968 -1.030 .0082 557 1.3 57 63.54 -26.28 -26.14

19 7 1 -.306 .0038 3284.8 3662.11 -11.9 0 -12.55

19 7 4 -.231 .0032 3433.2 3620.55 -11.7 9 -11.62

19 7 7 -.58 7 .0047 417 8 .1 437 9 .30 -14.9 7 -15.02

19 80 -.507 .0043 38 9 1.6 4037 .16 -13.48 -13.47

19 83 -.37 7 .0034 3443.0 369 8.7 5 -10.7 9 -11.15

19 86 -.39 6 .0033 3665.2 39 26.36 -10.8 7 -11.05

19 8 9 -.218 .0025 3215.0 3444.19 -8.81 -8.9 1

19 9 2 -.27 9 .0027 347 9 .3 3633.47 -9 .54 -9 .43

Table3.8 : Parametersofthecostandskilldistributions
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3.9 . Summarystatisticsforthetheoreticalandempiricaldistributions

B lacks M ean Std. D ev. Skewness Kurtosis

1965
Empirical

Estimated

314.7

322.3

127 .5

151.5

146.1

19 3.0

202.4

261.4

1968
Empirical

Estimated

333.2

338.3

142.8

153.0

163.7

17 8 .6

227 .1

240.4

19 7 1
Empirical

Estimated

357 .3

355.1

152.6

145.9

17 0.8

162.3

230.6

225.9

19 7 4
Empirical

Estimated

37 0.1

368.9

162.7

166.1

167 .3

17 3.5

235.5

239 .1

19 7 7
Empirical

Estimated

369 .9

37 1.6

163.6

17 4.1

168.3

18 9 .0

234.7

254.0

19 80
Empirical

Estimated

37 5.7

37 5.2

17 1.8

17 4.7

17 9 .9

185.4

247 .4

250.5

19 83
Empirical

Estimated

350.4

347 .8

167 .4

17 4.1

17 6.7

18 9 .8

243.2

253.9

19 86
Empirical

Estimated

351.8

347 .1

184.5

185.3

19 6.7

19 9 .1

266.5

265.9

19 8 9
Empirical

Estimated

354.9

351.9

185.1

18 7 .7

19 1.8

19 6.1

262.2

265.4

19 9 2
Empirical

Estimated

357 .2

349 .0

18 9 .7

18 8.8

201.9

202.6

27 2.6

27 1.1
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W hites M ean Std. D ev. Skewness Kurtosis

1965
Empirical

Estimated

432.6

430.3

180.8

17 7 .8

186.4

17 2.9

258.6

244.9

1968
Empirical

Estimated

458.1

457 .7

18 9 .5

188.8

186.5

17 7 .2

263.0

254.8

19 7 1
Empirical

Estimated

47 9 .9

482.3

19 6.5

19 9 .6

184.5

181.6

264.0

263.1

19 7 4
Empirical

Estimated

485.5

488.1

207 .2

212.1

182.1

181.7

27 0.9

27 3.1

19 7 7
Empirical

Estimated

465.2

47 4.2

200.8

207 .8

181.5

183.5

265.5

269 .0

19 80
Empirical

Estimated

459 .8

47 1.1

202.0

208.1

184.6

184.3

267 .6

269 .8

19 83
Empirical

Estimated

441.0

450.3

213.3

207 .5

19 1.9

19 3.9

27 6.7

27 6.6

19 86
Empirical

Estimated

449 .5

460.2

219 .3

227 .2

19 6.3

19 4.4

285.4

28 7 .5

19 8 9
Empirical

Estimated

445.8

459 .8

222.9

231.9

19 8.9

19 8.3

28 9 .2

29 4.4

19 9 2
Empirical

Estimated

434.2

447 .0

222.3

229 .9

207 .3

204.3

29 2.4

29 3.8

Table3.9 : Summarystatisticsfortheempiricalandestimateddistributions
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3.10.Computedequilibria

T heequilibrium thathasbeenselectedintheeconomyisreportedinitalics

Investors A veragewage A veragewelfare

¼b ¼w B lack W hite B lack W hite

19 65 .000 .410 323.5 433.8 323.5 37 0.3

.103 .155 305.4 405.9 29 0.4 383.0

.17 9 .333 322.4 430.3 29 5.9 37 9 .5

.19 1 .401 324.6 433.4 296.3 37 1.5

.800 .000 9 51.3 347 .3 818.7 347 .3

19 68 .000 .366 336.3 458.2 336.3 403.7

.222 .360 338.3 457 .7 307 .2 404.2

.532 .245 47 5.6 443.1 39 1.0 408.5

.59 0 .17 4 556.1 424.5 460.2 400.8

.823 .000 1183.9 29 5.4 1038.4 29 5.4

19 7 1 .000 .39 0 353.7 482.7 353.7 430.7

.257 .38 7 357 .3 482.4 327 .6 430.8

.335 .383 364.0 481.7 321.8 431.0

.7 66 .023 1226.7 253.6 1086.4 251.7

.7 9 5 .000 1385.4 225.7 1236.5 225.7

19 7 4 .000 .406 367 .3 488.4 367 .3 434.1

.160 .405 367 .5 488.3 352.1 434.1

.27 4 .404 369 .0 488.1 337 .8 434.1

.7 44 .017 1308.7 211.8 117 0.3 210.5

.7 66 .000 1430.2 19 0.1 1285.0 19 0.1

19 7 7 .000 .386 368.7 47 4.5 368.7 410.3

.264 .383 37 1.6 47 4.2 331.1 410.8

.436 .360 400.2 47 2.6 325.4 413.9

.7 52 .038 1037 .7 331.1 883.6 326.2

.808 .000 1282.6 28 7 .5 1112.3 28 7 .5
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Investors A veragewage A veragewelfare

¼b ¼w B lack W hite B lack W hite

19 80 .000 .380 37 3.7 47 1.4 37 3.7 409 .2

.266 .37 7 37 5.2 47 1.1 335.2 409 .5

.354 .37 0 37 9 .1 47 0.7 322.2 410.5

.696 .048 89 3.9 364.9 7 54.1 358.9

.7 61 .000 1116.1 324.0 9 57 .5 324.0

19 83 .000 .37 1 345.4 450.5 345.4 38 9 .3

.27 4 .367 348.5 450.2 307 .1 389 .9

.7 01 .031 968.8 317 .0 819 .0 313.4

.7 44 .000 1123.1 288.5 9 59 .5 288.5

19 86 .000 .38 7 344.8 460.4 344.8 39 0.4

.262 .384 347 .1 460.2 304.7 39 0.9

.7 23 .024 1057 .8 29 4.2 889 .8 29 1.1

.7 57 .000 119 3.2 268.1 1013.2 268.1

19 8 9 .000 .383 350.5 459 .9 350.5 39 7 .3

.121 .383 350.6 459 .9 337 .1 39 7 .3

.27 0 .381 351.9 459 .8 313.7 39 7 .5

.69 5 .017 1145.0 280.8 9 8 7 .8 27 9 .3

.7 15 .000 1227 .7 266.3 1063.2 266.3

19 9 2 .000 .37 6 346.2 447 .3 346.2 381.7

.264 .37 3 349 .1 447 .0 308.5 382.1

.7 15 .017 1152.0 238.8 9 82.4 237 .0

.7 37 .000 1248.3 220.2 107 0.2 220.2

Table3.10: Equilibria, 19 65-9 2
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