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Abstract

Questions of design in real economic situations are often dynamic. Managerial com-
pensation, repeated auctions, and taxation are good examples. These demand the
economic theory of mechanism design to be adept to changing underlying environ-
ments and evolving information. Adjusting existing static results to the dynamic
models and introducing new ones is thus what the doctor orders. This collection of
essays is a contribution to the theory and applications of dynamic mechanism design.

Chapter 1 asks the question: when can efficient institutions be made self enforcing?
To answer it, the setting of bargaining with two sided asymmetric information is
chosen— a buyer has a hidden valuation for a good and a seller can produce the good
at a hidden cost, both of which can change over time. The essay provides necessary
and sufficient conditions for efficiency in this bilateral trading problem. In the process
of establishing this result, a new notion of budget balance is introduced that allows
the budget to be balanced dynamically, borrowing from the future but in a bounded
fashion. Through a set of simple examples the comparative statics of the underlying
economics forces of discounting and level of asymmetric information are explored.

In chapter 2, a dynamic and history dependent version of the payoff equivalence
result is established. It provides an equivalence class of all mechanisms that are
incentive compatible. Given two mechanisms that implement the same allocation,
expected utility of an agent after any history in one must differ from the other
through a history dependent constant. This result is then exploited to unify a host
of existing results in efficient dynamic mechanism design. In particular a mechanism,
and necessary and sufficient conditions are provided for the implementation of the
efficient allocation in a general N-player dynamic mechanism design problem under
participation constraints and budget balance.

Finally, in chapter 3 (coauthored with Marco Battaglini), we explore the applicabil-

ity and limitations of the first-order approach in solving dynamic contracting models,
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and the nature of contracts when local constraints are not sufficient to characterize
the optimum. A dynamic principal-agent model in which the agent’s types are serially
correlated forms the backbone of the analysis. It is shown that the first-order approach
is violated in general environments; when the time horizon is long enough and serial
correlation is sufficiently high, global incentive compatibility constraints generically
bind. By fully characterizing a simple two period example, we uncover a number
of interesting features of the optimal contract that cannot be observed in special
environments in which the standard approach works. Finally, we show that even in
complex environments, approximately optimal allocations can be easily characterized

by focusing on a class of contracts in which the allocation is forced to be monotonic.
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Chapter 1

Efficiency in Repeated Bargaining: A

Mechanism Design Approach

1.1 Introduction

In a paper that would generate much interest amongst economists and legal scholars,
Coase [1960] argued that if transactions costs are low enough and trade a possibility,
bargaining will eventually lead to an efficient outcome independent of the initial
distribution of property rights. A few decades later, in perhaps an equally influential
paper, Myerson and Satterthwaite [1983] showed that under reasonable institutional
assumptions, asymmetric information precludes efficient trade. A key missing link
in Coase’s argument was established as part of the growing acceptance of the role of

information in economic transactions.!

ntroducing the Myerson and Satterthwaite Theorem, as now it is popularly called,
Milgrom [2004] writes

“Doubts about the [Coase’s| efficiency axiom are based partly in concern about
bargaining with incomplete information. After all, a seller is naturally inclined
to exaggerate the cost of his good, and a buyer is inclined to pretend that her
value is low. Should we not expect these exaggerations to lead sometimes to
missed trading opportunities?"



Myerson and Satterthwaite [1983] , along with many other papers that came before
and after, asked important questions of institution design under varying objectives-
efficiency, revenue maximization, etc. Public goods provision, procurement, auctions,
optimal taxation, bilateral trading, wage contracts are just some applications of the
general theory of mechanism design that has thus developed.?

Most of these papers, including the two aforementioned, dealt with static or
one-time interactions. Arguably, many of these economic transactions are inherently
dynamic, where information revealed today can be used for contract design tomorrow.
Food subsidies are provided repeatedly. In a fast changing technological landscape,
spectrum auctions and buybacks are taking place repeatedly. Taxation is often
dynamic and tagged with age, social security being a case in point. Wage contracts
and bonuses depend on performance parameters evaluated over time. Online selling
can now rely on a huge treasure trove of past buying data.

This paper seeks to provide a theory of such dynamic institutions and contribute
towards the burgeoning literature on dynamic mechanism design.®> When are efficient
institutions self enforcing” There are three key words in the preceding statement.
By, efficiency we mean first-best or the optimal allocation of resources without any
additional frictions or binding constraints. Institution is an environment characterized
by a set of rules that internalize underlying frictions. And, self enforcing, refers to the
ability of the institution to implement the desired objective under limits on external
subsidies.

To answer this question, we choose the well studied static problem of bargaining
under two-sided asymmetric information that concerned Myerson and Satterthwaite
[1983]. A seller wants to repeatedly sell a non-durable good to a buyer. Their

valuations for the good are privately known and can change over time. Repetition

2See Mas-Collel, Whinston and Green [1995], and Jackson [2003] for a thorough
overview of the literature.
3See Bergemann and Said [2010] and Vohra [2012] for insightful surveys.
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can blunt the impossibility of efficiency result of Myerson and Satterthwaite [1983].
We formalize the extent and logic of this “blunting".

The main result of the paper is to provide a necessary and sufficient condition
for the implementation of efficient trade under participation constraints and budget
balance. The interaction of these two constraints with private information leads to
the impossibility of efficiency result in the static framework. We model the repeated
interaction of these constraints and precisely characterize when the impossibility
result can be overturned.

The key conceptual contribution we bring to the table is that of interim budget
balance.*  The motivation is to allow for the role of a financial intermediary or
mechanism designer, but one who cannot have access to an unbounded credit line.
At any given history, the expected value of current and future cash flows from the
buyer and the seller must be non-negative. Interim budget balance can be seen as
the mechanism design counterpart to self enforcing constraints from the relational
contracting literature®, but not on the side of the agents, rather the institution itself;
and standard bond issuing deficit financing constraints in macro models.®

In the process of providing a tight characterization of efficiency, we construct
a dynamic and modified version of the Vickery-Clarkes-Groove mechanism which
provides the mechanism designer the maximal surplus every period, and the minimum
utility to the agents subject to their information rents and reservation values. By
construction, if this mechanism does not produce an expected budget surplus at every
history of the contract, and hence satisfy interim budget balance, no other mechanism
does. Also, in a very simple implementation of this mechanism, each agent pays a

small fees at the start of every period, post which the mechanism designer runs a

“The standard notions in the literature are that of ex ante budget balance-
aggregate ex ante expected cash flow to the mechanism designer is non-negative,

and ex post budget balance- transfers sum to zero every period for any history.
See Thomas and Worrall [1988], and Levin [2003]
6See Ljungqvist and Sargent [2004].



(static) VCG mechanism.

We choose the two types example to illustrate some of the key economic forces
at play. The likelihood of achieving efficiency is increasing function of the discount
factor and a decreasing function of the level of asymmetric information in the model,
as measured by persistence of Markov process. In fact, as both discounting converges
to one and the Markov process converges to constant types, the attainment of the
efficiency depends on the order of limits— can be attained if the former converges
faster, but cannot be attained if the speed of convergence of the latter is higher.

A key advantage of looking at the bargaining model through a dynamic framework
is that allows for the role of an intermediary who is forward looking and can help the
agents reach an efficient outcome while possibly earning some rents as well. In a
world with no credit constraints, the agents can perfectly insure each other against
bad shocks as long as long types are not constant and the discount factor is high.
However, for high levels of persistence the transfers required for this insurance can
get large after bad shocks. This creates a role for an intermediary. We also show
that the ability of the intermediary to induce the efficient implementation rises with

access to a savings technology.

Related Literature. The paper builds on a body of work from static mechanism
design. Vickery [1961], Groves [1973] and d’Aspremont and Gérard-Varet (1979) were
some of the early papers to talk about efficient mechanisms. The bilateral trading
problem we study has a rich tradition in the static mechanism design literature-
Myerson and Satterthwaite [1983], and Chatterjee and Samuelson [1983] being two
of the early papers. Myerson and Satterthwaite [1983 established the impossibility of
reconciling the three key constraints of private information, participation constraints
and budget balance with the efficient allocation. Williams [1999] and Krishna and

Perry [2000] prove the same result by a different technique, exploiting the VCG



mechanism.

Athey and Segal [2007b, 2013] generalize the AGV mechanism to the dynamic
model. The mechanism they construct satisfies budget balance but will violate
participation constraints at some histories. Bergemann and Valimaki [2010] build
a dynamic version of the pivot mechanism that satisfies participation constraints but
does not balance the budget budget.”

This paper is the most closely related to Athey and Miller [2007] and Skrzypacz
and Toikka [2013|. Athey and Miller [2007] study the repeated bilateral trading
problem under iid types, ex ante and ex post budget balance, and ex post incentive
compatibility. They use a bounded budget account to show approximate efficiency
under ex post budget balance. Skrzypacz and Toikka [2013] analyze the same problem
with persistent types and multidimensional initial information. They establish a
necessary and sufficient condition for efficiency under ex ante budget balance, thereby
allowing for unbounded credit lines.®

While stressing voluntary participation in each period, we seek to characterize
efficiency for an intermediate notion of budget balance, one that allows for the role
of an intermediary with a bounded credit line. We also want to be able to impose
greater restrictions on the cash flows to the intermediary. The implementation of
the Collateral Dynamic VCG mechanism requires distribution of future surplus as
collateral every period, in comparison to the one time participation fees in Skrzypacz
and Toikka [2013], which may require large amounts of seed capital on the part of
the agents, in addition to the unbounded credit line being offered by the mechanism

designer.

"Under some additional assumptions, they also show that the mechanism satisfies
an efficient exit condition— that is, the agents who stop being pivotal and also not
assigned ay transfers.

8Using the balancing trick of Athey and Segal [2007, 2013], this condition also
guarantees implementation under ex post budget balance, but then like Athey and
Segal, a strong form of commitment is required on part of the agents by allowing
individual rationality only in period 1.



In a companion paper, Lamba [2014], we generalize the main result presented here
to an N-dynamic mechanism design problem. That paper also takes a closer look at
the degree of transparency in the dynamic mechanisms, and their role in achieving

desired objectives.

1.2 Model

Two agents, each with private information, agree to be in a dynamic bilateral trading
relationship for a non-durable good. The buyer (B) has a hidden valuation for the
good and the seller (S) is endowed with a technology to produce the good each period
at a hidden cost. We assume that the buyer’s valuation and the seller’s cost are
random variables?, denoted v and ¢, distributed according to priors F' and G on
V ={vy,....,ox} and C = {cy, ..., cpr }, that evolve according to independent Markov
processes F(.].) : ¥V xV — [0,1] and G(.].) : C x C — [0,1], respectively.!? The
densities have full support and are denoted by f, ¢, f(.|.) and g¢(.|.), respectively.
Denote Av;41 = vip1 — v;, Acji1 = ¢j41 — ¢;. For the ease of notation, we will often
write v = v; and ¢ = ¢y,.

We choose the discrete type model for three reasons. First, it allows us to elucidate
the key economic forces without measure theoretic complications. Second, it allows
us to do comparative statics for simple examples, specifically when both agents have
two possible types. And, finally many applications of dynamic mechanism design use
numerical methods which require a discrete state space.

Each period p; determines the probability of trade, that is, the production and
allocation of the good from the seller to the buyer, xp; the transfer from the buyer

to the mechanism designer, and xg; the transfer to the seller from the mechanism

9These shall be interchangeably referred to as their types.
10A]l the main results can accommodate moving supports. It would simply entail
a change of notation to V; and C;, to denote the respective supports in each period.



designer. The mechanism designer here can be considered as a financial intermediary,
an institution as part of a larger social contract facilitating trade, or a simple transfer
scheme in case xp = xg. The per period payoffs are given by vp; —xp, and xg; — c;p;
for the buyer and seller respectively.!!>!2

Taking the institutional details as given, both the buyer and seller can commit to
the mechanism. The institutional details temper the role commitment will play in
the model, as we elaborate below. Both the agents know their first period valuation
and cost respectively when the contract is signed, and these then stochastically evolve
over time. This assumption is crucial for it sows the seeds of asymmetric information
in the model with commitment.

The (contractual) relationship lasts for 7" discrete periods, where T < co. Both the
agents discount future payoffs with a common discount factor §. The static version
of this model, § = 0, with continuous type spaces is the one studied by Myerson
and Satterthwaite [1983], and Chatterjee and Samuelson [1983]. For the the general
discrete type space model, as pointed out by Myerson and Satterthwaite [1983], we
can get possibility results for some measure of parameters. However as the number
of types becomes large and the model converges to the continuous type space model,
the measure of parameters for which efficiency can implemented converges to zero.

It is easy to show that a form of revelation principle holds and thus we can,
without loss of generality, consider direct mechanisms. Every period the agents learn
their own types, and then send a report to the mechanism, which in turn, spits
out the allocation and transfers rules. Employing the revelation principle, however,
demands a moral call on the information the mechanism itself reveals to the agents.

In particular, does the buyer observe the seller’s announcement and vice-versa? We

UThe t subscript will not be used when the set of histories make the time dimension
obvious.

12 An equivalent model is one where the seller is endowed with a good every period
and needs to decide whether she should sell the it to the buyer or consume it.



shall work in an environment where the announcements are publicly observed. There
is a close information theoretic relationship between this public mechanism and the
blind one where the announcements are not publicly observed. We refer the reader
to Lamba [2014] for a discussion on this.!3

The direct mechanism, say m, is then a collection of history dependent probability
and transfer vectors, m = (p,x) = (p (vs, c¢ |h*™1) 25 (v, ¢ |RE) g (vg, ¢4 |ht*1))tT:1,
where h*~! and (v, ¢;) are, respectively, the public history up to period ¢ — 1 and the
types revealed at time t. These can also be succinctly written as p(h'), etc. In
general, h! is defined recursively as h' = {h'™! (vs,c;)}, with h° = 0. The set of
possible histories at time ¢ is denoted by H* (for simplicity H = HT).

The strategies of the buyer and the seller can potentially depend on a richer set of
histories. For the buyer, the information available before his period ¢ report is given
by hiy = {h'5' v 1,0}, where v, ; is the announced type in period ¢ — 1, and o,
is the actual type in period ¢, starting with 2% = {9;}. The seller’s information is
analogously defined. Let the set of private histories at time ¢ be denoted by H% and
HY, respectively. Thus, for a given mechanism, the strategy for the buyer, (UB,t)thl, is

then simply a function that maps private history into an announcement every period,

opy : Hiy — V, and similarly for the seller, g, : HS — C.

1.3 The institutional framework

The edifice of the institutional machinery has three key foundations: private infor-
mation, voluntary participation and limits on insurance. In the mechanism design
lexicon, these would respectively be associated with incentive compatibility, individual
rationality and budget balance constraints.

For a fixed mechanism m and strategies 0 = (0, 0s), the expected utilities on the

BIn particular, permissibility of the results is an increasing function of the
transparency of the mechanism.



induced allocation and transfers, after each possible history are defined as follows.

U () = B

S (vrpr — w7 |th] (L.1)

T=t

and,

Uz () = B

Z 5T_1 (:ES,T - c’?’p’?’) |hg‘] (12)

T=t
Though, along truthful histories the difference between public and private histories is
moot, and thus in much of what follows we shall suppress the same. Let U™ = U, -m’”*,

1

for i = B, S; where o* is the truth-telling strategy.

1.3.1 A change of variables

We propose a change of variables in the structure of the mechanism that will be
central in our endeavor to establish a tight characterization of efficiency. In order to
keep notation simple we suppress the type/variable over which expectation is taken.

For example
M

p(uh71) = ZP (ve, ¢ | A1) gleale),

j=1

where ¢;_; is the t — 1 period announcement of the seller, known to the buyer, and,

M
ploea | v) = Z ZP (Ut+17 Cht+1 het Cj,t) 9(cjele—1)g(crprlcse)
j=1 k=1

Expected utility of the buyer can be recursively defined as'

N
Up(vi, o' ™1) = vip(vg, o[ W1 =g (v, Ct’ht_l)“‘(sz Up(vigr1|h' ™ v, ¢1) f (Vi |or)
i=1

(1.3)

“For simplicity, when the mechanism m being employed is obvious, we simple write
Up and Ug suppressing the m.



and,

N
Up(u|h'™") = vip(u| k1) — zp(o A1) +6 Y Up(vigal B w) f (vi g |or)

=1

Utility of the buyer of type v; from misreporting (once) to be type v;, for a fixed type

¢; of the seller, can be succinctly written as
Up(v);vg, e 1) = vip(v], ¢, |h 1) — x(v), e R 1)+

N
) Z UB(Ui,t+1|ht71: U{L, Ct) : f(Ui,tH‘Ut)

i=1

= Up(vi, [ A1) + (v — v))p(v), k) +

N
52 Up(virral k'™ vp, ¢) - (F (vigsa|ve) = fviealvp)

i=1
Similarly,
Up(vp; el A'™1) = Up (vl W) + (ve — v))p(us A1)+

N

52 Up(vien | 0p) - (f (iga]oe) = fvigsa o))

=1

The seller’s utility, Ug, can be similarly defined.

(1.4)

It is straightforward to note that a mechanism m = (p, x), which is a collection of

history dependent allocation and transfer vectors, can be equivalently defined to be

m = (p, U), where (fixing the allocation) the duality between transfers and expected

utility vectors is completely described by equation (2.1).

1.3.2 Incentive compatibility

Exploiting the one-deviation principle, incentive compatibility can be defined as

follows.

Definition 1. A mechanism m = (p, U) satisfies perfect Bayesian incentive compat-

10



ibility if

Up(vht™1) > UB(vg;vt|ht_1) and Us(c|h'™) > US<CQ;Ct|ht_1)

Yo, v, €V, Ve, ¢, € C, VA € HL Vit

It states that along all truthful histories, buyer and the seller have no incentive to

misreport their type.

1.3.3 Individual rationality

Even though commitment is assumed as part of our institutional architecture, we
allow the agents to walk away after learning their type after any history if their
utility from continuing in the contract falls below their reservation thresholds, which

are normalized to zero. In keeping with our notation, we have:

Definition 2. A mechanism m = (p,U) satisfies perfect Bayesian individually ra-
tionality if
Up(v/h™1) >0 and Ug(c|h™') >0

Yo, € V, Ve, € C, VA=t € HI7L, Vit

We say that a mechanism is perfect Bayesian implementable if it is perfect Bayesian

incentive compatible and individually rational.

1.3.4 Budget balance

In mechanism design with many agents budget balance is seen as the limits on
insurance or external subsidies available to them. In addition to the traditional
notions of ex ante and ex post budget balance, we introduce an intermediate notion

of interim budget balance.

11



We say that a mechanism is interim budget balanced if

T
E™ > 6 (xp, —xss) [ BT 20

T=t

V hi=t € H*=1.% The mechanism is ex ante budget balanced if interim budget balance
holds for the null history. Moreover, we say that the mechanism is ex post budget
balanced if the entire vector of transfers are equal for any history, xg = zg.
Next, using equations (1.1) and (1.2) we can write the expected budget surplus
that a mechanism generates after any history h!~! to be
T
EBS(h"™Y) =E™ Z(V‘t (vy — ¢r) pr — Up(v|[R™Y) — Ug(c|h™1) | BE (1.5)
T=t

The ex ante budget surplus is denoted simply by EBS = EBS(hY). We have,

Definition 3. A mechanism (p,U) satisfies ex ante budget balance if
EBS >0

This is the weakest possible notion of budget balance for this dynamic model.
It means that the mechanism designer does not loose money in an expected ex ante
sense. A more robust definition of budget balance in our opinion, which still allows for
the role of an intermediary is the one where a positive budget surplus is guaranteed

after every history.

Definition 4. A mechanism (p, U) satisfies interim budget balance if

EBS(h"Y) >0 VA"™'e H"' Wt

15The exact definition will employ almost sure notions on the set of histories. It
will be obvious and is suppressed for the ease of exposition.

12



This can be motivated in many ways. First, it can be viewed as a participation
constraint for the mechanism designer- after any history, just like the the two agents,
the mechanism designer must have an incentive to continue in the relationship.
Second, it is a bankruptcy constraint for the intermediary. If the contract reaches
a stage the where the intermediary is expected to loose money, he or she should be
allowed to shut shop.

Interim budget balance does not allow the mechanism designer to draw from
past surplus. It can be viewed as a constraint on the intermediary’s commitment
power. While this would a reasonable assumption in many contexts and an inter-
esting benchmark in it own right, it is also important to note that the family of
constraints defining interim budget balance can easily be generalized to a class where
the mechanism designer is allowed to save. We take up this issue in section 1.8.

Finally, the most standard (and strictest) definition of budget balance from the
static literature that can be generalized to dynamic environments states the transfers

should exactly equal across all histories for all time periods.

Definition 5. A mechanism m = (p,x) satisfies ex post budget balance if

zp(ve, ci|hY) — 2s(vp, e AT =0,

Vo, € V, Ve, € C, VR € HITL, Wi .16

A natural way to motivate this in the dynamic model is the absence of an outside

16Equivalently, a mechanism m = (p, U) satisfies ex post budget balance if

N
(ve = co)p(ve, e[ ) — (UB<Uta a|n ) =6 Z Up(vegral '™ v, Ct)f(Ut+1,i|Ut)> -

=1

M
(US(% ™) =6 Us(er b~ v, Ct)9(0t+1,j|ct)> =0

j=1
Vv, €V, Ve, € C, VR!™L € HI7Y Vi,
13



insurance provider or financial intermediary. A contractual relationship is thus more
the order of interpretation rather than a mechanism. Both the agents insure each
other against bad shocks, and premium paid can be recovered through continuation
utility.

Note the hierarchy in budget balance

ex post budget balance = interim budget balance = ex ante budget balance

It is reasonably easy to show, by (backward) inductive redistribution of transfers
and replication of an argument from static mechanism design for every period!?, that
if T is finite and there exists a mechanism that implements the efficient allocation
under interim budget balance, then there also exists a mechanism that implements
it under ex post budget balance. We show in section 1.5 that a similar result can be
constructed when 7' = co. However, it will require large (but bounded) payments on

the part of the agents after certain histories.

1.3.5 Objectives

One of the most widely accepted objectives of mechanism design is that of efficiency.!®

We shall invoke the strongest possible version in its ex post form.

Definition 6. A mechanism m = (p, U) satisfies efficiency if

1 Zf V¢ > Ct
p(Ut, Ct|ht_1) —
0 otherwise

Yo, € V, Ve, € C, VA" € HI™L Vi,

Thus, regardless of history, under a positive instantaneous surplus and only then,

17See Lemma 3 in the appendix.
18See Holmstrom and Myerson [1983] for the various notions of efficiency.
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efficiency demands trade and always with probability 1. This is a straightforward
generalization of the notion typically used in static models, and allows for a direct

comparison with Myerson and Satterthwaite [1983].

1.3.6 The interaction of constraints

Before we jump into the results, it worthwhile to investigate the interaction of the
various forces laid out in this section. From static mechanism design we know
that it is the interaction of private information (and hence incentive compatibility)
with participation (hence individual rationality) and budget balance that leads to
impossibility of efficiency result of Myerson and Satterthwaite [1983|. If we wished to
implement the efficient allocation under only individual rationality, the well known
Vickery-Clarkes-Groves (VCG) mechanism does so. On the other hand, if we wished
to implement the efficient allocation under only budget balance, the d’Aspremont and
Gérard-Varet (AGV) mechanism does so. It is the simultaneous interaction of the
three forces that leads to a departure from efficiency.

So, in order to understand how dynamics can overcome the impossibility results,
we must model the simultaneous interactions of these forces every period. While ex
ante budget balance is a good benchmark to have, it only requires budget balance
and individual rationality to interact initially, thereby the possibility results are not
exclusively because of the dynamics of the problem. Also, it may not be a plausible
restriction for many real contractual situations because it forces the intermediary to
subsidize trade by unbounded amounts along some histories as time horizon gets long.
On the other hand, ex post budget balance might be too restrictive when agents can
contract dynamically. Our endeavor in this paper is to model the simultaneous inter-
action of the three forces by requiring a continuation budget surplus in expectation

every period.
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1.4 A simple model

To fix ideas we first consider the simple exercise of implementing the efficient allo-
cation in a two period model where both the agents have two possible types. So, in
terms of the model described in section 2: T'= 2, N = M = 2. In addition, we assume
that the agents’ types are arranged in the following order: vy > ¢y > vy > ¢p. Any
other ordering will render posted prices efficient statically and hence dynamically.
Consider the following intuitive pricing mechanism. Each period the buyer an-
nounces (suggests) a price Pg that he may pay for the object, and the seller similarly
announces a price Pg she may accept for producing and selling it. Based on these
announcements, trade takes place if Pg > Pg, that is p(Pg, Ps) = 1{p,>py}; and the

transfers are defined as follows:

. min{vk|vk Z Ps} if PB Z PS
ip(Pp, Ps) =

0 otherwise

R max{cy|Pg > ¢} if Pg > Ps
tg(Pg, Ps) =

0 otherwise

Call the above mechanism m, and note that it is history independent. It is
straightforward to show that announcing the true valuation every period, Pp(v;) =
v;, Ps(cj) = ¢;, is a weakly dominant strategy for both the agents. It follows from
the fact that 7 is essentially a discrete counterpart to the famous VCG mechanism®.
The added structure is provided to ensure it is statically the minimalist efficient

mechanism in terms of the information rent paid to the agents?’, and maximalist in

terms of the surplus provided to the mechanism designer. Without loss of generality,

YSince this is a two player mechanism design problem, in the VCG mechanism
each player would be asked to pay the externality he/she imposes on the other player:
vy’ (Pp, Ps) = Psl{p,>ps and 2g”(Pp, Ps) = Ppl{p,>pg}-

20As will be shown in the general environment later, this mechanism ensures that

the local incentives hold as equalities.
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in what follows, we restrict the announcement space of the buyer and seller to be

{vg,vr} and {cg, cr}, respectively. Then,
tp(vm, cn) = vm, &p(vm, cr) = vi, ¥p(vr, cy) = 0,2p(vr, cr) = v

ts(vy,cn) = ey, Ts(vm, cr) = cu, Ts(vp, cn) = 0, 2g(vr, c) = cp,

The obvious problem with this mechanism is that it may a run a deficit, and
budget balance will be violated even in an expected sense. Thus, more cash needs
to flow to the mechanism designer. So as a final step, in addition to the above
efficient mechanism, we allow both players to deposit some additional money with the
mechanism designer every period. Dynamics present this possibility in the form of
expected future economic surplus. Extraction of this additional remuneration for the
mechanism designer must respect the agents’ incentive compatibility and individual
rationality constraints.

Suppose 2 and 7P (h) are the costs paid by the buyer in period 1 and in period 2
after history h, respectively. The local incentive constraints hold as equalities in m, so
more information rent cannot be drawn back from any type. Thus, an intuitive way
to construct these payments is extracting from each type of the buyer the expected

rent earned by the “lowest" type in excess of his reservation value of zero. Define
rB(h) = Up(vp|h) V b € {vg, v} x {cm,cr}, and

P 0B 18 ()| = Ug(vr)

A back of the envelope calculation shows that U (vz|h) = 0 for all h, and

Ui (ve) = 0f (vulve) [9(cu)g(erlen) + gler)g(erler)] Av
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The costs paid by the seller in the two periods: r{ and 75 (h), can be similarly defined.
Call this new mechanism m*: pj(vi,¢;) = 1lfy,>c;) for t = 1,2 independent of

history, and
i (vii¢5) = 2p(vi,¢5) + 17, xho(vi¢ilh) = &p(vi, ¢;) + 3 (h),

wo1(vi, ) = Bs(vi,¢5) — 8, w5,(vi, ¢ilh) = Es(vi, ) — 15 ()

In mechanism m*, the incentive constraints hold tightly and the participation
constraints of the “lowest" type bind. Thus, given informational and participation
constraints, no more rents can be extracted from the agents. If the cash flow to
the mechanism designer in m* does not create an expected budget surplus, no other
mechanism will.

Define the ex ante budget surplus for this two period model to be

EBS =3 3 f(v)gles) |wn(vi,c;) = as(vi,c;)+

i—H,L j—H.,L
6> Y floklvglale)) (wn(vp, alvs, ¢;) —$S(vk>cl|%cj))}
k=H.LI=H,L

and the expected surplus in period 2 after history h = (h,, h.) to be

EBS(h) =Y Y floelh)glalhe) [IB(Uk,clm)—ms<vk,q|h)}

k=H,LI=H,L

Letting EBS* and EBS*(h) denote the above entities for the mechanism m*,
we can completely characterize the implementation of the efficient allocation for our

simple model by the following result.

Proposition 1. There exists an incentive compatible and individually rational mech-
anism that tmplements the efficient allocation under interim budget balance if and

only if EBS* > 0, and EBS*(h) > 0 Vh.
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This result pins down the necessary and sufficient conditions for the implementa-
tion of the efficient allocation under interim budget balance in our simple two period
model. It allows budget to balanced dynamically, but with an added “participation"
constraint for the mechanism designer at every history. If budget was only required
to be balanced ex ante, the above mechanism and result still go through with the
necessary and sufficient condition being simply EBS* > 0.

A plausible alternative to our mechanism could be one in which the agents deposit
money with the mechanism designer only at the beginning of the contract, satisfying
only ex ante budget balance, and draw upon it whenever the need arise.?? While this
may certainly be a good assumption in various contractual scenarios, in the general
model with many type and time periods, there are at least two situations in which
this may not be an appropriate approximation of a real dynamic contract. First,
the agents may not have large amounts of seed capital to deposit from the word
go. Second, the mechanism designer designer would be asked to subsidize trade by
arbitrarily large amounts under some histories. at which stage he can possibly file for
bankruptcy.

In contrast the mechanism presented here requires the agents to deposit a smaller
fees every period post which (whenever possible) a simple pricing mechanism im-
plements the efficient allocation.?? Fixing the efficient allocation as the objective,
and given incentive and participation constraints, it precisely pins down the maximal
possible continuation surplus that can be extracted from the economic relationship
of the buyer and the seller in expectation at every history.

What about implementation under ex post budget balance? If § = 0, that is we

were in a static world, it has been documented by a series of papers that if there

2Skrzypacz and Toikka [2013] construct such a mechanism.

2In the simple model, since the deposit in period 2 is zero, that is rZ(h) = r5(h) =
0 Vh, the two mechanisms coincide. But it’ll be clear in sections 1.5 and 1.6 that in
the general model deposits after period 1 are typically non-zero.

19



exists an incentive compatible and individually rational mechanism (p, xp,zg) that
satisfies EBS > 0, then there also exists a mechanism (p, T, Z5) implements p under
ex post budget balance; so I = 75.2> The intuition for this result is simply that
if ex ante budget surplus is generated by a mechanism, and we only need to satisfy
Bayesian incentive compatibility (as opposed to dominant strategy), then this surplus
can be re-distributed between the agents across types to construct a mechanism that
implements the same allocation under ex post budget balance.

For the dynamic model, define

EBS, = Z Z f(vi)g(e;) [xB(vi, ¢j) — ws(vi, ¢j)]

i=H,L j=H,L

and EBSy(h) = EBS(h) to be the current expected budget surplus generated each
period.?* In a direct generalization of the static result described above we can show
that there exists a mechanism that implements an allocation p under ex-post budget
balance if and only if it can be implemented by a mechanism that satisfies EB.S; > 0
and FBSy(h) > 0.2

Suppose EBS* > 0 and EBS*(h) > 0 for all h. Then, the only way efficient
allocation cannot be implemented under ex post budget balance is if FBST < 0. In
that case we can simply move transfers across periods in an incentive compatible and
individually rational manner to generate a new mechanism, say m**, that satisfies
EBS*(h) =0 for all h, and EBS}* > 0.

Fix some « € [0, 1]. Define

r52(vi; ¢5h) = 2 5(vi, ¢j|h) — aEBS™(h)

#See Mailath and Postlewaite [1991].
Note that EBS = EBS, + 6 [EBSQ(E)].

BLemma 3 in the appendix.
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x?}l(vi, ¢j) = xg,l(vi, ¢;) +0aEBS*(v;, ¢j)
255 (vi, ¢jlh) = 5 5(vi, ¢jlh) + (1 — a) EBS™(h)
x5 (viy ¢5) = 251 (viy ¢5) — 6(1 — ) EBS™(vj, ¢5)

Thus, we have the characterization of implementation of the efficient allocation under

ex post budget balance.

Corollary 1. There exists an incentive compatible and individually rational mecha-

nism that implements the efficient allocation under ex post budget balance if and only

if EBS* >0, and EBS*(h) > 0 Vh.

It is clear that in the absence of any additional constraints the necessary and
sufficient condition for implementation of the efficient allocation under interim and
ex post budget balance are exactly the same. Thus, in view of Corollary 1, should
interim and ex post budget balance be considered “equivalent"?

Ex post budget balance in the dynamic framework allows for the possibility of
the agents insuring each other against bad shocks through direct transfers. Interim
budget balance on the other hand is laxer, and allows for the role of an intermediary.
Since types are imperfectly correlated, a long enough time horizon (and high enough
discounting) will allow the possibility of such promises to be kept. However, for high
levels of persistence of bad shocks, the transfers required to meet these promises will
be arbitrarily large.

Note that 27, (vi,¢;) > xp,(vi,¢j) and x5 (vi, ¢j) < %, (vi,¢;) with at least
one strict inequality. Thus, in the presence of a hard (upper) bound on per-period
transfers it is easier to satisfy interim budget balance than ex post. These bounds,
which can be reasonably considered to be credit constraints, create the role for an
intermediary who can break the budget inter-temporally. We will have to say on this

in section 1.8.
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A second-best formulation. An alternative way to look at the same problem
is through the prism of maximizing gains from trade or surplus. Using the revelation

principle, the problem can simply be stated as

max §= 3 3 fugle))] (v~ e plvicy)

i=H,L j=H,L

530 3 Fudedgtales) (v — @) plus alvi, )]

k=H,L1=H,L
subject to

I1Cy, ICY IR, IR, fora=B,S
ICY(h),ICE(h), IRy (h), IR} (h), fora= B,S and h € {vy,v.} x {cu,cL}

and,

EBS= 3" 3 f(v)gles) |wn(vi,c;) = as(vi,c;)+

i=H,L j=H,L
0 Y Y flv)glale)) (wp(ok, alvi, ;) _xS(Umcllvivcj))] >0
k=H,L I=H,L
EBS(h) = Z Z f(vlhy)g(cilhe) [xB(vk,cl|h) — zg(vg, cl|h)] >0
k=H,L =H,L

for h = (hv, hc) € {’UH,’UL} X {CH,CL}

where IC} and [ R} are respectively the incentive compatibility and individual ratio-
nality constraint in period 1 for agent a of type i, IC¢(h) and I R¢(h) are analogously
the constraints in period 2 after history h, and EBS > 0 and EBS(h) > 0 represent
the interim budget balance constraints in period 1 and period 2 after history A
respectively. Also, note that if we take away the four constraints: EBS(h) > 0, and
require the budget to balance only ex ante, we would of course get more permissible

results on efficiency.
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The choice of surplus as the maximand, as opposed to any other point on the
Pareto frontier, is driven by the fact that whenever the parameters of the problem
allow the efficient allocation to be implemented, it will indeed be the unique solution
of this second-best.

A natural way to proceed with this problem is to consider a relaxed problem
with “local downward" incentive constraints: ICE, IC5 ICE(h), IC5(h), and the
participation constraint of the “lowest" type: IRZ IRY, TRZ(h), IR (h), and the
(five) interim budget balance constraints. It is fairly straightforward to show that the
solution to this relaxed problem is indeed the solution to the original one.?¢

Next, the highest values of EBS and EBS(h) are obtained when the incentive
compatibility and individual rationality constraints in the relaxed problem hold as
equalities. Using these equalities, the transfers can be eliminated from EBS and
EBS(h), which can be re-written in terms of the allocation p. We consider the
problem of the second-best first under ex ante and then interim budget balance.

Now, define the ex ante virtual valuations, that is the valuations net of the

information rents, associated with each possible realization and history of types.

f(vm)
f(UL)

Av, MC(cp) = cp, MC(cy) = cg + 9(cr) Ac

MR(vy) = vg, MR(v) = vy, — 9(cu)

MR(vilvg) = v;, for i = H, L, and MC(cjlc) =¢; for j = H, L

MR(vy|vr) = v, MR(vg|vg) = v, — f‘iﬁf; f(UL|U;()U:|gL()UL|UH)AU
MC(cplen) = e, MC(cnlen) = ey — ;]((;L{)) g(CH!CgIZIJCiI()CHICL)AC

The notation MR and MC' is in the spirit of Bulow and Roberts [1983|, where

the virtual valuations of the buyer and the seller are motivated as the marginal

Z6Note that this is possible because of two types assumption. For the second-best,
in a dynamic contract with more than two types global constraints typically bind.
See Battaglini and Lamba [2014].
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revenue and marginal cost respectively, lending a Ramsey pricing interpretation to
the mechanism design problem of bilateral trading. Also, note that for both agents,
distortions persist in the second period only when their type is “low" in period 1.7

Define the ex ante virtual surplus to be

EBS(p) = Y. > flugle)| (MR(w) = MC(e)) plos, i)+

i=H,L j=H,L
5> ) Floslvn)glale;) (MR(vglv;) — MC(aile;)) plog, alvi, ¢;)
k=H,LI1=H,L

The ex ante budget constraint is then simply EBS(p) > 0. If the budget was
only required to balance in an ex ante sense, transfers can be moved across time and
types freely as long they respect the the individual rationality of the agents and the
ex ante budget surplus condition. Thus, maximization of surplus S with respect to
the virtual surplus constraint being positive, EBS(p) > 0 is just an extension of the
static Ramsey pricing problem.

All types (in period 1 and 2) for which M R > M C| trade will occur. For the rest, a
ranking based on the efficiency-profit ratio and the binding virtual surplus constraint
determine (im)possibility of trade.?® Note that ranking is homogenous for types in
both periods, that is, for II(v;,¢;) = MR(v;) — MC(c;) < 0 and (v, ¢fvs, ¢;) =
MR(vg|v;) — MC(clcj) < 0, trade is allowed in decreasing order of (v — ¢)/(—1I)
across periods till EBS(p) > 0 binds. It is important to note that more trade
happens in period 1 of the dynamic problem than the static one, because a future

(virtual) surplus relaxes the EBS(p) > 0 constraint. Finally, the efficient allocation

2"This a product of the “generalized no distortion at the top" principle in dynamic
contracts. Once the type process hits the “highest" type, distortions disappear and
the virtual valuation is equal to the actual valuation for that agent.

ZSince this a discrete type model, randomization occurs at the optimum for some
types with MR < MC. It is easy to show (Myerson [1985]) that in the continuous
type model the second-best is always bang bang: probability of trade is either zero
or one.
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can be implemented when ex ante budget surplus evaluated at the efficient allocation,
denoted say by EBS(p*), is non-negative.

But, what if the expected budget has to be balanced in every period? Then, in
addition to the ex ante budget balance constraint, the mechanism must also satisfy

EBS(h) > 0 for all h. The interim virtual valuations can be defined as

f(UH|Ui)
M N — M R A IO
Ry(vy|vi) = v, M Ry(vg|v;) = vp, ol v
MCZ(CL|Cj) = CL, MO2(CH|cj) =cy+ MAC
9(0H|Cj)

Define the interim virtual valuation after history h = (v;, ¢;) to be

EBS(p)(vise;) = Y > foslvi)g(ales) MRy (vglor) — MCo(crle)] plog, calvs, ¢;)

k=H,L1=H,L

It is easy to see that the interim budget balance constraint after history h is EBS(p)(h)
> 0. The original problem of the second-best can then be restated simply as the
maximization of S under EBS(p) > 0 and EBS(p)(h) > 0 for all h.

In contrast to the static model and the dynamic model under ex ante budget
balance, the Ramsey pricing problem for period 2 has to internalize two types of
marginal revenue and cost functions. In the first period, all types for which MR >
MC trade for sure. In the second period, all types for which MR > MC and M Ry >
MC5 trade for sure. For all other realizations, the correct virtual valuation for the
Ramsey ranking contest in period 2 depends on whether constraint £BS(p)(h) > 0
binds. If after history h = (v;,¢;), it binds, sorting is done based on (v — ¢)/(—Ils),
where Ily(vg, c|vi, ¢;) = MRo(vi|v;)) — MCs(cilej). Once we have run through all
histories for which EBS(p)(h) > 0 binds, these allocations are substituted back in
to equation EBS(p) > 0. Then, a Ramsey ranking is done for the remaining second

period types and first period types as before.
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In this relaxed problem if none of the budget balance conditions bind at the opti-
mum, optimization yields the efficient allocation. Letting FBS(p*) and EBS(p*)(h)
denote the virtual valuations evaluated at the efficient allocation, we get following

result

Proposition 2. There exists an incentive compatible and individually rational mech-

anism that tmplements the efficient allocation under interim budget balance if and

only if EBS(p*) >0, and EBS(p*)(h) > 0 Vh.

As described above, implementation under interim budget balance can be used a

foundation to construct a new mechanism that satisfies ex post budget balance.

Corollary 2. There exists an incentive compatible and individually rational mecha-

nism that implements the efficient allocation under interim budget balance if and only

if EBS(p*) > 0, and EBS(p*)(h) > 0 Vh.

It is of course easy to see that Propositions 1 and 2, provide the same necessary
and sufficient conditions on the implementability of the efficient allocation, using

separate constructive arguments.

Comparative Statics. What do Propositions 1 and 2 mean in terms of the
parameters of the problem? It is clear that they put joint restrictions on the distance
between types, level of discounting and the Markov matrix. In the rest of this section,
we try to understand what moving parts mean in terms of economics of the problem.

First it easy to note that at 6 = 0 or with perfectly persistent types, efficiency
holds if and only if

EBS(p)(6=0)= Y > flw)gle;) IMR(vi) = MC(¢;)] p(vis c) > 0

i=H,L j=H,L

This is equivalent to the condition in Matsuo [1989] for the two types static bilateral

trading problem. Note that this condition does hold for a significant measure of
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Figure 1.1: Expected Budget Surplus for two types, two periods model

parameters, unlike the continuous type space model where we get an impossibility of
efficiency as long as there is any overlap in buyer and seller supports.??

We parametrize the problem for simple comparative statics that can be commu-
nicated through pictures. Let the prior for agents be uniform, and the transition
probabilities be given by f(v|v) = g(c|c) = a, f(v[v)) = g(c|d') =1 — & where a > 1.
So a measures the level of persistence in the model. The type spaces- {vy, v} and
{cm,cL}- are chosen such that EBS(p*)(0 = 0) < 0; therefore, the possibility of
efficiency is exclusively due to the dynamics of the problem.

Figure 1.1a plots EBS* against « for four different values of . The horizontal
line is the of course EBS*(§ = 0). As is intuitive the ex ante budget surplus is a
decreasing function of the level of persistence in the model, and an increasing function
of discounting in the “positive" region of the economic surplus.

Figure 1.1b plots EBS*(v;,¢;) for i,j = H,L. First note that all curves start
at the same point,. This is because at « = 1/2 the model is iid and history does

not matter for the interim budget balance constraint. Next, this graph shows why

it is not straightforward to rank expected budget surplus according to the level of

PHowever, for the general discrete type space model, as the number of types
becomes large and the model converges to the continuous type space model, the
measure of parameters where the condition holds converges to zero.
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persistence in the model. The parameter « affects both the probability of types and
level of distortions. And, as shown in the construction of interim virtual valuations,
these distortions can go both ways as a function of a. The imperative thing to note
though is that the minimum all of EBS*(v;,¢;) is a decreasing function of a. So,

persistence continues to be bad news even for the interim budget balance constraints.

1.5 Dynamic collateral VCG mechanism

Now, we ask the main question: when can efficiency be sustained in a dynamic
bargaining problem with Markovian private information under voluntary participation
and (interim or ex post) budget balance?

In order to answer this question we construct an incentive compatible mechanism
that produces the minimal possible rent for the agents after any history and allocates
maximal possible surplus to the mechanism designer. Borrowing techniques from
Williams [1999] and Krishna and Perry [2000], we start with a VCG mechanism and
adapt it to the discrete types framework to create a tight mechanism that satisfies
local incentive constraints with equality.°

The standard VCG mechanism consists of 259 (vy, ¢;|h'™1) = ¢, and 267 (vy, ¢ A1)
= vy, that is each agent pays the externality he/she imposes on the other agent. Since
payoff equivalence does not “automatically" hold for discrete types, the gap between
the types needs to taken care of in order to create a tight mechanism does not give rent

to agents that is more than necessary to satisfy incentives. The following modified

30 As presented in the simple model, an alternative approach could be to write down
the problem of the second-best and back out conditions under which it implements the
efficient allocation. We use the dynamic generalization of the VCG to allow for easier
comparisons to the static literature and also to provide a simple way of implementing
the efficient allocation.
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version of the VCG mechanism takes care of the same.?!

.
min {vg|vp > ¢; if v; > ¢;
gy = { ek
0 otherwise

(
max {cglv; > ¢} ifv; > ¢
xg/[vcg(vi’cﬂhtfl) — 7 % J

0 otherwise

where Muvcg stands for modified version of VCG.

The key contribution of this mechanism over the standard VCG is that it ensures

the “downward" local constraints hold as equalities.

Lemma 1. For alli < N
Ué/[vcg(’l)lurl‘htil) = Ué/lvcg@}i’htil) + Aviﬂp(vi\ht*l)—i—

N
0 Z Ug' (v v7) - (f (velvig) — f(oilvi))
k=1

and for all 7 >0
U§4UCg(Cj|ht_1> = Ué\4vcg(cj+1|ht—1) + ch+1p(cj+1|ht_1)+

N
0 UG (crlh' ™, cja) - (glerles) — glerlein))
k=1

This mechanism may or may not run a deficit. However, as the number of possible
types becomes large (and the distance between them goes to zero), the mechanism
converges to the standard VCG mechanism which we know violates any notion of
budget balance. The challenge then is, using the modified VCG mechanism as a

base, can we construct a mechanism that while preserving incentives and participation

3L A static version of it appears in Manea and Kos [2009].
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satisfies interim budget balance whenever the parameters of the problem deem it
possible?

The following partial payoff equivalence result paves our way.

Lemma 2. Suppose (p,U) is incentive compatible. For a family of finite constants

(ag(ce|ht 1), as(ve|h'™Y)), define
UB(vt, ct|ht_1) = UB(vt,ct|ht_1) + aB(ct|ht_1), and

US(Uh Ct|ht_1) = US(Ut, Ct|ht_1) + U/S(Ut|ht_1)
Then <p, fJ> 15 also incentive compatible.

This result provides a potent history dependent formulation of the payoff equiv-
alence result. It provides a structure to the composition of transfers both inter-
temporally and within a period. Starting from an incentive compatible mechanism,
how can move transfers across types and across time in a way that still preserves
incentives? Lemma 2 answers this question.

The change of variables from (p,x) to (p,U) proves key in establishing this
result.?? If we work in an environment with stage transfers it is hard to keep track of
the change in incentives caused by a moving transfers around after any given history.
But, moving expected utility vectors endogenously keeps the incentives intact. The
bijection from x to U through p precisely determines the associated stage transfers.

Now, we construct the collateral dynamic VCG mechanism.

Constructing the Dynamic Collateral VGC mechanism

32This approach is popular in (static) contract theory. See, for example Laffont
and Martimort [2001]. The key difference is that change with stage transfers in the
dynamic environment must be with the expected utility variables, rather than the
stage utility ones.
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Step 1. Start with the modified VCG mechanism, <p*7 UMveg >, as defined above.

It is incentive compatible and individually rational.

Step 2. Select the mechanism (p*, U*), where U* is chosen so that in£ U (v, ¢ |h1)
vE
=0 = inf Uz (vg, c|ht=1) for all vy, ¢; and h'™'. Let EBS*(h'™!) represent the expected
ce

budget surplus generated by this mechanism after history h*—1.

Step 3. Show that an incentive compatible and individually rational mechanism
guaranteeing efficient trade under interim budget balance can exist if and only if

(p*, U*) runs an expected budget surplus, that is, EBS*(ht~!) > 0 Vh!!, Vt.
Step 4. Using (p*, U*) and equation (2.1), recover the stage transfers x*. [J

They key elements of our construction are the minimization of information rents
for all types and participation rents to the lowest possible type, and transfer of all
remaining surplus to the mechanism designer. We showed in Lemma 1 that local
incentive constraints are tight which ensures that the minimalist information rent
is paid to the agents. And, using Lemma 2 we extract at every history the excess
participation rent generated by the modified VCG mechanism without affecting the

incentive constraints. We can now state the main result of the paper.

Proposition 3. There exists an incentive compatible and individually rational mech-

anism that implements the efficient allocation under interim budget balance if and

only if EBS*(hi=1) > 0 Vh!=1, Vt.

The result is precise in the sense that it offers an “if and only" condition on the
primitives of the problem as to when efficiency can be attained. It also signifies the
salience of the modified VCG mechanism in characterizing efficient mechanisms in

our discrete type dynamic Markovian framework.
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Finally we show that the modified VCG mechanism can also be used to charac-
terize efficiency under the traditional ex post budget balance. The key to this result

is sustaining efficiency under a static budget surplus every period. Define
EBSt(ht_l) =E [ZL’B(U,:, Ct|ht_1) — 513'57,5(’()75, Ct’ht_l)‘ht_l}

= EBS(h'™Y) — 0E [EBS(h')|h 1]

Generalizing a standard result on the “equivalence" of ex ante and ex post budget
balance in static mechanism design, it is easy to show that there exists a mechanism
that implements an allocation under ex post budget balance if and only if it can be
implemented by a mechanism that satisfies EBS;(h'™!) > 0 for all ¢.

The modified VCG mechanism extracts all possible rents from the agents. If this
mechanism produces a static budget surplus, that is EBS;(h'™!) > 0 for all At~
we are done. If not, than Corollary 3 below shows that as long as EBS*(hi™1) > 0
for all h*~! transfers can be moved across time and types using Lemma 2 to produce
a mechanism that indeed produces a static budget surplus. The result follows by
(backward) induction in a finite horizon model. Infinite horizon model requires a bit

more detailed construction.

Corollary 3. There exists an incentive compatible and individually rational mecha-
nism that implements the efficient allocation under ex post budget balance if and only

if EBS*(h=1) > 0 VA1, Vit

Unifying existing results, Proposition 5 and Corollary 3 provide a complete char-
acterization of efficiency for dynamic mechanism design models with budget balance.
Athey and Miller [2007] provide the characterization under iid shocks. Athey and
Segal [2007b, 2013] provide a dynamic version of the AGV mechanism that does not

satisfy individual rationality at every history.?3 Finally, Skrzypacz and Toikka [2013]

33Athey and Segal [2007a] provide a partial characterization with individual
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provide a mechanism that satisfies individual rationality but balances the budget only

ex ante.

1.6 Comparative statics

A poignant follow up question to Proposition 5 is of course— what does this condition

mean in terms of the parameters of the model? Define
(o]
e 35 (- 4)

Then, E [Fiw ”Cg]ht_l} represents the expected cash flow to the mechanism designer
from the modified VCG mechanism after history A*~1. From step 2 of the construction

of the dynamic collateral VCG mechanism it is easy to see that
EBS*(ht—l) UMvcg( |ht—1) + Ué%vcg(aht—l) +E [Fyvcg‘ht—l]

An intuitive way to think about this definition is to quantify it in the limit continuous

type space model. Let
e Zar o)t

where at = max{a,0}. Then, the expected value of T'; given the information set
at time ¢ (public or private history), defines the expected economic surplus of the
dynamic bilateral trade relationship from period ¢t onwards. Let d — ¢ denote the
discrete to continuous limit. In a slight abuse of notation, we have a simple expression

for the expected budget surplus in the dynamic collateral VCG mechanism for the

rationality with stronger sufficient conditions. A dynamic version of the pivot
mechanism is presented by Bergemann and Valimaki [2010] that satisfies individual
rationality every period but not budget balance.
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continuous model.

lim EBS*(h') =E[[yh"" vy =v] + E [[y|h"" ¢, =¢] —E[Tyh" "]

d—c

Thus, the condition is accounting for the added cash flow equal to the expected surplus
generated by the “lowest" types of the buyer and the seller respectively, minus deficit
created by the VCG mechanism.

Now, the ability of the underlying environment to sustain efficiency depends on
three key factors: extent of overlap of supports of buyer and seller types, level
of discounting, persistence of the Markov processes. The necessary and sufficient
condition provided by Proposition 5 in the terms of the expected budget surplus
of the dynamic collateral VCG mechanism puts joint restrictions on these three
aspects of the environment. Of course, given any (or all) of these, relaxing the
institutional requirements of individual rationality or budget balance makes efficiency
more permissible.

The role of overlap of support is the same as pointed out by Myerson and Satherth-
waite [1983] in the static model. If v; > ¢y, then the problem is trivial and trade
always happens. On the other hand if vy < ¢1, then there is common knowledge of
no gains from trade. As the support overlap moves from the former case to the latter,
the trade region (weakly) shrinks. Dynamics make the trade regions shift over time
but the basic intuition stays.

Fixing the supports, the tension between discounting and persistence drives the
potential ability of the dynamic model to break away from the static impossibility
results and produce greater levels of efficiency. Two benchmarks are in order. At
0 = 0, for any Markov matrix, the model is static and we are back to Myerson
and Satterthwaite [1983|, and Manea and Kos [2009]. On the other hand, for the

Identity Markov matrix, that is for perfectly persistent types, since this a model with
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commitment, we are back to the repetition of the static optimum for any level of
discounting. So, we can converge to the static model at both ends of the parameter
space.

Intuitively, it is clear that ceteris paribus, a higher § is good for efficiency and
higher persistence is bad. Higher ¢ creates more future surplus which can then be
used as collateral to sustain efficiency. In the dynamic model, with persistent types,
the agents’ type not only determines their payoff today but also provides conditional
information about payoffs in the future. Thus, as the level of persistence increase so
does the amount of asymmetric information about future payoffs. It is thus reasonable
to expect that higher persistence make matters wore for efficiency.

Disentangling the two effects in generality, however, is a no mean task. Skrzypacz
and Toikka [2013] make some progress on this for the model with ex ante budget
balance by imposing certain restrictions on the types and stochastic process. The
problem is particularly difficult when looking at interim (or ex post) budget balance
because persistence affects both the distortions (information rents) and probability

of good or bad shocks every period.

Example 1. We start simple by parameterizing the infinite horizon version of the
two type model presented in section 1.4. As before vy > cyg > v, > ¢;. We assume

a uniform prior and following Markov matrices.

f(ilv) = g(cile) = o, fvjlvi) = g(cjle;) =1 —a fori #j

So, o measures the level of persistence in the model. The numerical values of types
are chosen so that efficiency is not sustainable in the static model, that is, EBS*(§ =
0) < 0. Since the mechanism is stationary starting period 2 onwards, we need only to

calculate five values to test Proposition 3, viz. EBS*, EBS*(vy,cy), EBS*(vy,cr),
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Figure 1.2: EBS*, EBS*(vy, cr) and EBS*(vr, ¢y ) for the two types infinite horizon
model.

EBS*(vp,cy), EBS*(vp,cr). For this simple model, these can actually be solved in
closed form.

Figure 1.2 plots EBS*, EBS*(vy,cr) and EBS*(vy, cy) against 6 for four differ-
ent values of 9.

Example 2. Next, we look at the limit continuous type space model where both
the buyer and seller types are distributed over [0, 1]. The prior is uniform. From the
second period onwards types are constant with probability o and are drawn again
from the prior with probability 1 — . Then, again it is easy to solve the expected

budget surplus constraints in closed form. We get

EBS*>0&1—a> 5

, and

1/1 1494
min  EBS*(v,c) >0& - | ——1 i >
{vel0,1],c€[0,1]} 6\« 1—4
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Key economics forces. The intuition that that a higher discount factor is good
and higher persistence is bad for efficiency is confirmed by our two examples. Even
if the model is arbitrarily close to constant types (o = 1 — ¢, for € small enough), we
can still find a discount factor high enough to achieve efficiency. On the other hand,
for any value of § arbitrarily close to 1, there exists a value of & < 1 large enough
such that efficiency cannot be attained. So, the limit result on efficiency critically

depends of the order of limits.

1.7 Implementation

There is a simple and intuitive method of implementing the dynamic collateral VCG
mechanism. Every period both agents deposit a small fees with the mechanism

designer post which a VCG style mechanism is run. For all h'~! € H'™!, define
rg (W) = Up(u|h'™") — 6E [Up(v|h') | A*~'] ,and

ri (W71 = Us(elh'™") = 6 [Us(eln’) | 1],

where the expectation is taken over the t-th element of history h' = (h'™, (v, ¢;))
given h!~1. The following simple mechanism implements the dynamic collateral VCG

mechanism.

I At start of every period t (after history h'~!) the agents pay a participation fees
r9(h'=1) and r{ (A1),

IT Then, run a static modified VCG mechanism.

ITI Repeat till time period T'.
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Recollect that for the two types, two periods model, 7{(h°) and r§(h') are exactly the
participation fees that we constructed in the simple example in section 1.4.

If the efficient allocation could be implemented by depositing all the extra eco-
nomic surplus that the bilateral trading relationship hopes to generate right at the
start of the contract, then this mechanism would still implement it. However, the
converse is not true. If the agents face credit constraints that doesn’t allow them to

put large sums of money upfront our mechanism can still work.

1.8 Role of an intermediary

If the efficient allocation can be implemented under ex post budget balance, strictly
speaking there is no role for an intermediary. Both the agents insure each other against
bad shocks; the positive probability of the good shocks and high enough discounting
ensure a future economic surplus that can be used as collateral to sustain efficiency.
But, as the persistence of bad shocks increases, the size of the transfers along those
histories required to sustain efficiency increases rapidly. Thus, with hard bounds on
transfers which can interpreted as credit constraints, it is easier to sustain efficiency
under interim budget balance rather than ex post.

The role of an intermediary is even more pronounced if we allow for a savings tech-
nology, and the interest thus accrued to be carried over in the mechanism designer’s
budget account, thereby relaxing or strengthening his participation constraint, de-
pending on whether interest is being built over a surplus or a deficit. They key thing
to notice is that even in that scenario the collateral dynamic VCG mechanism pins
down the necessary and sufficient conditions on efficient implementation. If after
history h*~!, the current and future value of the intermediary under the collateral
dynamic VCG mechanism is A*(h'™!), then Proposition 5 goes through with a savings
technology with A*(h'™!) replacing EBS*(h'™!).
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1.9 Conclusion

This paper provides a necessary and sufficient condition for the attainment of ef-
ficiency in a repeated bargaining problem with two sided asymmetric information.
In the process, it introduces an intermediate notion of budget balance which allows
for the role of an intermediary but with bounded credit lines. ced that allows the
budget to be balanced dynamically, borrowing from the future but in a bounded
fashion. Through a set of simple examples we explore the comparative statics of the
underlying economics forces of discounting and level of asymmetric information.
The main result (Proposition 5) and the mechanism can be generalized to ex
post notions of incentive compatibility without any cost. In another paper, Lamba
[2014], we state and prove a general dynamic payoff equivalence result for the N-
player dynamic mechanism design problem with continuous types which is exploited
to provide necessary and sufficient conditions for the implementation of the efficient

allocation for the general model.

1.10 Appendix

1.10.1 Proof of Lemma 1

We prove the equality for the buyer. The proof for the seller’s utility is analogous.
Let uy; Y (v;) be the (expected) current utility of the buyer of type v; in the modified
VCG mechanism. Since the mechanism is stationary we suppress the history. First
note that

i

ry O (v) =Y [Glop) = Glve-1)] v

k=1
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Then, we have

ug " (v;) = vp* (0| M) — 2y Y (v;)
= v,G(vilci—1) — Y [G(vk|ci—1) — G(vg—1|ci—1)] vk
k=1
1—1
= (v; —vi1) G(vialei1) = ) [G(uklei1) — G(ug—i|ci—1)] vk

1

= Avlp* (Uiflyht_l) + u]\é[vcg(viil)

£
Il

Now, to the dynamic mechanism. Fix hi~!. We have

N
U " (uil A1) = uy “ (v B 46 > floglon) U™ (g W, v3)
k=1
N
= Avgp* (i B+ up (o [W) +8 f(onlo) U™ (00 vy)
k=1

= Avp* (v |W'7) + U (v |1+

(f(vklvi) = f(vglvizy)) Ué”“g(vk\ht’l, v;)

-

>
Il
—

= Avip*(’ui,llht*l) -+ Ug/[vcg@}iil’htfl)_'_

(f (vx]vi) — f(vk|vica)) Ugvcg(vﬂht_l, Vi—1)

M-

b
Il
—

The last equality follows from the fact the mechanism is stationary and as long
expectations about future type realizations are the same (which in this case depend
only on ¢,_;) the expected utility vectors are equal. Thus, U *“(v|h™ v;) =

Ué/lvcg(l)k|ht_l, Ui_1>.
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1.10.2 Proof of Lemma 2

Suppose (p, U) is ex post incentive compatible. Fix h'~!. Then, Ug(v;|h'~!) appears

in two kinds of incentive compatibility constraints. First,
Up(ve|h'™") = Up(ug| ') + (v — vp)p(ug W)

N
+0Y  Up(vipral /'™ 0) (f eralvr) = f(wealvr)

i=1
Clearly, addition of the constants ag(ci|h'™!) to U(vg, ci|ht™1) for all v, € V, and
¢ € C, leads to addition of ag(h'™!) = E[ag(c|h'™1)] to U(v]h!™1) for all v, € V,
which does not affect any of these constraints.

Next, fix v;_1 = hfj_tl_l. Second, we need to consider the constraints,

Up(v;1[h"™*) 2 Up(ve-1|h"?) + (v — ve-1)p(ve-a[h"7)
N
+5Z UB(Ut,i|ht_27 Ut—l) (f(vt,i|v1/t—1) - f(Ut,z'|Ut—1))
i=1
Again, this leads to addition of ag(h™') = E [ap(c;|h'™)] to U(v|ht~1) for all
v; € V which drops out of the constraint.
Therefore, linear additions of constants as defined in the lemma preserves incen-

tives.

1.10.3 Proof of Proposition 5

Sufficiency is obvious. If EBS*(h'™!) > 0, for all hi=1 € H'™!, V¢, then the collateral
dynamic VCG mechanism satisfies all the necessary properties, and is one such desired
mechanism.

Conversely, we will show that the collateral dynamic VCG mechanism produces

the highest expected budget surplus at every history of the mechanism. Consider a re-
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laxed problem with only the local “downward" incentive compatibility constraints and
the individually rationality constraint of the lowest type. Given first order stochastic
dominance and that the efficient allocation is monotonic, if a mechanism implementing
the efficient allocation satisfies all the constraints in the relaxed problem, then it is
(globally) incentive compatible, and individually rational.3*

Fixing the allocation to be p*, we want to choose the mechanism m = (p*, U)

that produces the highest value(s) of expected budget surplus. For any history h'~!

we have
T
EBS(h'™") =E™ | Y 67" (v; — ¢;) pr — Up(we|n'™") = Us(ci| B™") | B
T=t

It is thus straightforward to see that in order to produce the highest value of EBS*(h'™!)
all the local “downward" incentive constraints and the individual rationality constraint
of the lowest type must hold as equalities, which is isomorphic to the collateral
dynamic VCG mechanism. Thus, for any incentive compatible and individually

rational mechanism m = (p*, U), we have
Up(vg, ¢ R > Up(vy, ci|h' ™) and  Usg(vy, e A1) > Us(vy, ci| ™)

Thus, if for any history h~' € #, EBS*(h'™') < 0, we must have EBS(h'™') < 0 in
(p*, U). The result follows.

1.10.4 Proof of Corollary 3

First, define,

EBS,(h'"") = EBS(h"™") —E™ [EBS(R) W] =

31See Pavan, Segal and Toikka [2014] and Battaglini and Lamba [2014].
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E™ [z5(ve, ce|h' ™) — g (v, ¢ W) [T

to be the current expected budget surplus. We show that implementation under ex
post budget balance balance is equivalent to generating a current expected budget

surplus at every history.

Lemma 3. An allocation p is implementable under ex post budget balance if and only
if there exists an implementable mechanism m = (p,X) that satisfies EBS;(h™1) > 0,

Vhi=1, Vt.

Proof. Ex post budget balance implies EBS;(h'™!) > 0, Vh'™!, Vt is obvious. Con-
versely, suppose (p,x) satisfies EBS;(h'™!) > 0, VR!™1, Vt. Fix a history h'™!, and
let IT = EBS;(h'™1) > 0. Define

N
Fu, B = zp(ulh™) =Y @, ¢) f(olv)do + zs(al k) + all,

=1

where a € [0, 1] is a constant. We have
Fulh™Y) = (™) — (1 — @)1, and

f(ct|ht_1) = xg(ct|ht_1) + oll

Repeat this for every possible history. Now, consider the mechanism (p,x). It is
ex post budget balanced by construction. Moreover, using an incentive compatible
mechanism we are reducing what the buyer has to pay and increasing what the seller
gets. So, the new mechanism must also be incentive compatible and individually

rational. n

Now, to the main result. Note that If there exists ¢ and h'~! such that EBS*(hi™!) <
0, then by Proposition 5, the efficient allocation cannot be implemented under interim

budget balance, and hence neither under ex post budget balance.
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Conversely, suppose EBS*(h'™1) > 0 Vh!™!, Vt. We show that then, there exists
a mechanism <p,I~J> that satisfies EBS;(h™1) > 0 VA'~!. If T is finite the result
follows from backward induction. So, let T' = oc.

Define

H ={n"'ePH)|EBS:(W ") >0V 1<tk ' =m_(h'")}

and,
T
H2 = {ht‘l € P (H)|EBS (h'™") + E[ 3" Lpworewy 0 EBSI (Y | ht—l} > o}
T=t+1

T
W= (W e P(H) [EBS;( ) + B[ 3 ey EBS; () | 11 = 0}

T=t+1

T
H = {W= € P(H)|EBS; (W)4E[ 3 Lpwrcwe 8 EBS; () | 11| = 0}

T=t+1

Then, is clear that lim, ., H" = P(H). Finally, construct the following mechanism.

Algorithm for a mechanism <p*, U> that satisfies ex post budget balance ‘

Step 1. Start with the collateral dynamic VCG mechanism. If EBS;(hi=1) >0

Vhi=1, Vvt we are done. If not go to step 2.

Step 2.1. Fix a history h'~! such that EBS*(h*™!) < 0. Then, for all histories
h™' € H! where 7 > t + 1 and m_y(h™"1) = h'™!) increase Ug(v,,c,|h™!) and
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Us(vr, e W7 1) so that EBS(h7~') = 0. All the surplus backloaded is then utilized
by increasing Up(vy1, ¢i1|h') and Us(vii1, ¢iy1]h?) using Lemma 2. Do this for all
histories for which EBS*(h'™') < 0. If for those histories EBS*(h'™') > 0, we are

done. If not, go to step 2.2....

Step 2.n. Do, the same as above but change is made for all histories h™~! € H"

where 7 >t + 1 and m,_;(h™') = AP~ 1.
Step 3. Since EBS*(h'™') > 0 Vh'™!, Vt, the sequences of mechanisms con-
structed in step 2 converges to a finite mechanism that satisfies EBS;(h'™!) > 0

Vhi=1 Vvt

Step 4. Using Lemma 3 construct a mechanism that satisfies ex post budget

balance. O
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Chapter 2

Dynamic Payoff Equivalence and

Efficient Mechanism Design

2.1 Introduction

Questions of design in real economic situations are often dynamic. Information and
actions are reported and recorded. Managerial compensation and taxation are good
examples. Repeated interactions are also being internalized in the design of spectrum
auctions. All these demand the economic theory of mechanism design to be adept
to changing underlying environments and evolving information. Adjusting existing
static results to the dynamic models and introducing new ones is thus what the doctor
orders.

A key result in static mechanism design with a strong theoretical appeal and wide
set of applications is the payoff equivalence result. It essentially states that for a model
with quasilinear preferences and independent types if two mechanisms implement the
same allocation, then the expected utility (and thus transfers) for each agent in one
must differ from the the other through a constant. The result is powerful for it

classifies all implementable mechanisms into simple equivalence classes. Often the
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revenue maximizing or least costly mechanism amongst the class is then chosen to
be the one that gives exactly the reservation utility to the “lowest" type, inductively
constructing payments for all other types.

It has been an open question in the literature on dynamic mechanism design as to
how transfers can be moved across time and across types while preserving incentives.*
In other words, a history dependent version of the payoff equivalence result has been
elusive. The main task of this paper is to fill that gap.

The dynamic payoff equivalence result provides a precise characterization of equiv-
alence classes of implementable mechanisms in models where the agents interact more
than once. The problem is challenging because tinkering with transfers in period ¢
will affect incentives in periods s < ¢ through stochastic evolution of information and
the prescribed mechanism. We show that given two mechanisms that implement the
same allocation, expected utility of an agent after any history in one must differ from
the other through a history dependent constant.

The analysis is simplified by exploiting a dynamic version of the revelation princi-
ple. It allows us to, without loss of generality, look at mechanisms where the agents
report their type to the mechanism every period. Since private information of the
agents may arrive (and change) over time, a moral call on what the mechanism
itself reveals to the agents needs to be taken. We look at the two extreme points
of the information set: public mechanisms where the all agents can see each others’
announcements and blind mechanisms where the agent does not observe the other
players’ announcements.

Armed with the dynamic payoff equivalence result, we explore the implementation

of (ex post) efficient allocation in dynamic mechanism models. A series of papers have

For instance, constructing a partial characterization of efficiency, Athey and
Segal [2007a| write “The only degree of freedom the transfers offer in transferring
utility across players is a fixed constant K (if it varied with history, it would affect
incentives)."
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explored the implementability of the efficient allocation under various institutional
(participation, budget balance, efficient exit) and informational (Bayesian and ex
post incentive compatibility) constraints. Since the allocation is fixed to be efficient,
our result helps unify these existing results simply through the family of history
dependent constants. In particular it helps us recast well known impossibility results
on implementation of the efficient allocation under budget balance and participation
constraints into precise (im)possibility characterizations for the dynamic models.?
Starting with a dynamic version of VCG mechanism, which does not satisfy
budget balance, we construct a mechanism for a general N-player mechanism design
problem which precisely characterizes the implementability of the efficient allocation
under budget balance. Finally, we also use the dynamic payoff equivalence result to
characterize the second-best mechanism for the dynamic bilateral trading problem.
For a simple two period iid model, we also precisely characterize the no trade regions.
This represents but a small set of a wide array of applications where the dynamic
payoft equivalence formula can be put to use to calculate the revenue or social welfare

maximizing contracts.

Related Literature. The paper builds on a body of work from static mechanism
design. Exploring optimal mechanisms, Myerson [1981], Wilson [1993| and others
provide revenue and payoff equivalence results. Vickery [1961] and Groves [1973]
were the early papers to talk about efficient mechanisms. We refer the reader to
Mas-Collel, Whinston and Green [1995] and Milgrom [2004] for detailed overviews.

Bergemann and Valimaki [2010], Pavan, Segal and Toikka [2014], and Skrzypacz
and Toikka [2013] have presented dynamic versions of the payoff equivalence result
in different contexts and notions of incentive compatibility. Our result is both more

general and nuanced. First it encapsulates all these existing results as special cases.

?See Myerson and Satterthwaite [1983] and Mailath and Postlewaite [1991] for
impossibility results in private and and public goods environments respectively.
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Second, and more importantly, versions of the dynamic payoff equivalence result
presented before this were ex ante ones that pin down the ex ante aggregate value
of transfers through the entire length of time up to a constant. But, they are silent
on how can these transfers vary over time. For example, these results cannot tell
you how expected utility is related from period 2 onwards in two mechanisms that
implement the same allocation. Thus, what is the appropriate equivalence class of
mechanisms that one can consider in the dynamic framework to characterize efficient
and revenue maximizing contracts? Our dynamic and history dependent version of
the payoff equivalence result answers these questions precisely.

Athey and Segal [2007b, 2013] and Lamba [2014]| provide mechanisms that im-
plement the efficient allocation under budget balance. The former generalizes the
AGV mechanism to the dynamic environment and thus does not satisfy individual
rationality. And restricting itself to the bilateral trade setting, the latter provides
precise conditions on the primitives of the model under which efficiency can be
attained under both budget balance and individual rationality.® In section 6, we
generalize Lamba’s results to an N player mechanism design problem using dynamic

payoff equivalence.

2.2 Model

There are N agents who commit to participate in an economic relationship for T
discrete periods, where T' < co. At the inception of every period, each agent privately
observes a payoff relevant information parametrized by 6; € ©; for i € {1,2,...,N}.
We will write 6; = (6;;)Y.,. The economic relationship is governed by an allocation

k: € K which is observed by all, and transfers x;, every period. For an allocation and

3Skrzypacz and Toikka [2013] also provide a characterization of efficiency under
budget balance and individual rationality. However, they only require the budget to
balance ex ante which can lead to the mechanism designer subsidizing the agents by
arbitrarily large amounts when the time horizon is long enough.
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transfer scheme (k;, z; ;)L ,, preferences are quasilinear and time separable, given by

T

Z (Stil (ui(et, kt) - -Ti,t)

t=1

where § € (0, 1) is the common discount factor, and w; is stage utility function assumed
to bounded,

Types are first independently drawn from some priors (F;)Y ,, and hence from

independent Markov processes (F(.].,.))~,, where F, : ©; x K + ©,. For simplicity,
we assume that prior and the Markov processes have full support.* The expected
stage payoff must be bounded— there exists an M < oo such that for any ¢, k£ and 6,,

N
and F'= [ F;,

i=1
/ |Ui(6t+1, k)|dF(0t+1|0t, k) <M
O

The model encapsulates as a special case the iid model, the perfectly persistent
case and the AR(1) model. It also lets the stochastic evolution of types depend on the
allocation rule. However, in the rest of the paper we’ll look at the special case where
the Markov evolution is exogenous, that is, F; : ©; — ©O;. At the cost of lengthy
notation, the main results easily extend to the case where stochastic evolution can
also depend on past allocations. Finally, the independence assumption across players
is made for reasons analogous to the static model: to avoid full surplus extraction

a’la Cremer and McLean [1988].

“Note that we can include moving supports ©,,, time varying Markov processes
F;+, and make the Markov process at time ¢ depend on the entire history of allocation
K*® 1. The chosen setup is simple in communicating the main result and can be easily
generalized.
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2.3 Mechanisms

It is easy to show that a form of revelation principle holds and thus we can, without
loss of generality, consider direct mechanisms. Every period the agents learn their
own types, and then send a report to the mechanism, which in turn, spits out the
allocation and transfers rules. Employing the revelation principle, however, demands
a moral call on the information the mechanism itself reveals to the agents. What is
the degree of transparency in the mechanism? In particular, does one agent observe
the other agents’ announcements?

Most of the literature so far has been silent on the applicability and generality of
the revelation principle with respect to information sharing in dynamic mechanism
design models.> Myerson [1986] has argued that in a general multistage game with
communication with private information and publicly observable actions, confiden-
tiality is essential to generate the most permissible results. This is intuitive: private
announcements means less leakage of information to the agents and thus less incentive
constraints to keep track of.

We shall mostly work in the two extreme environments- one in which all announce-
ments are publicly observed, and the other where there is no release of information
beyond the allocation rule, viz. agents cannot see each others announcements and
transfers are measurable with respect to their information sets. There is a close
information theoretic relationship between these public and blind mechanisms re-
spectively. Incentives, participation and budget balance constraints satisfied by the
public mechanism are of course satisfied by the blind mechanism too, whereas the
converse may not always hold.

The set of feasible histories in period ¢ for the mechanism m is given by H™*'. In

5Skrzypacz and Toikka [2013] is an exception.
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general, a typical element of H™! say h', can be recursively defined as follows.
BO=0, b= {0 00N ke

where éi,t is the announcement by agent ¢ at time ¢. Similarly, the set of possible

histories for the agents, H;" ' can be defined as follows. For the public mechanism,
W= (B}, = (R () O ke
where 6, is the actual type of agent ¢ at time ¢. And, for the blind mechanism,
h?lmd,l = {0,.), h?lind,t _ { hflzlind,t—l) éi,t—l, O, kt}

As we will see below, observing all the announcements leads to knowing the
allocation in the direct mechanism, so writing down k; in the agent’s information
set for the public mechanism is superfluous. However, the same cannot be said for
the blind mechanism, where the allocation rule can carry additional information.

In what follows, we suppress the specification of the mechanism when it is obvious.
Also, under truthful histories the difference between announcements and actual types
will be moot and thus suppressed.

The direct mechanism, say m, is then a collection of history dependent allocation
and transfer vectors, m = (k,x) = (k (h), z; (ht)jlerl. To differentiate current
and past types, we will often use the alternative notation k(6;|h'=1). Moreover, for a
given mechanism, the strategy for agent i, (o, ’t)thl, is simply a function that maps
private history into an announcement every period- o' : H™" + ©;.

In most of what follows, we present further notations and definitions in terms of

the public mechanism. This is mostly done for two reasons. First, for the ease

of notation— for a public mechanism under truthful histories, the history of the
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mechanism coincides with the private history of the agents. Second, though a realistic
level of transparency for a mechanism perhaps lies in the middle of the two extreme
cases being presented, the blind mechanism seems to be a highly artificial construct,
interesting only as a benchmark. The definitions and results for the blind mechanism

are presented in the appendix.

Additional Notation. Along truthful histories, we can write the stage utility
succinctly as

Wi (0, k(0| 7)) = wi(6:|n"1)

In order to keep notation simple we suppress the type/variable over which expectation

is taken. For example
u;(0;4|n ") = Eo_,, [Uz (Qz‘,n 0_is |ht_1) ‘ht_l}

Ui(0; 41 |P, 0;0) = Eo ;1 [Ee_i,t [Ui(ez',t+17 0 i1 |ht_1, O, 0_iy) ‘ht_l, 9z‘,t“

Expected utility of agent ¢ can be recursively defined as

U(0h' 1) = w; (0, h' 1) — 23(0,|h* 1) + 6B, ., [Ui(9t+1|ht_1, 0;) ‘ht_l, 94 (2.1)
and,

Ui(0) A1) = wi (03[0 ™) — 23(034 | ™) + 0Bg, ., [Ui(Opsa[W' ™, 0:0) |, 054

Let ui(0; ;; 0c|h'™") = w; (0, k(65 ,,0_i4|h*")). Then, utility of agent i of type 6;; from

2,t)

/
it

misreporting (once) to be type €, ,, for a fixed type 6_;, of the other agents, can be
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succinctly written as
Ui(0;.45 0eh" 1) = wal0 43 06 ') — a0 4, 0-i.e 2" 1)

+5E9t+1 [Ui(gt-f—l |ht_17 9;7& e—i,t) |ht_17 0t:|
= Ui(0; 1, 00| ") + (wi(0 1 0 W) — us(0; 4, 04 |n" 1))

+9 Ui<9i,t+1’ht717 Gé,t, 0_i1) (dﬂ(ei,t+1|9i,t> - dFi(ei,tJrlwat)) (2.2)

O;

Similarly,
Ui(0;45 05.6|n' ™) = Ui(07,|h' ™) + (a0 43 05| W' ™) — a0, [n*71))

+5/ Ui(Oi |0, 00,) (AFi(0i0111050) — dF(0,44116;,))
0;

Mechanism. It is straightforward to note that a mechanism m = (k,x), which is
a collection of history dependent allocation and transfer vectors, can be equivalently
defined to be m = (k,U), a collection of history dependent allocation and expected
utility vectors, where (fixing the allocation) the duality between transfers and expected

utility vectors is completely described by equation (2.1).

Incentive Compatibility. Exploiting the one-deviation principle, incentive com-

patibility can be defined as follows."

Definition 7. A mechanism m = (k, U) satisfies perfect Bayesian incentive compat-

6See Pavan, Segal and Toikka [2014] for the validity of the one-deviation principle
here.
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wbility of truthtellng is optimal at all truthful histories, that is,
Ui(0i 4| ™1) > Ui (0; ;054" )

Vi € {1, ...,N}, V@m, ;7,5 € 0,, VRl e Htil, vi.

In addition, in the perfect Bayesian equilibrium of the associated game, every
agent believes that the other agents are following a truthful strategy. Moreover, the
Markov assumption means that it is incentive compatible for an agent to say the
truth even if she/he has lied in the past.

A stronger equilibrium notion is the that of ex-post incentive compatibility. The
mechanism in each period is implemented in ex-post equilibrium (see Chung and Ely

[2006]). Formally,

Definition 8. A mechanism m = (k, U) satisfies ex post incentive compatibility if
Ui(0|h'™) = U015 0,0 )

Vie{l,..,N}, V0;;,0;, € ©;, V0_;; € ©_;, Yh'"' € H'™, Vt.

In the words of Bergemann and Valimaki [2010], “We say that the dynamic direct
mechanism is periodic ex post incentive compatible if truthtelling is a best response

regardless of the history and the current state of the other agents."

2.4 Dynamic Payoff Equivalence

Now to the dynamic and history dependent version of the payoff equivalence result. To

fix ideas, consider a two period model. Suppose m = (k, x) is an incentive compatible

mechanism. Change the transfers to all possible types of agent i in period 2 after

history #; by a constant say a;. Standing at history 6y, (as in the static model) this
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change in the mechanism does not affect incentives in period 2. However, the same
cannot be said for period 1. The change renders the contract not incentive compatible
in period 1- it changes the value of U;(6; ) keeping utility of all other agent ¢ types
the same. The transfers in period 1 for type 6;; thus need to be adjusted to keep the
contract incentive compatible.

Think of a general T period model. Keeping track of these history dependent
transfers to pin down the equivalence class of implementable allocations can be a
daunting task. A change of variable though makes the problem simpler. We look at
the mechanism through the prism of allocation and expected utility vectors, (k, U).

A dynamic analog of the payoff equivalence result then follows. The set of incentive
compatible allocations sits neatly in a family of history dependent constants. Starting
from any incentive compatible mechanism, scaling expected utility vectors through
constants that may depend on the history and current type of other agents, but not the
current type of the given agent produces another incentive compatible mechanism.
Moreover, all incentive compatible mechanisms must belong to this class of scaled

family of history dependent constants.

Proposition 4. Payoff equivalence holds after every history. That is, if (k,U) and

<k,fj> are two ex post incentive compatible mechanisms that generate utility vec-

t—1\\V r ) t—1 NAT : :
tors ((Ui(thh )>i:1>t—l and (Ui(étlh ))_ respectively, then, there exists
= =1/ =1
N

T
a family of constants <(ai(0_i,t|ht_1))i:1) such that
t=1

U (0)h 1) = Ui (0, A1) + ag(0_i | W)

Conversely, if (k,U) is ex post incentive compatible, and U and U satisfy the above
T -

two equations for a finite family of constants ((ai(G,iyt\ht_l))i]iJ , then <k,U> is
t=1

also ex post incentive compatible.

A natural next question question to ask is: what does the result mean in terms
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of actual transfers? Let us go back to the two period model. Suppose as before that
we increase the transfers to all possible types of agent 7 in period 2 after history 6,
by a constant say a;. This translates into an increase in U;(63]01) by a; for 6 € ©.

Rewrite equation (2.1) for this two period model:
Uz(01) = U(QI) — CEZ(Ql) + (5E92 [Uz(92|91> + ai(ﬁl) |€1]

Keeping U; (6, ) the same as before, this uniquely defines the the new transfer z;(6, )that
keeps the mechanism incentive compatible. This change was of course a very simple
one, done for only one history and one agent and independent of the other agent
types. The more detailed the required change, the more equation (2.1) will be put to
use to derive transfers for the “new" mechanism.

Note that the above result was established for a fairly strong notion of incentive
compatibility. As a simple corollary, one can show that an analogous payoff equiva-

lence result also holds for perfect Bayesian incentive compatibility.
Corollary 4. If (k,U) and <k,fJ> are two perfect Bayesian incentive compatible

N )T
i=1),_,

T 8
mechanisms that generate utility vectors ((Ui(0t|ht_1))£\;1> and ((Ui(ﬁtlht_1)>
t=1

T
respectively, then, there exists a family of constants ((ai(htfl))i]\;) such that
t=1
Ui(0;0| ') = Ui(0;4|B" ) + as (R )

Conversely, if (k,U) is perfect Bayesian incentive compatible, and U and U sat-
T

isfy the above two equations for a finite family of constants ((ai(ht_l))fil) , then

t=1

<k, fJ> 1s also perfect Bayesian incentive compatible.

All versions of the dynamic payoff equivalence result presented before this were ex

ante ones that pin down the ex ante aggregate value of transfers through period 1 to T’
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up to a constant.” But, they are silent on how can these transfers vary over time. For
example, these results cannot tell you how expected utility is related from period 2
onwards in two mechanisms that implement the same allocation. Our dynamic payoff
equivalence result answers these questions and identifies the appropriate equivalence
class of incentive compatible mechanisms in the dynamic framework that can then be

used to characterize efficient and revenue maximizing contracts.

2.5 Other Institutional Constraints

While the dynamic payoff equivalence result characterizes all incentive compatible
mechanisms, there are other institutional constraints that capture important aspects
of real economic situations in mechanism design. We discuss two commonly used:

individual rationality and budget balance.®

Individual Rationality. Each agent is allowed to walk away at any stage of the
mechanism after learning her/his type that period if the utility from continuing in

the contract falls below the reservation threshold, which is normalized to zero.

Definition 9. A mechanism m = (k, U) satisfies perfect Bayesian individually ra-
tionality if

Ui(0;h"™1) >0

Vi € {1, ...,N}, V@m, & @i; Vht—1 c Htil, Vt.

"See Bergemann and Valimaki [2010], Pavan, Segal and Toikka [2014], and
Skrzypacz and Toikka [2013].

8Athey and Miller [2007] write, “At the outset, we should point out that IC
[incentive compatibility] imposes restrictions on equilibria in the game, while the
BB [budget balance| and IR [individual rationality| assumptions are better thought
of as conditions on the structure of the game itself."
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Definition 10. A mechanism m = (k, U) satisfies ex post individually rationality if
Ui (6:/h*~") >0

Vie{l,..,N}, Vb,,€ ©, Vht~1 € H'™1 vt

Budget Balance. In mechanism design with many agents budget balance is seen
as the limits on insurance or external subsidies available to them. The most widely

used notion is that of ex post budget balance.

Definition 11. A mechanism m = (k,x) satisfies ex post budget balance if

N
> w(B]n ) =0,
=1

v, € ©, Yhi=t ¢ H7 v,

Lamba [2014] introduce an intermediate notion that allows for the budget to

balanced dynamically, not running a deficit in expectation after any history.

Definition 12. A mechanism m = (k,x) satisfies interim budget balance if

Em

T N
Zés—tzxi(esvf—l) | ht—l] >0

s=t i=1
vV hi=t e H'L vt
Note that
T

Zés tle 9 |h5 1 ht 1] ZEm

s=t =1

Z&s—tui(es“ls—l) _ Ui(9t|ht_1) | ht—l
s=t
(2.3)

Thus, the definition(s) can be written equivalently in terms of (k, U).
Finally, if the budget was required to balance in expectation only at the start of

the contract for history A", then we call the constraint ex ante budget balance.
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2.6 Efficient Mechanisms

Proposition 4 and Corollary 4 above help us unify a host of results from the existing
literature on efficient dynamic mechanism design. Most (if not all) these papers invoke

the ex post notion of efficiency. Define

S(0,k) =Y ui(0, k)

to be the (static) economic surplus generated by the N-player mechanism design

problem.

Definition 13. Let k* be the first-best allocation rule, that is, for all 9, € ©, h!™! €
HY and Vt,
E(6:h"1) = argmax S(6;, k)

A mechanism m = (k,U) or (k,x) satisfies efficiency if k = k*.

Athey and Segal [2007b, 2013] provide the dynamic version of AGV mechanism
that satisfies perfect Bayesian incentive compatibility and ex post budget balance
but violates individual rationality at some history. Bergemann and Valimaki [2010]
present the dynamic analog of the pivot (or VCG) mechanism that satisfies ex post
incentive compatibility and individual rationality every period but not budget bal-
ance.’

In a bilateral trade setting, Myerson and Satterthwaite [1983] showed that it is
simultaneous interaction of incentives, participation and budget balance that leads to
an impossibility of efficiency result. It is thus interesting to analyze the interaction of

these forces in a dynamic model. Athey and Miller [2007], Skrzypacz and Toikka [2013]

and Lamba [2014] provide necessary and sufficient conditions for implementation of

9Under some assumptions their mechanism also satisfies efficient exit— an agent
that stops being pivotal does get any more transfers.
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the efficient allocation under ex post (and perfect Bayesian) incentive compatibility,
individual rationality and budget balance in a repeated bilateral trade setting. Athey
and Miller [2007] consider only iid shocks. While Skrzypacz and Toikka [2013] only
look at ex ante budget balance, Lamba [2014] provides results for interim and ex post
budget balance. Addition of a savings technology laxes the dynamic budget balance
constraint; Lamba [2014] explores this permissibility.

The common thread in all these papers is that they implement the efficient
allocation. Hence, all the mechanisms constructed in these papers, while different
in their inter-temporal structure of payments, must lie in the same equivalence class
of history dependent constants presented in Proposition 4 (or Corollary 4) that
implement the efficient allocation.

We offer a simple translation of the dynamic VCG mechanism of Bergemann and
Valimaki [2010] into the dynamic collateral VCG mechanism proposed in Lamba
[2014] using the dynamic payoff equivalence result. Suppose our objective is to
implement the efficient allocation under (perfect Bayesian) incentive compatibility,
individual rationality and interim budget balance.

We can start with the VCG mechanism. Define

S_i(0_i k) =Y (0, k)

JFi

to be surplus generated without agent ¢, and let S*(0) and S*,(6_;) be the respective
maximum values (over the allocation rule k). As is standard, the VCG mechanism is

then defined by (k*, xV°8), where
2 (0,n"71) = S*(0,) — SZi(0-i4),
for all 9, € ©, h*=1 € H'"! and t < T. Next, consider the isomorphic mechanism in
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terms of the expected utility vectors, (k*, UV¢8)  defined by
chg(e |ht 1 Z(Ss t S* Ht —S* ( —zt)) |ht 1 0,

where S*,(0;) = > u;(0;, k*). This mechanism is ex post incentive compatible and
J#

individually rational but it may violate budget balance; for example, in the bilateral

trade setting with private goods.

Using the dynamic payoff equivalence result, it is easy to construct another mech-

anism (k*, U*) where

U (01 = U9 (0, ') — inf U (6,]h")

Gtez

Note that in view of Proposition 4 our construction entails

ai(0_; |h'1) = — inf U9 (0,h' ).

ezte 7

Hence, the new mechanism is ex post incentive compatible. Also, by construction it
is individually rational.

This mechanism, which we call the dynamic collateral VCG mechanism essentially
transfers all expected surplus at every history to the mechanism designer while leaving
the minimalist possible utility for the agents that satisfies incentives and participation.
It is then immediate to see that if this mechanism does not satisfy interim budget
balance, no other mechanism will.

For all t < T, and ht™' € H'™! let EBS*(h!™1) represent the values calculated
in equation (2.3) for the dynamic collateral VCG mechanism. Then, we have the

following result.

Proposition 5. There exists an ex post incentive compatible and ex post individually

rational mechanism that implements the efficient allocation under interim budget
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balance if and only if EBS*(h'~1) > 0 VA!™1, Vt.

Lamba [2014| proves this result for the special case of two player bilateral bar-
gaining and private good in a discrete types model. That paper also shows that
EBS*(h'=1) > 0 VAh'™!, Vt is also a necessary and sufficient condition for implementa-
tion under ex post budget balance when considering perfect Bayesian implementabil-
ity. We conjecture that a similar result can be shown for this more general framework

adjusting for measure theoretic considerations.!®

2.7 Application: Bilateral Trade

The dynamic payoff equivalence result is particularly useful in analyzing second-best
mechanisms in standard dynamic mechanism design problems with budget balance.
We consider one of the simplest and widely applied problem from static mechanism
design of bargaining with two sided asymmetric information.

A buyer and a seller bargain repeatedly. The seller can produce a non-durable
good every period at a hidden cost and the buyer has a hidden valuation. Both the
cost and the valuation may change over time. In terms of our model, the set of agents
is {B, S}; set of possible valuations and costs are respectively O =V and Og = C;
and the allocation rule is simple the probability of trade, so k; = p; € [0,1]. Stage

payoffs for the buyer and the seller are respectively given by!!

UiPt — TB and Tst — CtPt

The problem of the second-best is then simply the maximization of the expected

aggregate surplus or gains from trade subject to incentive compatibility, individual

Tt will require a repeated use of the dynamic payoff equivalence result to
redistribute transfers across time and types.

UTo keep the outside option normalized to zero, we have tweaked the model a bit
to allow for transfers “from" the buyer and transfers “to" the seller.
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rationality and interim budget balance constraints.

(p,U)

max GFT = // [(U1 — 1) p(vr, 1)+
v e
(vg — ¢2) p(va, ey, 01)9(02]cl)f(vg|vl)d02dvg]g(cl)f(vl)dcldvl

|

subject to

m\

(IC) Ug(vy) > Ug(vy;vy) Yur,vp €V and  Us(cy) > Us(cy; 1) Ver, cy € C

Ug(va|h) > Up(vh; va|h) Yug, vy €V and
Us(calh) > Us(cy; ealh) Voo, dy € C, YVh €V x C
(IR) Ug(vy) >0Vu; €V and Us(cy) >0Ve €C
Ug(valh) > 0Vuy €V and Ug(calh) > 0Vey €C, Vh eV X C

and,

(BB) EBS = // [(vl —c1)p(vy, 1) — Ug(vy, 1) — Us(v1, 1)+
5/6/(1}2 — ¢2)p(vg, ca|v1, ¢1)g(caler) f(va|vr)deadva| g(er) f(v1)derdvy > 0

EBS(h) = // [UQ — e9)p(vs, ca|h) — Ug(vs, calh) — US(UZ,CQ)VL]
g(calhe) f(ve|hy)deadvy > 0, Vh = (hy, he) €V X C

The analysis in this section generalizes the approach of Myerson and Satterthwaite
[1983] to the dynamic model. We collapse the necessary local incentive compatibility
conditions into an envelope formula which is then plugged into the expected budget

surplus constraint. Note, however, that because the problem is dynamic this exercise
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is repeated for every possible history. We first provide the flavor of the general
argument, and then proceed to solve specific examples to formally lay down the key
forces in our understanding of efficient implementation.

Let V = [v,7] and C = [¢,¢].'? We have the following characterization of expected

budget surplus.

Lemma 4. For any perfect Bayesian incentive compatible mechanism,

EBS+Us(w) + Us(e // (=) = (e ) oo
o U0 i ]) - (o e )

xp(vg, c2v1, 01)9(02|01)f(’02|271)d02d02] g(c1) f(vr)derduy,

and

EBS(h) + Up(v|h) + Us(c|h) I// [( ujr;j'? )> - (CQJF%)]

1%

X p(ve, co|h)g(ca|he) f (V2| hy)deadvg

It is important to note that the above result can be stated and proven verbatim
for ex post incentive compatibility. The key to the indifference is that the expected
budget surplus takes expectation over all current and future types of both agents.

Lemma 4 pins down the value of the expected budget surplus in terms of the
primitives and the allocation rule up to an additive constant. Using the dynamic

payoff equivalence result these additive constants determine all possible values of the

2For simplicity, in this section, in a slight abuse of notation, we will denote Ug(v) =
inf,cp Ug(v) and Up(¢) = inf.cc Us(c). This is true if Markov processes satisfy first-
order stochastic dominance, but not in general. It is, however, not essential for our
results.
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expected budget surplus for an incentive compatible mechanism implementing a fixed
allocation.
Let EBS* and EBS*(h) refer specifically to the incentive compatible and indi-

vidually rational mechanisms where
Ug(v) = Us(¢) = Ug(v|h) = Us(c|h) = 0

forallve V,ceC,and he V xC.

Corollary 5. A perfect Bayesian (or ex post) incentive compatible and individually

rational mechanism can be implemented under interim budget balance if and only if

EBS™ >0 and EBS*(h) >0 for allh € V x C.

Proof. Sufficiency is obvious. For necessity, note that FBS** and EBS**(h) are the
highest expected budget surpluses that can be generated for their respective histories
while satisfying IC and IR. If they are not non-negative no other IC and IR mechanism

can ensure them to be. O

Removing transfers, the second best mechanism can then be explicitly formulated

by the following result.

Corollary 6. A perfect Bayesian incentive compatible and individually rational allo-
cation maximizes expected gains from trade under interim budget balance if only if it
solves

max GFT
P

subject to

EBS*™ >0, EBS*(h)>0VYh, and
p is PBIC

Implementability of p is essentially a requirement that global incentive constraints
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be satisfied. In the static model it is replaced by the familiar monotonicity condition
on the allocation. In the dynamic model, Pavan, Segal and Toikka [2014] show that it
can instead be replaced by what they call the integral monotonicity condition. In the
dynamic model though the implications of this condition are much less understood
and global incentive constraints can routinely bind; see Battaglini and Lamba [2014].13

A substantial appeal of the static model with linear preferences and continuous
types is that the solution is always bang-bang, the probability of trade is always 0 or
1. Since the objective and all constraints are linear in the allocation, the same insight
goes through in the dynamic model too.

Also, Lamba [2014] shows that if there exists a mechanism that implements an
allocation under interim budget balance, then there must exist a mechanism that
implements it under ex post budget balance.!* The argument for a finite period
model simply follows an inductive inter-temporal redistribution of transfers.

Perhaps one of the most studied simple expositions of the competing economic
forces of information, participation and budget balance in mechanism design is the
uniform bilateral trading problem- static version of our model with a uniform prior.!®
In order to clearly bring out the prominent economic forces in a simple fashion, we
work in a natural extension of this model to the dynamic environment, and present
the optimal mechanisms under the extreme ends of the information space. In the next
three subsections the types of the buyer and the seller are assumed to be uniform on

[0,1] in both periods.'6

13In most of the literature fairly stringent sufficient monotonic conditions (requiring
monotonicity of the allocation across histories) are invoked ex post to check whether
the allocation in incentive compatible.

“This is valid only for perfect Bayesian incentive compatibility and not ex post.

1See Myerson [1985] and Gibbons [1992].

16We use the iid model to motivate ideas because it offers a simple and complete
characterization. We do not have to worry about global incentive constraints. Though
a characterization with persistence for a simple model is an important benchmark to
work towards.
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2.7.1 Static Benchmark

Following Myerson and Satterthwaite [1983], let us first consider the case where ¢ = 0.
Then, writing down the problem in corollary 2 as a Lagrangian'’, it is easy to show
that trade happens, that is, p(vy,¢;) = 1, if and only if v; > ¢; + M, where M solves

the binding £ BS constraint
//1{U1>c1+M} [2'01 —1- 2C1] dcldvl =0
0

1
ie., 6(4M —1)(1-M)?*=0

Thus, trade happens if and only if v; > ¢; + ;11. Since efficiency demands trade for
every v; > c¢; M = i precisely characterizes the no trade region and the degree
of inefficiency. Since the allocation is monotonic, it is implementable. Figure 2.1a
captures the no-trade region pictorially. The solid diagonal represents the locus v, =
c1. Efficient allocation requests trade above the solid diagonal. The area above the

dotted line represents the actual trade region.

2.7.2 1ID case

Now, suppose the types of both agents are distributed uniformly on [0,1] in both
periods.'® We first consider implementation under ex ante budget balance. In the
second period distortions in the EFBS constraint are 0, and trade is always efficient,

generating a maximum possible surplus of % irrespective of the history in period 1.

17f f v —c1) + A (201 — 1 — 2¢1)] p(v1, ¢1)derdvy, where A is the multiplier on

EBS Detalls are in the appendix.
18Formal proofs are presented in the appendix.
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0 c
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Figure 2.1: No-trade regions
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Thus, the no trade region in period 1 solves
1 9 1
6(4M_1)(1_M) —|—56:O (2.4)

It is clear that M is a decreasing function of §. In fact, at § = 0, M = 1/4, replicating
the static model, and M = 0 for § = 1, implying the implementability of the efficient
allocation.

In the T period version of this problem, trade is always efficient starting period
2. Using a recursive mechanism, Athey and Miller [2007| show that in fact for any
distribution, when 7" = oo, trade in first period will be efficient for any § > %

Next, consider implementation under interim (or ex post budget balance) budget
balance. Now, it is easy to show that FBS**(h) will always bind, and the trade in
the second period replicates the static model. Thus, p(ve,ce|h) = 1 if and only if

Vg > Co + % for all h. In the first period, the no trade region M solves

SN = 1)1~ MY 452 =0 (2.5)

Again, M is a decreasing function of §. However, this time even § = 1 cannot
guarantee efficient trade in period 1. Interim budget balance forces the agents to
internalize incentives for period 2 while deciding on the optimal mechanism. The
contract is no longer efficient in period 2, and hence a smaller collateral is available
for trade in period 1.

Nevertheless, it is interesting to consider d as a proxy for the surplus available in
the future in a general T" period model. Following the said motivation, it is easy to
see that trade will be efficient, and the expected budget surplus constraint will not

bind in period 1 for § > %
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2.7.3 Perfect Persistence

When types are perfectly persistent, there are no second period expected budget
surplus constraints. So, all notions of budget balance are equivalent. The problem
reduces to the maximization of gains from trade under ex ante BB and constant types,
thus giving us a repetition of the static optimum. In both periods trade happens if

and only if v > ¢+ i.

2.7.4 Discussion

We know that efficient trade is impossible in the static model. What is the driving
force in the dynamic model that presents us with the possibility of efficiency? A
casual glance at equations (2.4) and (2.5) gives us an indication. A greater expected
economic surplus creates a collateral that can used to sustain efficiency. This surplus
generated is a function of discounting, the levels of asymmetric information through
persistence and the limits on insurance imposed by varying notions of budget bal-
ance.!?

Under iid types and ex ante budget balance, maximum possible surplus is gener-
ated in period 2, which can distributed across types and time, significantly reducing
the no-trade region in period 1. However, under a stricter notion of budget balance,
there are limits on the depth of the credit line facilitating trade. It reduces the total
future surplus, thereby mitigating the advantage dynamics present even for the case
with minimal informational constraints.

At the other extreme, when the informational constraints are the most severe, in
the form of constant types, it blunts all possible advantages that dynamics present by

making all those histories that would relax information constraints to generate future

surplus be zero in probability.

19See Lamba [2014] for a full discussion of efficiency in repeated bargaining.
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2.8 Conclusion

This paper introduces a dynamic and history dependent version of the payoft equiva-
lence result. We show that given two mechanisms that implement the same allocation,
expected utility of an agent after any history in one must differ from the other
through a history dependent constant. This result is then used to unify existing
results in efficient dynamic mechanism design. For a general, N- player mechanism
design problem, we also precisely characterize the conditions under which the efficient
allocation can be implemented under participation constraints and budget balance.
This conditions puts joint restrictions on the stochastic evolution of types and the
level of discounting. We also show how the dynamic payoff equivalence result can
be exploited to calculate the second-best mechanisms through a simple of repeated
bilateral trading. Finally, we elucidate the nuances of degree of transparency in the
mechanism and its impact on the dynamic payoff equivalence result.

Going forward it will be useful to study specific dynamic mechanism design prob-
lems, especially those related to multiple goods auctions and public goods provision
where the dynamic equivalence formula will prove very useful in characterizing the

revenue and social welfare maximizing mechanisms.

2.9 Appendix

2.9.1 Proof of Proposition 4

Sufficiency. Suppose (k, U) is ex post incentive compatible. Fix 6_;; and h'~*. Then,

U;i(0;.4,0_;4|h'") appears in two kinds of incentive compatibility constraints. First,

Ui(0ie, 0-ie| DY) > Ui(0; 4, 0l W' ™) + (il 43 0| n' ™) — wiB] 04| h'7))
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5 / Usser |00, 0-s0) (FiBursal0rs) — Fi(Bran|00)) B
0;

(2.6)

and,
Ui(6;, O_i|h' 1) > Ui(0ig, 04| R) + (ui<0i,t; 0£7t0—i,t|ht_1) — ;i (Os 0—i,t|ht_1))

+5/ Ui(0041|h 050, 0_50) (fi(0i 041105 ,) — fi(6i041105t)) dbi g
O;

(2.7)
Clearly addition of any constant a;(6_;;|h'™) to U;(0;4,0_;,|h'") for all 6;, € ©;
does not affect any of these constraints.

Next, fix (6;;_1,0 ;1) = hi_1. Second, we need to consider the constraints,
Ui (0,1, O_ii1|h'"?) > Ui(0i-1,0_;1|h" )+

(Ui(ei,tfl; §,t719—z’,t—1|ht72) — u;(0;1-1, efi,tfllht72))

+5/ Ui(0;.4)h' 1) (fz’(ei,tw;,tfl) — fi(ei,t|0i,t—l)) do; +

O;
Thus, addition of the constants a;(0_;;|h'™*) to U;(6;4,0_;,|h'~1) for all 6;, € ©; leads
to addition of a;(h'™") = Eg_, , [a;(0—|h"~")[h' 1] to U;(0;,|h'~) for all 0;, € ©; which
drops out of the constraint.
Therefore, linear additions of constants as defined in the proposition preserves
incentives.
Necessity. Fix agent i and history h'™' € H'"!. From (2.6) and (2.7), incentive

compatibility implies

(i (B W' 1) = (i (045 054, 00| W) +
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5 / Us(Bs s | 00) (AFA(Bs11165) — AF(Brr110.,))
0;

> Ui(9t|ht71) — Ui(eé,tﬁ_i,t\ht*l) >
(s (8L 0ul*™") = (8], 0 alH1)) +

5/ Ui (0,051 |R" 9;,757 0_i+) (dﬂ(ei,tﬂwi,t) - dFi(ez’,t—i-l'e;t))
0;

Using integration by parts, this can be written as

(ui<9t‘ht_l) — (u;(0;4; ;,m efi,t|ht_1)) +

5/ 3Ui(91‘,t+1|ht_17 6:)

o0 : [F(ei,t+1’9i,t) - F(@,tﬂ’@;t)] db; i1
it+1

©;

> UB(Ut,CtVLt_l) — UB(UQ,Ct|ht_1) >
((ui (07 43 0 A1) — ui(07 1, 03| h™1)) +

: [F(ei,t+1|9i,t) - F(Qi,mI@Q,t)} d; 41

5/ OU; (0; 44101, 0: > 0_i+)
00; 141
9;

Since the utility functions and stochastic processes satisfy all standard regularity

conditions?’, the usual envelope argument gives us

do; 111

OU;(0; 4, 94,t|ht_1) ou(; 4, 64,t|ht—1) OU;(0; 141 |ht_1, ;) OF(0;44110:1)
6;, 26, o '

B 00; 411 90;,
O;

A slight modification of the Theorem 1 in Pavan, Segal and Toikka [2014] tells us that

this can be done recursively. The modification being an extra variable in conditioning

29See sections 2.1 and 3.1 of Pavan, Segal and Toikka [2014].
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on expectations, viz 6;, since we are using ex post incentive compatibility. Thus®

Ui(0; 4, 04| h*™1) = Us(0],,0_i4|n" )
0; ¢
5“(9it,9—it|ht71) 8Ui(9it+1|ht7170t) OF(0;4+110:+)
’ : 1) : . : 2 db; do; 2.
9;'/,75 O;

The result follows.

2.9.2 Proof of Proposition 5

Sufficiency is obvious. If the Collateral Dynamic VCG mechanism satisfies all the
necessary properties, then it is one such desired mechanism.

Next, we establish necessity. Most of the substance follows from Proposition 4
, that is, payoff equivalence. Suppose there exists a set of histories H of non-zero
measure, such that FBS*(h) < 0 for all h € H.

Consider any other mechanism (p, U) that is ex post incentive compatible, indi-
vidually rational and and implements the efficient allocation under interim budget

balance. Then, by construction,
Ui(0,|h=1) > UF(0,]h') Vi VR !
Recollect from equation (2.3) that expected budget surplus can be written as
N T
EBS(h'™) =Y E™ > 8" ui(0,| ") — Us(fen' ") | b
=1 s=t

Thus, if for any history A=t € H, EBS*(h!™1) < 0, we must have EBS(h'™!) < 0 in

HFrom any standard integrability theorem, see for example Theorem 5.13 in
Royden [1968].
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(p,U).

2.9.3 Blind Mechanism

The blind mechanism consists of each agent announcing her/his type to the mech-
anism every period; however, the agents cannot observe each other announcements.
Thus, the information set of an agent in period ¢ consists of her/his own announce-
ments, actual types and the allocation rules up to period t — 1. An important
restriction on the set of mechanisms then is measurability of the transfers to the
agents every period with respect to their information sets. Note that the histories in
the blind mechanism only consist of own announcements, own types and the allocation
rule.

Keeping these in mind, we can restate the the dynamic payoff equivalence result

for the blind mechanism as follows.

Proposition 6. Payoff equivalence holds after every history for the blind mechanism.

That is, if (k,U) and <k, [~J> are two perfect Bayesian incentive compatible mecha-

, T
nisms that generate utility vectors ((Ui(0i7t|hblmd’t*1))j\;1> and
) | v T t=1
((Ui(ﬁi,tlh“md’“l)) ) respectively, then, there exists a family of constants
=1/,

| o t=1

<(ai(hblmd7t_l)) ._1> such that
=/ t=1

Ué(gm‘hblmd,t—l) _ gi(‘gi,tmblmd’t_l) + ai(hblmd’t_l)

Conversely, if (k,U) is ex post incentive compatible, and U and U satisfy the above

) T ~
two equations for a finite family of constants ((ai(hblmd’t_l)){\il) , then <k,U> 18
=1 t=1

also ex post incentive compatible.

To operationalize the blind mechanism and note its basic difference from the

public one, we explore the collateral dynamic VCG mechanism. In equilibrium, and
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on truthful histories, the expected utility vectors are now simply functions of past
individual reports.

First, we start with the dynamic VCG mechanism as in section 6, and construct
the collateral dynamic VCG mechanism, (k*, U*). This of course cannot be a blind
mechanism because it is not measurable with respect to the agents’ information sets.
Thus, as a final step we define the following utility vectors. Let 0! = {6;1, ..., 0.}

UM (0;,410:7") = Ege [U(6: 1) | 6]

7

And, finally using Proposition 6, we define

U (0,01011) = U (0,,000) — inf U(0, ]0: )

0;,1€0;

where a(0:7") = _emf@ Ublind (g, ,|01). From the perspective of the mechanism
i,t€0;

designer who observes the public history, define
Uiblind,* (0t|ht—1) — Uibli’nd,* (0i7t|9§_1),

V0, €0,V ht~t € H1. Thus, the blind mechanism amounts to pooling a lot of the
incentive constraints across histories.

Forallt < T, and h'™t € H'™1 let EBSYnd*(hi=1) represent the values calculated
in equation (2.3) for this blind dynamic collateral VCG mechanism. Note that the
set of histories for calculating the expected budget surplus is still public because
the mechanism designer can observe all the announcements. Then, we can state the

following result.

Proposition 7. There exists a perfect Bayesian incentive compatible and individually
rational blind mechanism that implements the efficient allocation under interim budget
balance if and only if EBS® e+ (ht=1) > (0 VAL, Vt.

80



The associated transfers can be then be constructed using equation,

Uiblind,* (Qi,tw;ﬁ_l) _ u?lind,*(0i7t|9§—l> . xblind,*(0i7t |ht_1)+

7

OBy U™ (0001007, 01,0) 107,61 |

(2

where

2

uz';zmd,*(@i’twf—l) = E@ii [u*(9t|ht_1) | Qﬂ

It is important to note that from the perspective of the mechanism designer
Uil)lind7*((9t’ht—1) Z U;(&tlht_l),

V0, € © V ht e H=! Thus, the blind mechanism produces a weakly higher

surplus for every history and thus is more likely to implement the efficient allocation.

Corollary 7. EBSYnd*(pt=1) > FBS*(h=1) VA!™L, Vt. Thus, if the public mecha-

nism implements the efficient allocation, so does the blind mechanism.

2.9.4 Proof of Lemma 4

Incentive compatibility in period 2 for any history h gives,
(v2 = v3) p(v2|h) = Up(va|h) — Up(vy|h) = (vy — v2) p(vy|h)

The envelope formula for period 2 thus follows,

v2

Us(ualh) = Un(olt) + [ p(@lh)ds, 29)

v
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Employing incentive compatibility in period 1 gives
(v1 = )p(en) + 6 [ Un(oafon) - [P (uslon) = dF (oafo})
v

> Ug(v1) — Up(vy) >

(1 = vh)p(v) + 5/ Up(va|vy) - [dF (va]r) — dF (ve|))]
1%

Using (2.9) and integration by parts, gives the dynamic envelope formula,

v) = Uglv [ . u). (L OFWalt0)/00 ) i .
Us(on) cfa>3/Px>+6!m ) ( )| ar (@) (210

f(vaoy)

v

Similarly, we get

Us(calh) = Us(@|h) +/p(62]h)d62 (2.11)

c2

and,

c

Us(e) = Us(@)+ [ |o(e +6 [ stea).

Cc1

_ aG(02|51)/661
g(ca|cr)

Now, in period 2, we can write the expected budget surplus as

EBS(h) = //[:EB(UQ,CQM) — x5(vg, ca|h)] g(calhe) f(va|hy ) deadvy
VvV C

=//wm%wm—%mmww@m%mm+ww@wn
Yy C

g(calhe) f(va]hy)deadvy
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which using equations (2.9) and (2.11), and integration by parts can be written as

EBS(h) + Ug(vlh) + Us(clh) = V/C/ [(”2 a %) N (62 i %) ]

xp(va, ca|h)g(calhe) f(va|hy)deadvy

Similarly, using equations (2.10) and (2.12) in

EBS — // [(wip(vr, 1) — Un(wn, ) — (erplen, @) + Us(or, 1))

UQP V2, CQ‘Ula 01) - Czp(vz, 62|Ul7 01)] g(c2|hc)f(v2|hv)dcgdv2 Q(Cl)f(vl)dcldvl

s f
12

and integrating by parts, we get the desired equality.

m\

2.9.5 Details of the Examples presented in Section 4

Monotonicity. Let hi ; denotes buyer’s report in period j < t. For KRt € HY,
Bt = Rt if hijj > ht and ht < ht for all 7 <t. Then, an allocation p is monotonic
if Bt1 = B = p(ug b1 > p(oiREY) and pleghtY) < p(ci[RtY) for all v, > v) and
¢ > ¢

In the context of our model, Pavan, Segal and Toikka [2014], and Battaglini and
Lamba [2014] show that under first-order stochastic dominance, local incentives and
monotonicity imply implementability.

In each of the first three examples, we maximize expected gains from trade
under the respective expected budget surplus constraints. In all the cases below,

the allocation will be monotonic in the sense described above, so will ignore the
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implementability constraint. In the static model,

11
max //(vl—cl)p(vl,cl)dcldvl
P

0 0

subject to

11
//(21}1 —1—2¢1) p(vy, ¢q)deydo; > 0
0 0

The Lagrangian can then we written as

/1/1[<Ul =) + A (20 =1 = 2e)] p(vy, e1)derdvy

11
A
=(1+ 2/\)// (v1 —c — 1+—2)\> p(v1, ¢1)derdo
00

Since we know that the efficient allocation is not implementable, we must have A > 0.

Thus, we must have

1 if vy >c+ M
p(U17 Cl) -
0 otherwise

where M = J:‘QA Substituting this allocation rule in the binding constraint, gives

M = %. The two period iid problem under ex ante BB can be written as

11 11
max // v1 —¢1) p(vr, 1 —1—5// Vg — C) p(va, Ca|v1, ¢1)dcadvy | deydvy
00 0 0

(2.13)
subject to
// 2?}1 —1- 261 'Ul,Cl —I— 5// Vg — CQ U2762|Ul,01)d02d02 dCldU1 > 0
0
(2.14)
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Setting up the Lagrangian, it is easy to see that the optimal mechanism is efficient
in period 2 and M in period 1 solves equation (2.4).
Finally, in the two period iid problem under interim BB we maximize (2.13)

subject to (2.14) and

11
//(21}2 — 1 — 2¢5) p(va, ca|v1, ¢1)dcadvg > 0,
00

for all vy, c;. Setting up the Lagrangian it is easy to see that allocation in period 2

replicates the static model, and period 1 no-trade region solves equation (2.5).
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Chapter 3

Optimal Dynamic Contracting: the

First-Order Approach and Beyond

3.1 Introduction

Most contractual relationships have a dynamic nature, involving long-term, non-
anonymous interaction between a principal and an agent. Examples of these con-
tractual relationships include income taxation, regulation, managerial compensation
or a monopolist repeatedly selling a non-durable good to a buyer. In these envi-
ronments contracts can be made contingent on past realizations of the agent’s type,
allowing the principal to use the agent’s revealed preferences to screen future types’
realizations. This may be particularly useful in limiting asymmetric information and
agency problems when the agent’s type is persistent over time.

Despite recent advances in contract theory, there is still a limited understanding
about how to use this information to design optimal screening contracts. Dynamic
contracts are difficult to study because they involve a large number of incentive com-
patibility constraints. The analysis of optimal dynamic contracts has therefore been

limited to economic environments in which a form of the “first-order approach” can be
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applied: environments in which the optimal contract can be fully characterized using
only the necessary conditions implied by local incentive compatibility constraints.
While the first-order approach can be generally applied in static environments under
mild regularity assumptions, in dynamic models local incentive compatibility con-
straints have proven to be sufficient only in very special economic environments.!

This leaves three sets of open questions. First, what is the general applicability
of the first-order approach and what are its implications? Second, in environments
in which the first-order approach does not hold, what does the optimal contract
look like?  Are there phenomena associated with dynamic contracts that we are
ignoring by focusing on environments in which solving the contract is easy? Finally,
if characterizing the optimal contract is complicated, can we approximate the optimal
contracts with simpler contracts which guarantee a minimal loss in profits?

To address these questions, we consider a simple principal-agent model in which
a monopolist repeatedly sells a non durable good to a buyer. The “type" of the
buyer that parametrizes his utility is private information, and it evolves over time
according to a general N-state Markov process. Higher types are assumed to have
higher marginal valuations and their associated conditional distribution on future
types first-order stochastically dominates the distribution of lower types.

We present four sets of results. We start by exploring the applicability of the
first-order approach. We show that if we ignore global constraints, necessary local
incentive compatibility constraints allow us to state a “dynamic envelope theorem”
with discrete types through which the agent’s equilibrium rent can be expressed just as
a function of the expected allocation. In the relaxed problem that only includes local
incentive constraints, the dynamic envelope theorem allows a simple characterization
of the profit maximizing contract. In keeping with the terminology from the static lit-

erature, this contract is referred to as the first-order optimal contract, or FO-optimal

"'We will discuss the literature in greater detail in Section 8.
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contract. We also show that the envelope formula and a simple form of monotonicity
of the allocation are sufficient for implementability.? Monotonicity requires that
if bt = K, then q(ht) > q(ht), where q(ht) (resp., q(h)) is the quantity allocated

3 This condition is only sufficient and quite strong,

following a history A! (resp., ht).
but it is verified for virtually all environments in which the optimal dynamic contract
has been characterized in the existing literature.* Although various characterizations
of the envelope conditions have been presented over time,? this paper is the first to
provide a general characterization of the formula and its implications for discrete
types. This approach has two advantages. First, most applied works using numerical
methods to study dynamic contracts rely either on the discrete type assumption or
discrete approximations of the continuous type model. The formula with discrete
types presented in this paper, thus, allows an exact characterization. Second, focusing
on discrete types allows us to avoid the measure theoretic complications of the case
with continuous types which may obscure otherwise simple economic intuitions.
Second, we show that the environments for which the dynamic envelope formula
is sufficient to characterize the optimal dynamic contract are very special. With
more than two types, when types’ correlation is sufficiently high, the first-order
optimal contract is generically non-monotonic. Because of this, global constraints
are generically binding if the time horizon is sufficiently important (that is when
types’ persistence, number of periods 7" and the discount factor ¢ are high enough).
Numerical calculations show that, in general, the level of persistence needed for the

failure of the first-order approach is in fact quite low.

2An allocation is implementable if there exist transfers such that the contract is
incentive compatible.

3A history is a vector of reports bt = (hi, ..., hl), so ht = Kt if hl > ﬁj vy <t.

“Necessary and sufficient conditions for the optimality of the FO-contract can
easily be stated, see Section 4. But, these tend to be less intuitive.

®See, among others, Baron and Besanko [1984], Besanko [1985], Laffont and Tirole
[1996], Courty and Li [2000], Battaglini [2005], Eso and Szentes [2007], Pavan, Segal
and Toikka [2014].
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These findings on the limits of the first-order approach have important implica-
tions for applied work. In many applications of dynamic principal-agent models
(including the study of optimal taxation), the key variable for which agents have
private information is their income. Using a recent large data set Guvenen et al.
[2013a] and [2013b] ¢ show that individual income in the U.S. is very persistent and
the empirical distribution of income changes has extremely high kurtosis. Therefore,
in all applications where income is the key variable it is appropriate to assume that
types are highly persistent. These are precisely the environments where our results
suggest that the use of the first-order approach is particularly problematic: either it
does not work, due to the violation of some global incentive constraint; or it works
only because a non-generic stochastic process has been assumed.

Our third contribution is to fully characterize the optimal contract in a simple
environment with three types and two periods. The characterization shows that the
seller typically finds it optimal to offer a continuation utility in the second period
that is not monotonic in the revealed first period type. The optimal contract is
characterized by separation of types even when separation is not optimal in static
contracts. It is also characterized by what we call dynamic pooling: strategic state
contingent treatment of types in which types may be initially separated, to be then
pooled conditioned on particular histories.

In our final contribution, we make a first step in addressing the problem of
designing optimal contract in complex environments with large 7" and N. We
identify a particular class of allocations for which the optimal implementable contract,
which we term monotonic contracts, can be easily characterized.  Quantities in
monotonic contracts are forced to be non-decreasing in types (a restriction, following
Roger Myerson’s original terminology, we call ironing). Restricting to this subset of

contracts is not optimal in general. We show, however, that the optimal monotonic

5The dataset consists of a random sample of 10% of the population between the
ages of 25 and 60 from 1978 to 2011.
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contract converges in probability to the optimal contract as types become highly
persistent, or discounting converges to one, or both persistence and discounting
converge to one, independent of the order of these limits. In these cases, the loss
in the monopolist’s profit goes to zero. Further, numerical calculations show that the
optimal monotonic contract performs very well, ensuring a minimal loss in objective,
even with lower levels of persistence.

We proceed as follows. In Section 3.2 we present the model. In Section 3.3
we present the dynamic envelope formula and the first-order optimal contract. In
Section 3.4 we characterize the validity of the first-order approach. In Section 3.5 we
establish the limits of the first-order approach in the form of an impossibility result
for a general class of dynamic models. In Section 3.6 we completely characterize
a three type, two period model. In Section 3.7 we introduce and explore monotonic
contracts. In Section 3.8 we provide an overview of the literature. Finally, conclusions

are presented in Section 3.9. Proofs can be found in the appendices.

3.2 Model

There are two players, a buyer (or consumer) and a seller (or monopolist). The buyer
repeatedly buys a non-durable good from the seller. Consumer of type 6; enjoys a
per-period utility w (6, q) — p for ¢ units of the good bought at a price p. In every
period, the seller produces the good with a cost function ¢(q). The utility and cost
functions satisfy the usual conditions. The utility function u (6, ¢) is increasing and
differentiable in both arguments, with wu (6;,0) = 0; it is concave in ¢; and it satisfies

the single crossing condition:
Assumption 1. wuy, (6,q) > 0 for any 0 and q.

The cost function ¢(q) is increasing, convex and differentiable with ¢/(0) = 0

and lim, .. ¢’(¢) = oo. For future reference, let s(,q) = u(f,q) — c(q) be the
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instantaneous surplus generated by a contract that supplies quantity ¢ to a buyer
of type 0. In what follows, s,(6,¢q) and u,(6, q) denote the derivatives with respect
to gq. To illustrate some of the results, we will repeatedly use the classic version
of this model proposed by Mussa and Rosen [1978]| in which w (6;,q) = 6,¢ and
c(q) = (1/2)¢*.

The type 6; evolves over time according to a Markov process. There are N + 1
possible types, © = {6y, 01, ...,0x}, with 6; — 0,1 = A > 0 for any i =0, ..., N — 1.
Let N'={0,1,2,..., N} denote the set of all indices of types, noting that the indices
uniquely identify the types. The probability that type £ is reached next period if the
agent’s current type is ¢ is given by f(0x|0;) = ax. Let F be the conditional CDF,
defined F(0,|60;) = Nz_j Qi(j+k)- The distribution of types conditional on being type i is
denoted a; = (o, gczo, ..., ;N ), where we assume that a; has full support (so ;; > 0
for any 1, j), and «; first-order stochastically dominates «; for any ¢ and any j > i.
Given that higher indices imply lower values, first-order stochastically dominance can

be stated as:
Assumption 2. F(6,|0;) < F(0;|6k) for any j and i < k.

In each period the consumer observes the realization of his own type; the seller,
in contrast, can only observe past allocations. At date 0 the seller has a prior
i = (o, ..., uy) on the agent’s type. For convenience in most of what follows we
assume the prior has full support, so u; > 0 for any 7. This assumption is made only
to simplify notation and is not necessary for the results.

In static models, standard concavity assumptions on the objectives and distribu-
tional assumptions like monotone hazard rate on the prior ensure the validity of the
first-order approach, see for example Stole [2001]. We require the former assumption,

but we do not need the latter. Define:

(0,,q) = s(01,q) — 1‘%—“ s, g) — (6, 9)]
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Assumption 3. ¢ is concave and has a a unique interior maximum over q for all i.

This assumption rules out situations in which even in the static model the optimal
solution is the zero supply corner solution.

We assume that time is discrete and the relationship between the buyer and the
seller lasts for T" > 2 periods. In period 1 the seller offers a supply contract to the
buyer. The buyer can reject the offer or accept it; in the latter case the buyer can
walk away from the relationship at any time ¢ > 1 if the expected continuation utility
offered by the contract falls below the reservation value U = 0. In line with the
standard model of price discrimination, the monopolist commits to the contract that
is offered. The common discount factor is § € (0,1).

It is easy to show that in this environment a form of the revelation principle
is valid, which allows us to consider, without loss of generality, only contracts that
depend on the history of type revelations, i.e., the contract can be written as (p,q) =
(p (0, |P*1),q (6, |h*1))[_,, where h'~' and 6, are, respectively, the public history
up to period ¢ — 1 and the type revealed at time t.” In general, h’ can be defined
recursively as ht = {h*71 0;}, h® = (). The set of possible histories at time ¢ is
denoted H! (for simplicity H = HT). Let s; be the mapping that projects the
first ¢ elements of a vector. The set of full histories that follow A’ till time ¢ is
given by H(h') = {h € H|r,(h) = h'}. Tt is also useful to define the set H(h!) =
{h € H(h")|h, < 0y V7 >t}. This is the set of histories following A’ in which all
realizations after ¢ are lower than 6y, the highest type.

A strategy for a seller consists of offering a direct mechanism (p,q) as described
above. The strategy of a consumer is, at least potentially, contingent on a richer
history hl, = {htA_l, 0, (/9\,5_1}, where 6, is the actual type every period and é; is the

revealed type. Note that h% = 6,. For a given contract, a strategy for the consumer

"When it does not create confusion, the subscript of 6 signifies time period or a
specific type depending on the context: so when we write ;, we mean 6,,. The extra
notation would be superfluous in most of the paper.
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is simply a function that maps a history Yy into a revealed type: h% — s(hYy).

3.3 The first-order approach and the dynamic enve-
lope formula

In this section we characterize the seller’s problem and discuss the standard approach
that has been used in the literature to solve it: the so called first-order approach. The
seller’s problem consists of choosing a contract (p, q) that maximizes profits under two
sets of constraints: incentive compatibility constraints, which guarantee that an agent
of type ¢ does not want to report being a type j after any history h', and individual
rationality constraints, which guarantee that all types expect to receive at least their
reservation utility U = 0 after any history h'. Since the choice of prices and quantities
corresponds to the choices of utilities and quantities for the buyer, this problem can be
conveniently represented as a choice of (U,q) = (U (6, |[h*™1), q (6, |ht*1))tT:1, where
U (6, |h'~1) is the expected utility of a type 6; after history h'~*.

The generic incentive compatibility constraint IC; ;(h'™1) requires U(6;|h™1) >
U(0;;6;)h'1), where U(6;;0;|h'~1) is the expected utility of a type 6; reporting to be
a type 6; at time ¢ after history h'~!. This constraint can be easily rewritten in terms

of (U, q) as:

N
UG:[n'™") = U@+ 6 (o — ag) UGlh' ™, ;)
k=0

+u(;, q(0;]h" ")) — (8, q(6;h ). (3.1)

The individual rationality constraint for type 7 at history h'=!, I R;(h'™!), is a simple
non-negativity constraint:

U(6;|'~1) > 0. (3.2)
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For future reference, we call local downward constraints the incentive constraints that
are associated with a deviation to a contiguous lower type (i.e. IC;;1(h'™1)), and
local upward constraints the incentive constraints that are associated with a deviation
to a contiguous higher type (i.e. 1C;,1;(h'™1)). We refer to all the other constraints
as global. A contract that satisfies all incentive and individual rationality constraints
is said to be implementable.

The monopolist’s problem is to maximize expected surplus net of the buyer’s

expected equilibrium rents:

E[S(q)] - i WU (6:]0)

WX\ gt g >0 and IR(h'Y), IC;; (k') (3:3)

for any 4, j, t and hi=t € H' L

This is a standard maximization problem of a concave function under a system of
non-linear constraints. As T and N increase the number of variables and constraints
becomes prohibitively large making (3.3) analytically intractable.

The typical approach in the literature is to first study a relaxed problem in which
only individual rationality constraint of the lowest type and the local downward
constraints [ C’i,iﬂ(ht) are considered. The remaining constraints can be verified

ex-post after the solution of the relaxed problem has been characterized.

Definition 1. A contract is first-order optimal if and only if it maximizes profits
under the following constraints: IRy(h'™') and IC;;11(h'™1), Vi e N\{N}, Vh!"! €
H=L vt

Interest in FO-optimal contracts is based on the fact that in many environments
they coincide with the optimal contracts. Under standard assumptions, the FO-

optimal contract coincides with the optimal contract in a static environment, both
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with finite and continuous type spaces (Stole [2001]).>  This approach has also
been used in all papers that have extended the principal-agent model to dynamic
environments: the first-order autoregressive environment (Besanko [1985]) and the
Markov environment with two types (Battaglini [2005]). Perhaps, more importantly,
the applied literature often focuses on FO-optimal contracts even in the absence of
an explicit proof that local incentive constraints are sufficient for implementability.”

It is easy to show that when we consider the relaxed problem with only local
downward constraints, the incentive compatibility constraints can be assumed to hold

0

as equalities.!® This allows us to eliminate utilities from the optimization problem

and drastically simplify the constraint set. Let us define:

AF (0;10;) = F (0;10;) — F (0;16i-1) -

It denotes the effect on the conditional distribution of a marginal change in type in
the previous period. It is important to note that first-order stochastic dominance
implies AF' (0;16;) > 0, for all ¢ and j. Recalling that H (h') is the set of histories
following h' in which all realizations after ¢ are lower than 6y, and representing by
hy the kth element of history h, we have the following characterization of the agent’s

utility only as a function of q:*!

8A sufficient condition for the FO-optimal contract to be optimal in a static
environment is that the prior p satisfies the monotone hazard rate condition and
ug(0,q) is not increasing in - conditions satisfied, for example, by a uniform prior
and u (0, q) = 6q. See Stole [2001] for discussion of these results.

9See Section 8 for a discussion of this literature.

19The details of the statements made in this section are formally proven in the
appendix.

1Ty interpret (3.4), note that, given a history i = (hy, ..., hy), hr is the realization
of the type at time 7 < s. It follows that q(iLT|iLT*1) is the quantity at time 7 when
the realized history is ht.
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Lemma 1. Corresponding to a FO-optimal contract, we have:

U(0;|ht=Y) = U (O |[HP1) fe+ o(z, q(0; 1 |R1))da
Ab Af

I AF (izk ‘ﬁk_l)
5T t k=t+1
+ Z Z th+A0ue(x,q(fA7,T‘iLT71))dx

heH(ht 10i41) 7>t hr

(3.4)

for anyi e N\{N}, it € H™  andt =1,...,T.

Lemma 1 presents a straightforward dynamic extension of the envelope formula
introduced by Myerson [1981]. This can be seen by taking ¢ to zero, in which case
the second term on the right hand side vanishes and (3.4) coincides with the classic
static formula. The formula in (3.4) allows us to express the marginal rent of a type
exclusively as a function of the allocation q.'? Although the formula is a complicated
function of the conditional probabilities and the allocation, in specific environments

it is quite tractable.

Example 1. When types are i.i.d. we have f(6;|6;) = f(0;|0)) for all i, 7, k, so
for all histories AF <ilk ‘ﬁk_1> = 0. It follows that U(6;|ht™') — U(0;11|h 1) =
f:;l ug(x, q(Oi1|R1))dz. I we assume u (6,q) = 0q, then ug(z,q(0;41|h71)) =

q(0;41|h71). Tt follows that

(UG R) — U(Bea| )] JA0 = (B[ ).

12A continuous type version of the formula is presented in Baron and Besanko
[1984] for the case in which 7" = 3 and in Besanko [1985] for an infinite horizon model
with first-order autoregressive types in which shocks have independent realizations.
Battaglini [2005] states the formula for a Markov process with two states: (3.4) is a
direct, but more involved extension of this result for the case with |©| > 2. Pavan,
Segal and Toikka [2014] present a general version of the formula for a continuous type
space and other stochastic processes.
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In particular this holds for the null history, h°. Thus, the expected rent at ¢t = 1
depends only on quantities in the first period and is same as in the static model. The
agent has no private information about future realizations beyond period 1 when the

contract is signed. So he or she is unable to extract any rents for ¢t > 2.

Example 2. Assume u (0, q) = 0q and, as in Baron and Besanko [1984], that types
are constant, i.e. f(0;]6;) =1 for alli =0,..., N. In this case, after (h'™1,60,,1), only
history & = {h*™1,0;1...,0,11} (in which the type remains equal to 6;;,) has positive
probability and AF (0;]0;) = 1 for all i. Applying (3.4), it follows that:

(Ui R') = U@ lh' )] /A6 =D 67 gq(h,|h7)
>t
for all i € N\{N}, where h € H(h'™!,0;,,) is the history that has all realizations

following period t equal to ;1. The expected rents are thus a discounted sum of

quantities along the constant histories.
Example 3. Assume u(0,q) = 6q and two types, 6y = 0y and 6; = 0, that are
imperfectly correlated. In this case all histories except the “lowest history” (in which

all the types’ realizations are always 6) disappear from (3.4). Given this, we obtain:

[U(0u|h") = UOL|h )] /A0 =" 67" [F(0,10,) — F(0,101)] " - q(h[h71)),
T>1
where h = {h'~1,6;...,6,} is the history following A*~! in which all realization after
t—1 are 0. In this case the rent of the agent at ¢t = 1 depends only on the quantities
in the lowest history, in which the realizations are always 6. This is the envelope

formula derived in Battaglini [2005].

Example 4. Another example that will prove useful in the remainder of the paper is

when T'= 2. Assuming the usual utility u (6, q) = fq, the rents at ¢t = 2 are given by

U(0z|h1> - U(01+1|h1)/AQ = q(61+1|h1) and those at t = 1 by [U(@Z) - U(01+1)] /A@ =
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N
q(0iv1) + D OAF (04]0i11) - q(Ok]0iy1).
k=1

Returning to the general model, we can express the utility vector solely as a

function of q using Lemma 1. Define:

fzfn"*l ug(w,q(Osgn| A 1)) da
N—i

U (0B q) = T AF (i ‘ﬁ,
( | Q) ; N Z Z(V*t kzlll (k kl)

hel (=" 0,,,) ™t . f}{l:-l—AG ue(x, q(ilT’iLT_l))dm

(3.5)
for any i < N, and U*(0y|h'™;q) = 0. Corollary 1, thus, immediately follows from
(3.4):

Corollary 1. Corresponding to a FO-optimal contract, we have U (6;)h'~1) = U*(6;]h'™1; q)
for anyi e N, ht=' € H*=! vt

The FO-optimal contract can now be characterized as the solution of the following

program:

max { ES(@)] =) U (6:]h’; q)} (3.6)

>0
4= =0

This problem can be solved to obtain the closed form solution. Let D(h') be equal

tolatt=1, and for ¢ > 1, define:

0 if ht = 6, for any 7 < t
DY =4 AF(ht, |ht) (3.7)
I (Far=te) clse

These are the dynamic distortions associated with the FO-optimal contract. Recall
that for any 6;, s(6;,q) is the per period surplus (i.e. u(6;,q) —c(q)), and s,(6;, q) its
derivative with respect to ¢. From the first-order necessary conditions of (3.6) we

can easily characterize the FO-optimal contract as follows.!?

13Note that, in the following expression, D(h'~1,0;) corresponds to D(h') for ht =
{ht=1,0,}. Also, §_, is any dummy type.

101



Proposition 1. Corresponding to a FO-optimal contract we have:

Hj

_N 0i—1
sol0h, 4" (O:IA)) < == DR 0) - / gl q(O:[H))dz  (3.8)

for any i € N, h'=' € H'™' and t, where 8; = h%, and the above is satisfied with

equality if ¢* (6;|h'~) > 0.

It is customary in the literature to assume that the objective function in (3.6) is
concave (see Stole [2001] for example): in this case (3.8) is necessary and sufficient
and so it uniquely defines the FO-optimal contract. Although this assumption is not
required for the following results, it is always verified if we assume preferences a’ la
Mussa and Rosen [1978], when u(6,q) = g and c¢(q) = (1/2)¢?. In this case, at an
interior solution, we have:

g (6:h'1) = 6; — === D(RY 6, AG (3.9)

K

where 0; = h%. Under Assumption 3, moreover, the objective function (3.6) is concave
if types are sufficiently persistent.

We can now apply (3.8) to the examples discussed above.

Example 1 (cont.). From (3.7) and (3.8) we can see that when types are i.i.d.,
it is optimal to offer the optimal static contract in the first period and the efficient
contract in all following periods since the quantities offered after t = 1 do not affect
rents. For the standard model, we have ¢* (0;) = 0; — %A@ in the first period

and ¢* (6;|h'™!) = 6; in the following periods.

Example 2 (cont.). From (3.9), it follows that when types are constant it is optimal
N
to offer the same quantities ¢* (0;) = 0; — PZLLMAG in all periods, irrespective of the

history of types’ realizations. To see this, note that on histories in which types remain

constant we have D(h'~! 6;) =1, so (3.9) is equal to 6; — I_E#MAH. On histories
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in which types are not constant, any quantity is optimal. Since these quantities
neither affect the surplus nor the rents of the agent they do not enter the objective
function, (3.6).1* The quantity ¢* (6;) is equal to the optimal quantity that would
be offered in a static model with 7" = 1. This observation was first made by Baron
and Besanko [1984]. For future reference, note that this is only one of the possible

solutions.

Example 3 (cont.). With two types, (3.9) implies that ¢* (6;|h'™1) = 6; if 0, = Oy

and/or 0y is a realization in h'~!. For the remaining history, }L/tfl, in which the type

- t—1
is always 6, we have ¢* (9L|ht_1> =0; — Z—fLI (F(OL@L(;;SSLWH)> A@. In this case

the FO-optimal contract is efficient for all histories except the lowest in which the

type is 0. Along the lowest history in which quantities are distorted, the distortion

FOrL|0L)—F(0rl0n)
F(0r10L)

t—1
is proportional to ( ) , which is less than 1, and so it vanishes as

t — o0.

Example 4 (cont.). In the first period, we have ¢* (0;) = 6; — %A@, as in

_ g 150 ik F(6:10;)~F(6:10;1)
=0 W O A

the static model, and in period 2, ¢* (6; 16;)

Some distinct characteristics easily emerge from (3.8) even without assuming that
it admits a unique solution. Since the right hand side of (3.8) is non-negative, the
contract is always distorted downward, at least weakly: so, analogous to the static
case, we never have overprovision, but we can have underprovision. Moreover, the
right hand side becomes zero when the type becomes 6y, the highest type (since
D(h*1,6;) = 0). In this case, s,(6;,¢* (6;|h'"1)) = 0 and the contract is efficient in
all following periods, a phenomenon that has been called “Generalized No-Distortion

at the Top”. For any other history, the quantities are distorted strictly below the

In the rest of the paper we assume that types have full support so (3.7) is always
well defined. With perfect persistence, for histories in which types change, D(h') is
indeterminate: in this cases both the numerator and the denominator of D(h') are
zero. These histories occur with zero probability, so the associated quantities are
irrelevant.
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efficient level. The distortion is exactly equal to [ Y ul} D(ht=1,0;)Af: this
formula is complicated because the wedge is state contingent and it depends on the

entire history.

3.4 When does the first-order approach work?

Given the (relatively) simple characterization of Proposition 1, the imperative ques-
tion is: when is it without loss of generality to focus on the first-order approach?
From previous work we know that there are a number of cases in which the first-order
approach works and so the optimal contract coincides with (3.8). Should these cases
be seen as the “standard cases”, or are they special examples? In the remainder of this
section we attempt to answer this question exploring when the first-order approach
is valid.

To verify the validity of the FO-approach we need to establish that the solution of
(3.6) satisfies the full set of constraints in (3.3). Corollary 1 tells us that the agent’s
rents are functions only of the quantities, so the set of constraints also depends only
on q. We let C(q) denote this set of constraints. The first-order optimal contract is
defined by q(O, p, F'), function only of the fundamentals. It follows that a necessary
and sufficient condition for the validity of the first-order approach is that the set of
fundamentals satisfy the family of inequalities defined by C(q(©, p, F)).

The key question is whether these conditions define reasonably interesting eco-
nomic environments for which the FO-approach works. The following result provides
a unified framework to interpret existing “possibility results” for the FO-approach.
Let g(ht) = q (hi|h*~1) be an allocation after history h!, and let ht = ht if h > /fgz

V) <t. We have:
Definition 2. An allocation is monotonic if q(h') > q(}Aﬁ) for any ht = It.

A simple sufficient condition for the validity of the first-order approach can now be
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stated.!®

Proposition 2. The envelope formula (3.5) and monotonicity of the FO-optimal

contract are sufficient for implementability.

Proposition 2 directly parallels the well known results in static environments that
show that local incentive compatibility (i.e. the envelope formula) and monotonicity
of the allocation are necessary and sufficient for implementability. The result is
however weaker for two reasons: first the monotonicity condition is stronger than
in a static environment, since it involves all histories following a report; second, the
result is only sufficient. The problem with Proposition 2 is that it is useful only to
the extent that it is easy to apply. The are a number of applications in which the

FO-optimal contract is indeed monotonic.

Example 1 and 2 (cont.). When types are i.i.d., the contract is history independent
and monotonic in all periods ¢t > 1 (since it coincides with the efficient allocation).
The contract is also monotonic in the type at ¢ = 1 if the optimal static contract is
monotonic: this is always the case if, for example, the prior satisfies the monotone
hazard rate condition and uge < 0, a condition satisfied, for example, by a uniform
prior and u(#,q) = 0g. When types are constant, the repetition of the first-order
optimal static contract is a FO-optimal contract (although it is not unique), which is
monotonic if the first-order optimal static contract is monotonic. It follows that under
standard assumptions that guarantee monotonicity in # of the first-order optimal

static contract, FO-optimal contract is an optimal dynamic contract both when types

15This result generalizes, to an environment with N types, the method used in
Battaglini [2005] to establish the sufficiency of (3.5) for N = 2. In Battaglini [2005]
it is shown that a weaker monotonicity condition than the one in Proposition 2 is
actually sufficient. The condition requires that for any history, the marginal of
expected utilities are non decreasing in the current type (see Step 1 of Claim 2 in
Battaglini [2005]). This condition is implied by the monotonicity of the allocation
as defined in Definition 2. Analogous monotonicity results for continuous types are
presented by Pavan, Segal and Toikka [2014].
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are constant and when they are i.i.d .

Example 3 (cont.). As discussed in the previous section, with two types the
FO-optimal contract is efficient in all histories except the history in which types’
realizations are all ;. This history is also the “lowest history” according to the order
=. It follows that the contract is monotonic according to Definition 1, and so the

FO-optimal contract is optimal.®

Example 5: AR(1) model. Besanko [1985] and more recently Pavan, Segal and
Toikka [2014] assume an AR(1) model in which 6; = ~0;,_1 + &;, where ¢; is the
realization of an i.i.d. random variable and v € (0,1). The Markovian framework
developed above can be easily adapted to generalize this environment to non i.i.d.
shocks. Here we present a two period model to drive home the point in a simple
fashion. In both periods, the “shocks" have support 0y, ...0n, with 6, — 0,1 = A6;
in the first period the realization is #; = 6; with prior probability u;, in the second
period g9 = ¢; with probability «;; when ¢; = 0;. When «;; = ay; for any ¢, j, k, we
have i.i.d. shocks and the model is equivalent to the models presented in Besanko
[1985] and Pavan, Segal and Toikka [2013]; in general, however, it is natural to expect
a;; and ay; not to be equal.

When we consider only local incentive constraints, it is easy to show that they
must hold as equalities. In period 2, we have U (0. 2|0;) = U(0x11.2]0;)+A0q(Or112|0:),
where U (0 2|0;) and q(6x2|0;) are respectively the second period utility and quantity
of the agent when the realization at ¢t = 1 and ¢t = 2 are #; and 0k72.17 Without

loss of generality we can set U(0n2]0;) = 0, so that U(6x2|0;) = A6 Zf\;kﬂ q(0,210:).

16Boleslavsky and Said [2013| generalize this two type model assuming continuous
types at t = 0 with binary shocks in the following periods. They also consider a
version with a continuum of shocks, but in this case they directly assume that the
quantities are monotonic in the reported values.

17So, with realization 6; in period 1, we have that 0y o € {70; + 6y, ..,v0; + .On}.
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Similarly, in the first period, we have:

N
Ub:) = Ubin) + | A0g(0:41|h%) + 6720 > aing(Bk2lbis1) (3.10)
k=0
N
+5Z (cvik — agsiye) U(Or2|0i41) (3.11)
k=0

The expected utility of the agent with type 6; is equal to the utility of type 6;,1 plus an
informational rent. The informational rent can be decomposed into two parts. First,
we have a deterministic part Afq(0;1|h°)+6vA0 gj @ik q(Or 2|0;41): the realization of
type at time 1 affects rents at t = 1 (i.e., AHQ(Qszg)), but it effects rents at t = 2 as

N
well, in a way that is proportional to 7y (i.e., 97A0 Y arq(0x2|0i11)). Second, we have
k=0

the stochastic part 0 % (ozik — Oé(z'+1)k) U(0y2/0i+1). This term depends only on the
fact that types ¢ and ];:—E 1 have different expectations on the probability of the shock
g at t = 2. With i.i.d. shocks the stochastic term of the information rent is zero.
The distortions are then exclusively deterministic. The first-order optimal quantities
are given by 6; — Af <1 — Zszz pk> /1, in period 1, and 6y — yAf (1 - Ziv:Z uk> o
in period 2 (when 6; is the realization in the first period). It is immediate to observe
that, under a monotone hazard rate assumption on the prior, quantities are monotonic
in the sense of Definition 1. It follows from Proposition 2 that the first-order approach

works and these quantities describe the optimal contract.

Example 6: AR(k) model and its variations. When the shock ¢; is i.i.d. we
can easily generalize the analysis to T" periods following the same steps as in Example

5. In this case we can verify that the quantity at time ¢ is
11—,
0, — M ATIAG (3.12)
Hi
when 6; is the realization in the first period. Distortions, therefore, are history

dependent- they depend only on time through ~*~!. Note that 6, is the first best
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efficient quantity: the optimal contract is characterized by deterministic distortions
that are independent of the Markov process governing the evolution of types. Given
this, it is easy to extend the analysis to the k-order autocorrelation case: 6, =
Z?:o v;0:—; + €+ The examples can also be extended to a non-linear case in which
O; = 1, (01, q* 1) + 1(6%71, q* 1 )ey, where [;(0°1,q*71) i = 1,2 are both functions
of the sequences of types and quantities up to t — 1. To see this point, note that
at time ¢ the terms Z?:o 70— or 11(0*1, ¢*~1) are just constants for all types, so
they do not have any effect on incentives to reveal the true type and l(0*~* q*1)
disappears since ¢; is an i.i.d. random variable. In all these cases, the key assumption

is that the shock is an independent linear addition to the agent’s type.'®

The examples presented above show that the first-order approach can be extended
to study quite complex dynamic environments. All the examples, however, can be
reconducted to two basic assumptions. The environment studied in Besanko [1985]
allows for many possible types (in fact a continuum), but assumes that types change
because of linearly additive stochastic shocks uncorrelated with the agent’s type. In
this environment the shocks are irrelevant for the equilibrium distortions, which are
independent of the history of realized types (except for the first).!? The environment
studied in Battaglini [2005] allows the conditional distributions of the types to depend
on the type, but limits the analysis to two types only. In this case the optimal contract
is history dependent. These two environments have a common feature: in all these
cases the FO-optimal allocation is monotonic. In the next section, however, we show

that this is not a general property of FO-optimal contracts.

8Multiplicative independent shocks also share a similar structure, see Coutry and
Li [2000].

YWe will return on the importance of these assumptions for the first-order approach
to work in Section 3.5.1.
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3.5 The limits of the first-order approach

In static environments monotonicity only requires that the quantity is non-decreasing
in the type. This condition is satisfied under standard regularity conditions. Notably,
a sufficient condition for the monotonicity of the optimal contract is that the prior
satisfies the monotone hazard rate condition and that ug, is non-decreasing in 0.
The examples in the previous section may suggest that monotonicity of the optimal
contract is a feature of dynamic contracts as well. Dynamic environments, however,
are different and monotonicity should not be expected even in the simplest examples.
To see this, consider an example with two periods and Mussa and Rosen [1978§]
preferences. Lets us assume 3 types, 6y = 0y, 01 = 0y and 6, = 6, with 05 >
6 > 01, and transition probabilities f(6;(6;) = o and f(0;|0;) = (1 —«)/2 for i # j.
These simple transition probabilities satisfy first-order stochastic dominance, so they
preserve “order” in the stochastic evolution of types. From Example 4 in Section 3.3

we have:

1= oo B (Ou]0n) — F (On|051)

¢ (O |rr) = O — —== FOnrTon) Af (3.13)
_ gy tm3ezlag g
pyv 20

Monotonicity would require ¢* (6a7 |0ar) > ¢* (0ar101). On the contrary, we have:

1y, F(Om]0r) — F (Om[0nr)
He f(Onl0)

q (O |00) = Onr — AG = 0,

since F' (Op|0n) = F (O]01) = 2%+, So the FO-optimal contract is not monotonic
with respect to the realization at ¢ = 1.
To understand why the seller finds it optimal to offer a non-monotonic contract,

consider the role of distortions in screening problems. Starting from the surplus

maximizing contract, consider the effect a marginal reduction in ¢* (0,/]0,) (see the

109



left panel of Figure 3.1). The principal distorts ¢* (6a|0ar) only if the change induces
a reduction in the agent’s rents at ¢ = 1 since the change implies a costly reduction
in surplus. The reduction in ¢* (65/]0n) reduces U (0y|0y) at t = 2 (see the left
panel of Figure 3.1).2° If this reduction is, say A, then the effect on rents at t = 1 is
a reduction in U(Og) by 0 [f (0u |0x) — f (0m |0r)] A, that is § (3 — 1) A/2. This
follows from the fact that by reducing U (65|05r), the seller makes a deviation to 6,
less profitable for a type 0y at t = 1.21 The seller chooses the distortion to solve the
trade-off between the marginal benefit of reducing the rent of 5, and the marginal

cost in terms of surplus reduction. Indeed, the first-order condition characterizing

3a—1
2

O pag o [0 —q" (O |00)] =0 pimr - (3.14)

Since Oy — q* (0 |0ar) is the derivative of the surplus generated in period 2, the left
hand side of (3.14) is the expected marginal reduction in surplus due to reduction in
q* (01r]02r); the right hand side of (3.14) is the expected reduction in paid rents.??
Consider now a reduction in ¢* (f/|01) that keeps the rent of the 6, type constant
at t = 1 (see the right panel of Figure 3.1). By the same logic as above, a marginal

reduction in ¢*(0y/]0) induces a decrease in the rents of 6y, at t = 1 equal to

From the binding ICpys constraint, at t=2 we have U (0g|0y) = U (0n]00) +
A g (O 10ur).

21Tf the reduction in U (0y|0y) is A, then the expected reduction in the rent of
type Oy at t = 1is 6f (0 |0ar) A. The principal, however, can not allow a reduction
in U (0y|0)) without other changes in the contract. Incentive compatibility at ¢ = 1
requires that the rent of type 6, is equal to the rent this type would receive if he
reported 0;: to preserve incentive compatibility U(#),) must remain constant. To
compensate for the expected reduction in the rent, the principal reduces the price
paid by 6y at t = 1 by 0 f (6 |0ar) A. The benefit of reducing ¢* (0y/|0ar), therefore,
is captured exclusively by the fact that the outside option at ¢t = 1 for 0 is reduced.
After the change, the rent of 6y at ¢t = 1 (that in equilibrium is equal to the utility of
falsely reporting to be ) is therefore reduced by a net 0 [f (0y [0y ) — f (0n |0a)] A.

2With respect to the right hand side of (3.14), note that uys -  is the probability
of history h? = {0y, 05 }. With respect to the left hand side, note that the expected
reduction in paid rents is the change in U(0y) times the probability of a type 0y at
t=1.
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Figure 3.1: The simple economics behind optimal non-monotonic allocations.

S[f Og|0r)— f(Ou|0L)] A. The rent of Oy is a linear function of U(fy), so it is
also reduced by the same amount. In our model, however we have that f (0 [0 )
and f(0y|01) are both equal to (1 — «)/2, so the net benefit of the reduction in
q* (0p01) is zero. It follows that the equilibrium condition is:

l—«

2

where & - 5% - [0y — ¢* (0ar 101.)] is the expected marginal reduction in surplus due to
the reduction in ¢* (6)/|0y).

Comparing (3.14) to (3.15) we can see that ¢* (0x/]0L) > ¢* (0a|0ar) because the
the marginal effect on rents of distorting ¢* (0|61 ) is smaller than the effect of
q* (Op]0r) for a > 1/3. A reduction in ¢* (0)/]0;) induces a reduction in the rent of
a type Oy at t = 2: a type 6, is however as likely likely to become 0y as a type 6,
(since f(0p |0rr) = f(0m|0L)), so this has no screening effect on the rent extracted
by Oy at t = 1. (In general, f (0g |0y) — f (0 |01) is always small when types are
highly persistent, since in this case both f (65 |0a) and f (0 |0L) are both close to
zero). Similarly, a reduction in ¢* (0p/]0)) induces a reduction in the rent of a type
Oy in t = 2: for « > 1/3, however, 0y is more likely to remain 0y than 6, is to
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become 6y; this makes a distortion on ¢* (65/]07) a more effective screening device
than a distortion on ¢* (6x]0L).

In the example presented above we have assumed a particular transition function
fa (6;160;) in which the probability of persistence is the same for all types (f, (6; |6;) =
@) and all deviations are equally likely (fo (6;]6;) = 5% for i # j). Does the
phenomenon illustrated by the example extend to general transition functions? To
address this question consider the general set A of all possible transition functions
fa (0;6;) satistying Assumption 2 and parametrized by « € [0, 1] such that for all i,

fa (QZ |Qz> —lasa— 1.2

Definition 3. We say that a property holds for a generic transition function in A if

it holds for an open and dense set of functions in A.

This is the standard definition of genericity in this environment.?* Our first result
proves that, for a generic transition function, the optimal contract is non-monotonic

when types are highly persistent.

Proposition 3. For any u, 6, |©] > 2, T > 2, and a generic transition function in
A, there exists an a* < 1 such that the FO-optimal contract is not monotonic for any

*

o> o,

To grasp the intuition behind this result, consider the FO-optimal contract when

u(f,q) = 6q. From (3.9), in an interior solution, we have:

N
g (6:h'1) = 6; — === D(RY 6,)AG

Mg

BNote that since we impose no additional restrictions, the probabilities of
persistence of different types may be different for o < 1 and they can even converge to
one at different speeds: « is just an index of the level of persistence of the stochastic
process.

2 Endowed with a sup norm, the space of transition functions A is a complete metric
space. The complement of an open and dense set in A is a set of first category. The
Baire Category Theorem guarantees that these sets have empty interior and therefore
are topologically small (Royden [1988], ch.7.8).
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Intuitively (and as formally proven in the proof of Proposition 3), for a generic
transition probability function the terms D(h'~! 6;) are history dependent, even as
persistence converges to one. In particular, if h*~1(6;) is the history in which all
realizations are 6;, then there is always an h'~! with h:™' = 0;, h*=! < A*=1(6;) and
either D(h'™1,0;) < D(h'=1(0,),6;) or D(h'=1,60;) > D(h'=1(6;),0;). In the first case
it is clear that the FO-optimal contract is non-monotonic and the result is proven.
The key step in the proof of Proposition 3 is to show that if A*~! < h'=1(6;) and
D(h=',0;) > D(ht"(6;),6;), then there must be a history h""' with h\™" = 04,
b= B (0;41) and D(A"Y,0;41) > D(h'"Y(0i11), 0:41) when types are sufficiently
persistent. This implies ¢* (6;11|h' ! (0;11)) > ¢* (6i41|h"™") and, alas, a failure of
monotonicity. The reason why the result holds generically is that the concept of
monotonicity required is so strong that even a arbitrarily small difference between
D(Rt=1,0;) and D(h'=1(6;),6;) is sufficient to make it fail, independently of its sign.
Does Proposition 3 imply that the FO-approach generically fails when types are
highly persistent? It is easy to see that a failure of monotonicity can not alone be
sufficient for the first-order approach to fail. When ¢ is small, the future becomes
irrelevant and the problem is essentially static. What happens when the future is
sufficiently important? In the next result we use Proposition 3 to show that when
types are highly persistent and the future is sufficiently important, then even a small

failure of monotonicity is sufficient to make the FO-approach invalid. We have:

Proposition 4. For any p, |©] > 2 and a generic transition probability function,
there exists an o < 1, T* > 2, and 6* < 1 such that the first-order approach fails to

be verified for any o > o, T > T and § > o*.

The proposition shows that with highly persistent types and a long horizon, the
effect of even a small failure of monotonicity is highly magnified as 6 — 1, to the
point of inducing an effect on the expected utility that is significant enough to violate

a global incentive constraint. The fact that the first-order approach fails only if types
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Figure 3.2: Example 7, the truncated normal case. ¢ = 0.25, A0 = 0.025.

are sufficiently persistent and expected payoffs are sufficiently important should not
be surprising. As we have seen in Example 1, the first-order approach always works
when types are sufficiently serially uncorrelated: in this case types have small private
information about the future, so there is no point in imposing distortions on future
quantities. Similarly, if agents are impatient and the time horizon is short, the model
is close to being static.

Interestingly, it is easy to compute examples in which very limited serial correlation
is sufficient to induce a failure of the first-order approach. To illustrate this point, we

conclude this section with three natural examples.

Examples 7. Assume that the type in the first period, 6y, is uniformly dis-

tributed on ® = [5,6] and the distribution in the second period is a (truncated)

normal f, (02160,) = M@(@)AG where ® is a standard normal density with

(e

variance o and A(6;) is chosen so that the distribution assigns probability one on
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©.% (The specific values chosen for the support are obviously irrelevant and chosen
only as examples). In this case, the probability that a type remains constant is
fa (60:10;) = %AH@(O), a function of the first period realization. It is easy to verify
the probability of persistence converges to one as 0 — 0 (in the notation used above,
the process can therefore be parametrized by o = 1 — o). The top panels of Figure
3.2 illustrate f, (6;]6;) for two values: 6; = 5.1 (top left panel) and 6; = 5.4 (top
right panel) The bottom right and left panel of the figure shows the FO-optimal
contracts at ¢ = 2 after histories 6; = 5.1 and 0; = 5.4, respectively. The contract is
not monotonic: it is not monotonic with respect to the realization at t = 2 (this can
be seen from the fact that the lines are not non-decreasing); and it is not monotonic
in the realization at ¢ = 1 (this can be seen form the fact that the contracts intersect
at t = 2). It can also be verified that the FO-optimal contract is not incentive

compatible.

Examples 8 and 9. Assume that the type in the first period, 6, is unifo2rmly
distributed and consider now the transition probabilities f, (6;|6;) = aemAG,
and f, (6,10;) = #ﬁ(m? where o; chosen so that the probabilities sum to one. In
this case, f, (6;|0;) = aAf so the probability of persistence is identical for all types;
it is the variance of the distribution that is adjusted so that f, assigns probability one
on Oy. As it is straightforward to verify, we have 0; — 0 as aAf — 1. Figures 3.3
and 3.4 illustrate f, (6;|6;) for two values: 6; = 5 (top left panel) and 6; = 5.1 (top
right panel) and compares the two implied distribution functions (bottom left panel)
assuming ©; = [5,6] and ©, = [4.5,6.5]. The bottom right panel of the figures
illustrates the FO-optimal contracts at ¢ = 2 after histories #; = 5 and 0, = 5.1,

respectively. As in Example 7, the contract is not monotonic and the FO-optimal

%5To obtain a discrete density that can be applied to any size Af (even arbitrarily
small), we discretize a continous density f(6). As standard, in this case the
probability of type 6; is equal to f(6;)A0, i.e. the “histogram" approximation of
the continuous density.
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Figure 3.4: Example 9, the hyperbolic case. a = 1.75, A8 = 0.05.
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contract associated to this case is not incentive compatible.

It is interesting to note that both in Examples 7, 8 and 9 the contract is not
monotonic despite the fact that the transition probabilities have very little persistence.
Finally, the discussion above, Propositions 3 and 4, and non-monotonicity in the
examples are all valid independent of the prior u, re-affirming our assertion that the
failure of the first-order approach is not a technical irregularity, but a consequence of

the added structure that dynamics present to the economic problem of contracting.

3.5.1 Discussion

We conclude this section with a few remarks on Propositions 3 and 4.

Perfectly persistent shocks. As we have seen in the previous sections, the
first-order approach always works when types are perfectly persistent; Proposition
4, however, shows that the FO-approach does not generically work when types are
highly persistent. How is this possible? The key to understanding this apparent
contradiction is to realize that when types are constant, the repetition of the optimal
static contract is only one of the many possible solutions: in histories which occur with
exactly zero probability, the quantities are irrelevant and so they can be set to any
arbitrary number, for example, equal to the static optimum. On the contrary, when
types are highly persistent, but probabilities off the main diagonal are not exactly zero,
quantities can not be set arbitrarily in these histories. The effect of these histories
on the agent’s rents is small, but so is the effect of these quantities on the surplus.
Typically, the quantities are uniquely defined along all histories. = As persistence
converges to one, these quantities along the non-constant histories converge to values
that are different from the static optimum and that are non-monotonic. In the
example presented at the beginning of Section 3.5, gy (M) = Oy — 5—5% that

converges to 6,5 — f}% in the limit; ¢y (L), on the contrary, is equal to 6, for

any «: in the limit, therefore, ¢a(M) < qu(L). The problem is that there is a
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lack of lowerhemicontinuity at the limit with constant types, and some of the limit
solutions (including the repetition of the static optimum) can not be seen as the limit

of solutions as persistence converges to one.

AR(k) models. To see why monotonicity is a fragile property in AR(k) models
consider (3.12). In this formula the terms D(h'™! 6;) are all identically equal to
7t~! and independent of h!™1: trivially, therefore, we have ¢* (6;|h*™1) = ¢* <0i|ﬁt*1>
for any two histories with h'=! > ht=1. This however is not a generic or even a
plausible property: it follows from the fact that the shocks €, are assumed to be i.i.d
and linearly additive. If we assume that the distribution of €; depends on the past
realization, even if the effect of the past realization is very small, then D(h!™!6;) is
history dependent and it is no longer the case that ¢* (6;|h'™!) = ¢* (Gimt*l).

In addition to this, even assuming a constant 7, to make the AR(k) model
conceivable we need to assume that the support shifts with the type as in Examples
4 and 5 or alternatively that the type support is unbounded above and below. If we
assume a given constant and bounded support then a perfect horizontal translation
of the distribution is obviously impossible. Again, it is not generally true that
q* (0;|htY) = ¢ (Gi |?Lt_l) for any two histories with 2'~! &= h'~'. Example 7 can be
seen as an AR(k) model with bounded support in which the shock follows a truncated
normal. As evident from Figure 3.2, neither monotonicity nor the FO-approach works

in this case.

On serially independent shocks. Pavan Segal and Toikka [2013] suggest that
the AR(k) model can be seen as an example of a more general class of environments
for which the first-order approach works. Their suggestion is based on an original
observation by Eso and Szentes [2007] who note that any model with correlated and
continuous types can be transformed into an equivalent model with i.i.d. shocks.
To see this, note that if the cumulative distribution is F'(6;|0;_1), then assuming

that the agent observes 6, is equivalent to assuming that he or she observes the
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variable v; = F(6;|60;_1) (since F(6;|0;_1) is increasing and invertible in 6;): as well
known, v; is a random variable with a uniform distribution on [0,1]. Eso and
Szentes’ [2007] observation is insightful in interpreting the screening contract and
useful to derive the envelope formula (see Eso and Szentes [2013]). Unfortunately,
however, it does not generalize the insights from the AR(1) models, and it does
not help to solve the problems of the FO-approach elucidated above. It is useful
to illustrate why transforming the stochastic process to an i.i.d. shock does not
make the problem more tractable. Assume the utility is u(0,q) = 6g. To make
the equivalent transformation, we need to substitute ¢; = F~!(v;0;_1), so we have:

u(vr,q1) = FH(vy) - @1, w(v? q2) = F 1 (v; F71(v1)) - ¢ and iterating:

u(v',q) = F v F Y (v F Y (oo [2]) - @ (3.16)

where v! = (v1,...,1;). It is clear from (3.16) that, even starting from the simplest
utility function, the per period utility of the equivalent transformation is a very
complicated, time inseparable function of the entire history of the shocks v!. The
change of variables, from 6, to v;, allows one to get rid of serial correlation in the
types; the correlation however, does not disappear: it must be incorporated in a
transformed utility function. All the problems that induce a failure of the first-order
approach in the original problem are just shifted from the distribution function to the
transformed per period utility function. The benefit of having independent shocks

is compensated by the complications of having these per period utilities.

From discrete to continuous types. While we have focused the analysis on the
case with discrete types, there is a strict connection between models with discrete and
continuos types; and the same issues discussed above arise in continuous type models
as well. Consider a continuous types model with type set © = [Q, @] C R*, prior

distribution I' (f) and transition distribution F'(6'|0). We can define an associated
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discrete model by defining the type space as O = {0y, ...,0xn} with ) = 0, Oy = 0
and 0; = 0.1 + Afy, the prior as TV (6;) = T'(#;) and the transition matrix as
FN(0;10;) = F(6;16;). In the online appendix we show that the envelope formula
and the FO-optimal contracts of the continuous model can be obtained as limits of
the discrete formulas (3.4) and (3.9). We also present a number of solved continuous
type examples (including continuous type versions of Examples 8 and 9) to illustrate

the problems with the FO-approach.

3.6 What does the optimal contract look like when
the first-order approach is invalid?

As we have seen in Section 3.5, even with two periods and three types the FO-optimal
contract fails to be monotonic and the FO-approach can not be generally applied. In
this section we fully characterize the optimal contract in the motivating example of
Section 3.4, in which f(0]6) = a and f(6|¢) = 152 for any 0,60’ € {0, 0,0.},0 # 0’
and a > 1/3. The goal of this section is twofold- to elucidate the structure of optimal
contracts that is otherwise elusive in models where the FO-approach can be applied,
and to illustrate the trade-offs between rent and efficiency in a dynamic model.

To characterize the optimal contract we focus on a weakly relaxed program that
constitutes problem (3.3) with |©| = 3 and 7" = 2, with the following subset of

constraints:

IR., ICyu, IOy, ICH., (3.17)

ICya (M), ICw (M), IC A (M), ICk (L), ICh1(L), IC (L)

where IRy, is the individual rationality constraint of type L at t = 0, /C; ; is incentive

compatibility constraint requiring that type ¢ doesn’t want to misreport being a type
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First Order Approach WR-program

Figure 3.5: The dashed arrows are the constraints in the WR-program that are ignored
in the Prst-order approach.

J in period 1, and IC;;(k) is the incentive compatibility constraint requiring that
type ¢ doesn’t want to misreport being a type j in period 2, after the agent reports
to be a type k in period 1. In contrast to the FO-approach, this problem has two
key differences. First, now we are ignoring all the individual rationality constraints
of the lowest type in period 2 and incentive compatibility constraints after history
H. Second, and most importantly, we are adding three new constraints: the global
downward constraint /Cpyp,, and the local upward constraints ICp (M), [Cpa(L) in
period 2. The constraint set of the problem is illustrated in the relevant history tree
in Figure 3.5. In the following we will refer to this program as the WR-program.
Since this is a three type and two period model we simplify notation. Let U; be
the expected utility of type i in the first period and wu;(h) be the expected utility of
type ¢ after history A in the second period. Note that since the second period is the
terminal period, the expected utility and stage utility are the same. Similarly, we
define ¢; and ¢;(h) to be the first and second period allocations respectively. The

following lemma allows to simplify the constraint set:2%

2When only the usual local downward incentive compatibility constraints are
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Lemma 2. In the WR-program, constraints IRy, ICygn, ICy bind at the optimum.

We can now use the equalities implied by Lemma 2 to reduce the number of free
variables in the optimization problem. In particular we can eliminate the period 1
utility vectors. Define wyp(i) = ug(i) — up(i) and wpp(2) = up(i) — up(i) for
i = M, L. The variable wy(7) is the net utility of reporting to be type k rather than
a type [ after history i. Using this notation, we can rewrite the WR-program as a
maximization problem in which the control variables are the quantities q and second

period marginal utilities w:

:HZ&LM 0:q; — %%2 + 5k:§MLM (ki) (Qka(i) - %%(02)

<mw%1}>{ —HH [AQC}M + 530[271WHM<M)] (3.18)

\ — (e + par) [A0qr, + 6252wy (L)) )
subject to

[/\] . A(‘)qM+53a_1wHM(M) Z AQQL+(53Q_1WHM(L)

Aam(M)]: wan(M) > Abgu(M) | [Aum(L)] 0 wam(L) > Abqu(L)

A (M)] 2 wyrp(M) > Abqr(M) | [Aur(L)]: wur(L) > Abgr(L)
Ao (M)] 2 wynp(M) < Abgu(M) | [Aem(L)] 1 wwrn(L) < Abgqu(L)

where the variables in the square brackets on the left are the Lagrange multipliers
associated with the constraints. Program (3.18) is a standard maximization problem,
but it is complicated by a still significantly large number of constraints. The differ-

ence between (3.18) and the problem of the first-order approach (3.6) is the global

considered, the following result is immediate. If, for example ICyj); were not binding,
the principal could simply raise the price that type 6y is paying. In the WR-program
the proof of the result is complicated by the additional constraints: reducing type
Op’s rent at t = 0 may conflict with ICy,.
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Figure 3.6: Fully characterized contract.

constraint ICyy and the presence of the local upward constraints ICpy (M) and
ICrp(L). The latter are essentially monotonicity conditions requiring qu(h) > qr(h)
for h = M, L.?" We cannot ignore any of these three constraints. Moreover now we
cannot assume without loss of generality that all local downward incentive constraints
are binding at ¢ = 2: so the envelope formula (3.4) cannot be directly applied. Hence,
we still have utilities in the objective function. The next lemma validates our focus

on problem (3.18) :
Lemma 3. A contract is optimal if and only if it solves the WR-program.

The analysis can be divided into two cases: first the case in which the global
constraint can be ignored and so it is sufficient to look at local constraints, i.e. A = 0;

second, the case in which the global constraint is binding, i.e. A > 0.

*"To see this note that given ICy(h), qu(h) > qr(h) if and only if ICpp(h) is
satisfied.
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3.6.1 Case 1: Local IC is sufficient

The following result characterizes the necessary and sufficient condition for A = 0.
For a given py and ¢, the environment is fully described by two parameters, py/, o,
and therefore it can be represented in the two dimensional box (uy, o) € E(ur) =
(0,1 —pz) x (1/3,1).%2 In the rest of the analysis we will fix py and § and study
how the equilibrium changes as we change pys, . This approach is without loss of
generality and it allows for simpler statements (and a graphical representation) of the

relevant cases. We have:

Lemma 4. There exists a threshold p* («) such that the global incentive constraint

ICyy, can be ignored if and only if py > p* ().

Within the two regions defined by p* (a), the particular shape of the optimal
contract depends on the remaining set of binding constraints. Explicit solutions
of the optimal quantities for all feasible parameters are presented in Table 1 in the
appendix. The following proposition describes what the optimal contract looks like

for ppr > p* (), when the global constraint can be ignored:

Proposition 6. Assume uy > p* (). There is a threshold ag(par), such that:

- Case Al. Ifa < ag(uw), the optimal contract is fully separating and first-order

optimal.

- Case A2. Ifa > ag(pn), the optimal contract is fully separating after all

histories except M. After this history types M and L are pooled: qn(M) =
qL(M).

Regions A1 and A2 are illustrated in Figure 3.6 in a simple parametric example,

9

where the threshold ag(us) is represented by a dashed line.? In region Al, the

2The thresholds defined below do not depend on the types 6.
PTn Figure 3.6 we assume uy = 0.25 and § = 0.95.
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envelope formula is sufficient to characterize the optimal contract. In this case
the FO-optimal contract is not monotonic (as in Definition 2), but this lack of
monotonicity is not sufficient to cause a failure of incentive compatibility.  The
contract is not monotonic because qy (M) < qp(L). However, given any h, go(h) is
monotonic in #. In region A2, even though the global constraints can be ignored, the
envelope formula is not sufficient to determine the contract since at ¢ = 2 we have
pooling after history M. It is interesting to note that although pooling makes sure
that gg(h) is monotonic in A for all #, the optimal contract remains non-monotonic
with respect to the realization at ¢t = 1 (since qu (M) < qp(L) in A2 as well).
Figure 3.7 illustrates what happens when we make the payoffs in the second period
more important by increasing 6. We know from Proposition 4 that as the future
becomes more important, the first-order approach is never valid for high levels of «.
A similar phenomenon occurs here: as ¢ increases, p* («) shifts up and the region in
which local constraints are sufficient shrinks. These higher values of ¢ should be seen

as representative of dynamic models with longer time horizons.
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3.6.2 Case 2: Local IC is not sufficient

When py, < p* (a) both the global constraint ICyy, and the local constraints ICy
and IC)y, are simultaneously binding in the first period. There are three relevant

cases. The following result characterizes the optimal contract in these situations:

Proposition 7. There exists a threshold p**(a)) such that:

- Case B1&B2. Assume py € [ (o), p*(«)).  The optimal contract is fully
separating at t = 1.  There exists a threshold po(a), such that the optimal
contract is fully separating at t = 2 as well if pupr > po() (case B1). If py <
po(a), types M and L are pooled after history M : qu(M) = qp(M) (case B2).

- Case B3. If uy < p*(«), the optimal contract pools types M and L in the
first period: qy = qr. In the second period, after history H, the contract is
separating and efficient. After histories M and L, types M and L are pooled

across both histories: qun(j) = qr(j) and q;(M) = q;(L) for j = M, L.

Propositions 6 and 7 provide a full characterization of the optimal contract that
can be used to gain new insights on how types are optimally screened in dynamic
environments that are not apparent in the models discussed in Section 3.4.%°

How does the possibility of repeated interactions affect the structure of the optimal
contract? It is imperative to note that, in contrast to the static model, binding global
constraints are no longer synonymous with pooling alone. In regions B1 and B2, even
though the global incentive constraint binds, there is complete separation of types in
period 1. Region B2 interestingly, like in A2, has a strategic separation in period 1
followed by history dependent pooling in period 2, which we term dynamic pooling.
Region B3 has pooling in period 1 and in period 2 after histories 6y, and 6, (but

not fy). The contract captures a loss of history in region B3- it is as if we are in a

30Table 1, presented in the appendix, enlists closed form solutions of the optimal
quantities for the entire parameter space.
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two-type model in period 1 and after histories M and L in period 2. Further, note
that the principal never chooses to pool types in period 1 without also having some
pooling in period 2.

Another lesson is that pooling of types at t = 1 is always lower in the dynamic
model than in a static optimal contract. It is easy to verify that in a static model
types are pooled only if py < p = %;‘LLL), which in the example presented above is
equal to 0.15- the horizontal line in Figure 3.7. This condition, however, is irrelevant
in a dynamic model. We have pooling at ¢ = 1 only if puy < p™(a), and ™ (o) < p,
for all & € (1/3,1). The reason that the region for pooling at ¢ = 1 is strictly smaller
with two periods than with one is fairly intuitive: in a dynamic environment the
principal has an added instrument in the form of continuation value to screen the
agent’s types. Thus, the burden of the efficiency rent trade-off can be pushed into the
future, spreading distortions over time. Yet full separation in the static model does

not imply full separation over time in the dynamic model as is evident in region A2,

with gy > Hap but pooling in period 2.

3.7 Ironing, implementability and optimality

The results of the previous sections make clear that in order to solve for an optimal
contract, the principal cannot generally use the first-order approach and limit the
analysis to local incentive compatibility constraints. Without the first-order ap-
proach, we have no systematic way of simplifying the constraint set. This may make
the analysis extremely complicated even from a numerical point of view. What does
the optimal contract look like in general environments with large 7" and N7 What
kind of advice can we give to a seller who needs to design an optimal contract?
In this section we show that there is a class of contracts that is relatively easy

to characterize, and that induces a minimal loss (if any) on the principal’s payoff
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precisely when the first-order approach fails, that is, when the agent’s types are
highly persistent. This class consists of contracts that are monotonic in the sense
of Definition 2. In static environments the envelope formula plus monotonicity
are necessary and sufficient for a contract to be implementable: if we ignore the
monotonicity constraint, then the contract must be ironed out to make it monotonic,
otherwise implementability fails (see Myerson [1981]). In a dynamic environment
monotonicity is not necessary: it follows that if we impose monotonicity in the seller’s
problem, we guarantee implementability even if we ignore the global constraints, but
we may obtain a suboptimal contract. The main result of this section is that as types’
persistence converge to one, the optimal monotonic contract converges in probability
to the optimal contract, and so the loss from focusing on this class of contracts
converges to zero.
Define M as the set of monotonic contracts:
g(0:|h™1) > q(0:1|htY),i < N, and g(6:[h11) > q(6:[ 1Y),

M=1<{q R (3.19)
i=1,..,N,Vht=! and !t = pi-!

where, as before, ht = ht if hl > E; Vj < t. It follows immediately from Proposition
2 that the optimal monotonic contract can be characterized by solving the following

program:

N
R . * . 0‘
max {E[S(Q)] ;MZU (0:,h ,Q)} (3.20)
where U*(6;, h°; q) is given by the envelope formula (3.5). Problem (3.20), moreover,

is sufficiently tractable to allow a partial characterization of the properties of its

solution.

Proposition 8. In the optimal monotonic allocation, q (6; |h*=1) < 6, for any 6; and
ht=1. Moreover, for any arbitrarily small g1, 9 > 0 we have Pr (|q (0; |ht™1) — 0] > &1) <

gq fort and T sufficiently large.
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The first part of the proposition establishes that, analogous to the static model,
the optimal monotonic contract is uniformly downward distorted. The second part
states that the contract converges to an efficient contract in probability.

How good is the optimal monotonic contract as an approximation of the optimal
contract? Let q ={q(h")},.cyy be an allocation and let q**={¢** (h')},.c;; be the
optimal allocation. Let I be the identity matrix that describes the transition matrix
when types are perfectly correlated.  As types become perfectly persistent, we
must have that the transition matrix converges to I, i.e. o — I. We say that q
converges in probability to the optimal allocation as types become perfectly persistent

if lim, s Pr (g (h*) — ¢** (h*)] > ) = 0 for any € > 0.

Proposition 9. For all p, §, T, and transition matrices, the optimal monotonic
contract converges in probability to a contract that maximizes the seller’s profits as

types become perfectly persistent.

This result implies that for any 6 and T, as types become increasingly persistent
the profit associated with the optimal monotonic contract converges to the profit in
the optimal contract. The table in Figure 3.8 illustrates the loss of profits associated
with the optimal monotonic contract in an example with 3 periods, 3 types and the
Markov matrix used in Section 6. The loss is expressed as a percentage of the profit
in the optimal contract. As can be seen, the approximation is quite good for all
cases, with a loss of profit that is never higher than 0.06%. It is interesting to note
the inverse-U relationship between losses and the level of persistence. As persistence
increases, losses increase, peak and then come down again. The reason is simple. At
a = 1/3, the model is akin to the i.i.d. shock framework, where we know that the
optimal contract is monotonic. At the other extreme, @ = 1, the optimal contract
constitutes repetition of the static optimum which too is monotonic. As we increase
«, the distortions vary and the probability of non-constant histories decreases. Thus,

the loss in using monotonic contracts increases with the non-monotonicities only to be
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suppressed in probability by the increasing weight of constant histories along which
the optimal monotonic allocation converges to the optimal allocation.

When simultaneously types’ persistence, the discount factor and the length of the
contract are high, Proposition 9 may not be sufficient to guarantee that the optimal
monotonic contract is a good approximation for the seller. Even a contract that
converges to the efficient contract as a — [ may perform very poorly as 6 — 1 and
T — oo as well. For example, the repetition of the optimal static contract converges
in probability to an optimal contract (as shown in Example 2): for any given «
(even arbitrarily close to I), however, the difference in profits between this contract
and the optimal contract becomes arbitrarily large as § — 1 and T — 00.3! The
problem is that the contract may not converge to the efficient contract fast enough
in a. Therefore, in general, the order of limits may matter when we allow both the
probability of persistence and the discount factor to converge to one.

The following result shows that for the optimal monotonic contract, profits con-
verges to the optimal level independently of the order of limits. Define 7, («, 4, T)
and 7* («, 9, T) to be the expected average discounted profits corresponding to the
optimal monotonic contract and the optimal contract.3> Moreover, let 7, (o, ) =
limy o0 T (0,0, T) and 7* (o, §) = limp_o 7 (v, 0) be the limit expected average

profits as T' — 00.33

Proposition 10. When o — [ and 6 — 1, the profits of the optimal monotonic

31 As proven in Battaglini [2005], the contract becomes efficient and the seller
appropriates all the surplus as 6 — 1 when types are imperfectly persistent. With
the repetition of the optimal static contract, however, per period surplus is below
the efficient level and only a fraction is appropriated by the seller. The difference in
discounted profits, therefore, becomes arbitrarily large as 6 — 1 and T — oo when
types are imperfectly persistent.

2If 11, (o, §, T) and IT* (v, 6, T) are the expected discounted profits correspondeing
to the optimal monotonic contract, then m, («,6,7) = (1 —9)1l,, (o, 6,T) and
™ (a,0,T) = (1 —0)II* (e, 0, T).

33This limit exists without loss of generality since 7, (a,d,T) and ©* (a, §,T) are
bounded for any « and 9.
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6=0.95

0.38 0.48 0.58 0.68 0.78 0.88 0.98
K, =0.5 0.01 0.01 0.02 0.02 0.01 0.01 0.00
My, =0.1 11.00 9.87 8.49 6.87 4.98 2.86 0.51
My =0.5 0.01 0.02 0.04 0.06 0.06 0.04 0.01
My =0.2 10.70 9.62 8.32 6.77 4.96 2.87 0.51
K, =0.5 0.01 0.01 0.02 0.03 0.03 0.02 0.01
My, =03 10.01 9.87 8.51 6.91 5.06 3.93 0.52
Hy=0.3 0.01 0.01 0.01 0.02 0.02 0.01 0.00
My =0.1 10.75 9.73 8.45 6.91 5.08 2.95 0.53
u,=0.3 0.01 0.01 0.01 0.03 0.04 0.03 0.01
My =0.2 10.61 9.61 8.37 6.87 5.08 3.98 0.54
Hy=0.3 0.01 0.01 0.01 0.02 0.02 0.02 0.01
My =0.3 10.41 9.42 8.20 6.72 4.97 2.92 0.53

Figure 3.8: Percentage loss of optimal objective (monopolist’s profit) by using
monotonic contracts (in bold) and repetition of the static optimum.

contract converges to the profits of the optimal contract independent of the order of

limits: lim lim 7, (o, 0) = lim lim 7* (e, §) and lim lim 7, (o, §) = lim lim 7* (v, 6).
0—=la—I 0—=la—I a—I6—1 a—16—1

The table in Figure 3.8 illustrates this point comparing the loss of profits of the
optimal monotonic contract with the loss of profits obtained with the repetition of
the optimal static contract: the loss can be higher than 10% of the optimal profits,
even in this simple example with only 3 periods. Naturally larger losses should be
expected with longer horizons.

The results of this section may be useful in applied work. As mentioned in
the introduction, many works in the applied literature postulate that the first-order
approach works. The risk is that the contracts thus characterized are not incentive
compatible. Further in the most natural environments, this risk can not be fully
resolved by numerical methods. To the extent that it is not possible to check all the
incentive compatibility constraints, studying optimal monotonic contracts may be a

more robust option, since it guarantees implementability and it is equal to the true
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optimal contract with high probability when types are highly persistent.

3.8 Related literature

Our paper is related to four main literatures. First, we have the traditional literature
studying dynamic principal-agent models when the agent’s type follows a stochastic
process and the allocation is chosen in every period. The first paper to use the first-
order approach to study dynamic models and state an associated “envelope formula”
is Baron and Besanko [1984].* Their paper states the formula in general terms and
shows it to be sufficient in two benchmark cases: when types are constant over time,
in which case the optimal dynamic contract corresponds to a repetition of the static
optimum; and when types’ realizations are independently distributed over time, in
which case the optimal contract is efficient starting from period 2.° Extensions
of this approach to environment with imperfect correlation of types are presented
by Besanko [1985|, Laffont and Tirole [1990] and Battaglini [2005]. Besanko [1985]
extends the analysis to an infinite horizon with continuous types following a AR(1)
process; Laffont and Tirole [1990] focus on a two periods environment with two types.

36

Battaglini [2005] extends the two types model to an infinite horizon. The main

31See Section 3 for a discussion of the first-order approach and envelope formula.
See Stole [2001], Laffont and Martimort [2002], Milgrom (2004), and Bolton and
Dewatripont [2005] for general discussions of the envelope formula in the static case.

$See also Roberts (1982) and Townsend (1982) for dynamic principal-agent models
in which types are serially uncorrelated.

360ther important contributions in the dynamic contracting literature are De-
watripont [1989], Hart and Tirole [1988|, Rey and Salanie (1990), Rustichini and
Wolinsky [1995], Biehl [2001], Battaglini [2007|, Williams [2010], Bergeman and
Valimaki [2010], Strulovici [2011], Athey and Segal [2013], Boleslavsky and Said
[2013], Maestri [2013].  These papers however focus on different aspects of the
problem and limit the analysis to environment that are quite different from ours.
Hart and Tirole (1988) assumes that supply can have two values, zero or one.
Rustichini and Wolinsky (1995) assume consumers are not strategic and ignore that
future prices depend on their current actions. Dewatripont (1989), Rey and Salanie
(1990), Battaglini [2007], Maestri [2013] and Strulovici [2011] focus on renegotiation.
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contributions of these papers is in showing that the first-order approach is sufficient
in their respective environments. Laffont and Tirole [1996|, and more recently,
Pavan, Segal and Toikka [2013| and Eso and Szentes [2013] have derived “envelope
formulas” for continuous types applicable to more complex environments. Both of
the latter papers build on Eso and Szentes [2007|, where the principal-agent problem
is transformed in to a problem in which the shocks are i.i.d. through an appropriate
change in utility. Contrary to the previous literature, these papers are not focused
on finding specific environments in which these envelope formulas are sufficient for
incentive compatibility, leaving open the question of the general applicability of the
first-order approach.

The second literature to which our paper is related is the literature on sequential
screening started by Courty and Li [2000]. This literature studies environments
in which the agent receives information gradually over time, but the allocation is
determined only in the last period. The models in this literature have 2 stages: in
the beginning of period 1, the agent receives an informative signal and the contract
is signed at the end of this period, but no allocation is made; in the second period
the type is revealed to the agent and the allocation takes place. Courty and Li is
one of the first papers to clearly discuss the limitations of the first-order approach in
dynamic environments: one of their main achievements is to identify environments in
which the first-order approach can be applied in the class of problems that they study.
More recently, Courty and Li’s work has been extended in many directions. Eso and
Szentes [2007| consider the case in which the seller can choose to voluntarily disclose
information in the first period. They show that the agent does not receive private
rents for the disclosure of information. Li and Shi [2013] show that discriminatory

disclosure of information can be optimal when the amount of additional private

Bergemann and Valimaki [2010] and Athey and Segal [2013| study implementation of
efficient allocations extending the pivot mechanism to dynamic environments.
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7 Krahmer and Strausz

information that the buyer can learn depends on his type.?
[2013] argue that in this class of models the benefit of sequential screening is due to
the joint relaxation of incentive and participation constraints. To solve their model,
the authors propose an original approach to deal with global constraints that works
in their environment with NV types. In all these papers the key question is whether
the contract must depend on the interim informative signal, or if it can depend only
on the type revealed in the last stage. In our model, because the allocation is chosen
in all periods, information must be disclosed in all periods.

Third, our paper is related to a recent literature devoted to the study of ap-
proximately optimal mechanisms in environments in which fully optimal mechanisms
are hard to characterize (see Madarasz and Prat [2012], Chassang [2013| for recent
contributions and Hartline [2012] for a summary of the computer science approach).
While parts of this literature deal with more general environments than ours, the
approach we adopt in Section 3.7 takes full advantage of the dynamic structure of
the framework we study; this allows us to obtain an approximately optimal contract
that guarantees incentive compatibility for all types at all histories.

Finally, there is a large and growing literature using the first-order approach to
solve dynamic contracts in complex environments using numerical methods. Under-
standing the conditions for the applicability of the first-order approach with discrete
types seems particularly important in these exercises. Even when using models with
continuous types, these papers typically compute the equilibrium policies and verify
incentive compatibility using discretized approximations.?® When discrete approxima-

tions are not used to construct the first-order optimal contract, incentive compatibility

3TFor other recent models of infomation disclosure see, amongst others, Hoffman
and Inderst [2011], Inderst and Ottaviani [2012].

3This is the case, for example, in Kapicka [2013], Farhi and Werning [2013], and
Golosov et al. [2013] who study models of intertemporal consumption smoothing
using numerical methods.
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is verified numerically on a grid of points.?> The envelope formula presented in our
paper provides an exact formula for discrete types that can be used to compute the
first-order optimal contract and to verify incentive compatibility directly without

approximations.

3.9 Conclusion

In this paper we have studied a simple principal-agent model in which the agent’s type
is private information and follows a Markov process. We have presented four sets
of results. First, following the standard approach in the literature, we have studied
the optimal contract when only local incentive constraints are considered. We have
shown that the agent’s equilibrium rents can be represented purely as a function
of the allocation through a dynamic version of the so called “envelope formula.”
Moreover, as in the static model, the envelope formula and a natural monotonicity
condition on the allocation guarantee that the contract is implementable. Although
this condition is only sufficient and quite strong, it is verified for virtually all the
natural environments in which the optimal dynamic contract has been characterized
in the existing literature.

Second, and most importantly, we have shown that the environments for which
the envelope formula is sufficient to characterize the optimal dynamic contract are
quite special. In general, even in the simplest examples, the allocation is not
monotonic.  Thus, for high persistence and sufficiently long time horizons global

incentive constraints generically bind.  Moreover, numerical examples show that

3Exceptions are Zhang [2009] and Williams [2011] who use continuous time
methods to avoid discrete approximation of the policy functions. Zhang [2009] and
Williams [2011] verify that the conditions for the first order approach are satisfied in
their model. Zhang [2009] however, limits the analysis to a two types model; and
Williams [2011] limits the set of possible deviations available to the agent (who can
report only incomes lower or equal to the true income).
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moderate levels of persistence are sufficient to violate the first-order approach.

Third, to gain insight on how the optimal contract looks like when the first-order
approach doesn’t work, we have characterized it in a simple case with three types
and two periods. We show that the optimal contract is characterized by dynamic
pooling: strategic, state contingent treatment of types in which types may be initially
separated, but then be pooled conditioned on particular histories.

Finally, we have shown that some insights in general environments with many
types and periods can be gained by studying a simple class of suboptimal contracts:
monotonic contracts, in which non-monotonicities in the allocation are “ironed” out.
The appeal of optimal monotonic contracts is derived from the fact that it converges
in probability to the optimal contract as the persistence of types converges to one,
that is precisely when the first-order approach tends to fail.

The analysis suggests a number of important research questions. The charac-
terization of the optimal contract with three types and two periods suggests that
state dependent pooling of types plays an important role in dynamic screening. The
example suggests a number of features that one naturally expects to hold in more
general environments as well. The analysis in Section 7, moreover, suggests that
even when it is not possible to fully characterize the optimal contract, useful insights
can be gained by studying contracts that are approximately optimal. We leave the

further development of these ideas for future research.

3.10 Appendix

3.10.1 Proof of Lemma 1 and Corollary 1

We first show that all the constraints in the relaxed problem can be assumed to hold

as equalities.

Lemma A1l. In a FO-relaxed problem: IRx(h'™') can be assumed to hold as equality
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for all W=t € H'71; IC; ;+1(h*™1) can be assumed to hold as an equality for all ' €

H"Yandi=0,1,...N — 1.
Proof. We proceed in two steps:

Step 1. Suppose that U(Oyx|h!™) = ¢ > 0 for some h*~!. If t = 1, then decreasing
U(6;|h°) by € for all 7 does not violate any constraints and increases the monopolist’s
profit. If ¢ > 1, fix h'~! and decrease U(6;|h'~!) by e for all 6;. This does not change

any of the constraints and keeps the profit of the monopolist the same.

Step 2. Suppose that IC;;41(h'~!) does not hold as an equality for some bt € H*~?
and i = 0,1,..., N — 1. Then, decrease U(0;|h'™!) by € for each k <i. Ift =1, all
the constraints are still satisfied and the monopolist’s profit is strictly higher, giving a
contradiction. If ¢ > 1, this change does not affect any constraint except 1C;_1 ;(h'~?),
where 6 is such that 2~ = (h'72,6;). The right hand side of IC}j_1 j(h'™?) is reduced
by 0> ci(ag-nr — ajr)e = 0AF (0;41]0;) ¢ > 0, where the last inequality follows
from first order stochastic dominance. Now, repeat the same procedure, decreasing
U(0x|h'=2) by 6AF (6;11]0) € for each k < j—1. We can keep reducing utility vectors
backward till the first period, unless h'~! contains 6, in which case the backward
iteration ends there, to deduce a strictly greater increase in the monopolist’s profit.
Thus, the changes do not violate any of the constraints and keep the profit of the

monopolist larger than or equal to before the change. ]

We can now prove Lemma 1 and Corollary 1 together. We shall proceed by

(backward) induction on t. Note that at t = T', Lemma A1 implies:
U(Ox|h"1) = 0 and U(6;|nT7) ZAU 0ia)hT 7 q) Vi < N — 1. (3.21)
where Au(6;,1|ht™1;q) is defined by

Au(Op1| Y ) = w6, q(01]h ) — w(@igr, ¢(Oia|R)).
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Similarly, for t =T — 1, we have for it < N — 1:

N
U(6:h"2) = Au(@i1|h" % @) + U(Oa |7 2) 4+ 6> (i — aganp)U (072, 0,41)
k=0
N—1 N
= [Au<9i+n’hT72;q)+6Z(a(i+n Dk — Qfi+n)k ) (9k|hT 2 6@+n)}
n=1 k=0
N—i
= [Au(€i+n’hT_2; q)+
n=1
N-—1 N—k
o ( (z—i—n 1k H—n Z Au ek—i—llh z+naq))i|
k=0 =1
Now, let
N-—1 N—k
Z z+n DNk — (z+n)k) AU’(gk—i-llh H—naq))
k=0 =1
N-—1
=D (@n-1k = Aimi ZQM, (3.22)

B
Il

0
where Q; = Au(6;|h"72,0,1,;q)) for for any type ;. The right hand side of (3.22)

can be written as:

N—k ( A(it+n— 1)0_az+n)0) (Q1+ +QN>
om0 500 = |+ 0t ) @+ 0
=1

+o+ (Ol(z#nfl)(Nfl) = Q(i+n)(N ) Qn

i

B
Il

0
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Rearranging the terms, we have:

?

N—k

( (z+n Dk — Oé (i+n)k Z QkJrl
=1

i
[e=)

(a(i+n—1)0 - a(i+n)0) Q1
= + ((a(z‘+n71)0 + Oé(i+n—1)1) — (04(@+n)0 + o z+n)1)> Q2

+...+ ((Oé(z'+n—1)o + ...+ a(i—i—n—l)(N—l)) — (Oé(i+n)o + ...+ Oé(z'—i—n)(N—l))) Qn

N
= D AF(Ok/0;40) @

k=1

where, we recall, AF (6;16;,) = F(6,16;) — F(6,]0;—1). This implies that:

=

N—k
(a(iJrnfl)k z+n Z Au 9k+l|h H—na q))
=1

B
Il
o

N
=) AF(O (0510 Au(Bs| D", 6; 103 q))

k=1

It follows that we can write:

N— N

s

U(6;|h"2) [Au (Osnl NT2%50) + 8> AF (O 0510 ) Au(Gp |17, Z+"’q»}
Z/ilz k=1
— [Au(GHn\hT*Z; q)
n=1
- Z Z(VTIHAF(hk)hk 1>AUh|th ))}

hGH(hT 2 0i4n )T>T 1

(3.23)

where, we reacall, H(h') is the set of histories following A! in which all realizations
after t are lower than 6,.

It is easy to see that (3.21) and (3.23) prove the statement in Corollary 1 and in
Lemma 1 respectively for ¢t = T and t = T — 1. We therefore conclude that our

hypothesis holds for t > T'— 1. Next, suppose it holds for ¢t + 1 where t > T'— 2. We
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want to show that it holds for . We have,

N
U(9i|ht_1) = Au (9i+1|ht_1; q) + U <9¢+1|ht_1) + 0 Z(Oélk - Oé(z'+1)k)U(0k|ht_1, 9i+1)
k=0
(3.24)
N—i [ N
= Au (9i+n|ht_1 (52 Qitn—1)k (i—i—n)k)U (0k|ht_1, 9,_,_”)]
n=1 [ k=0
N—i [ N-1
= Au (9i+n|ht_1; O.I) +0 (Q(itn-1)k — Q@itn)k)
n=1 | k=0
N-k
Au (‘gk+m|h Oitn q) +
m=1

Z Z5T (t+1) HAF<L

ﬁeﬁ(ht_lvei+n79k+m) T>t+1 L=t+2

bt ) A (hel 7 ))]

where the third equality follows from the induction hypothesis. Now,

N
= Z (916 |91+n )Au(9k|ht H—na Q) (325>

and,

N-1 N—k
0 Z( (i+n—1)k — 04 (i+n)k Z Z Z
k=0

=1 heH(ht L0t Oktm) T>t+1

, N-1 N-

5T_(t+1) H AF (ilb ]A7/L—1> Au (ETVLT_I; q) =9 (a(i+n—1)k - a(i+n)k> Z Qk+m7
1=t+2 k=0 m=1

where, Q; = > S gD ﬁ AF (iLL fLL_1> Au <B7|l37*1;q>. As be-

iLEﬁI(ht_lﬂwnﬂz) T>t+1 1=t+2
fore, after some algebraic manipulation, this becomes:

N-1 N—k N
0> (isn-nk = Vipnik) D Qrom =6 Y AF (04/0;4n) Qi (3.26)
k=0 m=1 k=1
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Combining (3.25) and (3.26) we obtain:
N

0> AF (04]0:sn) [Au(Oln ™", Oisni @) + Q1] (3.27)

k=1

N
=9 Z AF (eka_n) [AU(9k|ht_l> 9i+n; Q)‘l‘
k=1

Z 257 (t—i—l)HAF(L

) i)

heH (ht=1,0; 1 n,0,) T>1+1 =12
=S e I (i) s (i
heH(ht=1,0;,,) 7>t t=t+1

Combining (3.24) and (3.27), we obtain:

2

U (6h) = [Au( renlh ) +

1

3
Il

S e I ar (i

hGHh* 19+)T>t 1=t+1

. 1>Au(h B )}

Note that:

0;
Au(@i1)h Y a) = w(bs, q(0ia | R)) (01, (051 |A)) = / ug(z, (01| 1)) dx

Oi+1
It follows that we have:
N—i itn—1
U o) =3 | / o (2 q(0s | HY) )t
n=1 L+7L

S S I ar (i) / Y e a(lir )]
hy

heﬁ(ht71,9¢+n) T>t 1=t+1

This proves Corollary 1. Subtracting U(6;41|h'™!) and dividing by A6 from the above

expression gives us Lemma 1.
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3.10.2 Proof of Proposition 2

Recall that AU (6 |hP71,0;) = U0k |1, 6;) — U (0 |RP™1,0;41). We start with some
useful lemmas.

Lemma A2. Ifq(6;|h'™1) and AU (6; |h'™1) are non increasing in, respectively, i and
k for any h'=!, then (3.5) implies that local upward incentive compatibility constraints

are satisfied.

Proof. Condition (3.5) implies that local downward constraints, 7C; ;1 (h'™1), hold

as equality for any ¢ and h'~!, that is:

N
UO:;|h' ) = U011 |n'™1) 4+ Abq(0ia|h) + 52 (ir — agrnye) U(Ok|D™, 0i41).
k=0
Thus,
N
U(Biga|h' ™) = U0 ") = =A0g(0:salh"™") = 6 > (cir — agipa) UGkl 6i41))
k=0

N
= —A0q(0;|n") + 0 Z (Oé(i+1)k — Oéik) U0, 6;)

k=0
+ A0 (q(0:ilh* ) = q(ia[nTH)) +
N
52 (e — agisnye) AU (O, 6;)
k=0
N
> —Afq(0;|h" ") + 52 (a(i+1)k — aik) U(0|h' . 6;),
k=0

where the last inequality follows from the fact that g(6;|h'~') is non increasing in i
and fj (i — agip1e) AU (05 |h'~1,6;) > 0. The second observation follows from the
fact ‘Islr:l;t AU () |ht~1, ;) is non increasing in k, and that ayy, first order stochastically
dominates o;41)5. Thus, ICiyq1,;(A'™") holds. [ |

Lemma A3. If q(6;)h'™1) and AU(0y |h'™') are non increasing in, respectively, i

and k for any h'=' and (3.5) holds, then the local incentive compatibility constraints
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imply the global incentive compatibility constraints.

Proof. We show that IC;;2(h'™1) holds. The envelope formula (3.5) is equivalent to
assuming that all the local downward incentive compatibility constraints are satisfied

as equalities. From IC;;y1(h'™1) and ICiy;42(R™") we have:

U(0;|h"™") = U(Bia| 1)

= [U@:|n*71) - U(9i+1|ht_1)] + [UOia[h' 1) = U(Gigalh' )]

= ABq(B;1|h ) +5Z i, — ) UGkh Y 0i41)
k=0

+ AGQ( 1+2‘ht ! + 52 z—i—l k — a(z+2 ) (ek‘hti 'L+2>
k=0

It follows that:

U0l = U0 z+2!hH)

= 200¢(0;2|h" ") +6Z i, — Aray) U(Oh' ™, 0iy0)
k=0

N
+A0 (q(Oip1|W1) — q(Oiga KT1)) + 52 (i — agirnye) AU (O R, 0;41)
k=0

v

N
Abq(Oio| W71 + 52 (aisr — ) U0k, 0i40),
k=0

where the last inequality follows from the fact that g(6;|h'~') is non increasing in i
and %(aik — (k) AU (G, W71, 6;) > 0. As in the previous lemma, the second
obselic\:;tion follows from the fact that AU(6|h'™',6;) is non increasing in k, and
that oy1x first order stochastically dominates a(oy,.  Thus, IC;; 0(R'™) holds.
Similarly we can show that IC;;;(h'~") holds for all { < N —i. Therefore, all global
downward incentive constraints are satisfied. In an analogous fashion, we can show

that all upward global incentive constraints are satisfied. |

Given the lemmas presented above, Proposition 2 is proven if we establish that
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when the allocation is monotonic as defined in Definition 2, then ¢(6;|h'~!) and
AU (0, |ht=1,6;) are non increasing in i for any h'~!. The fact that q(6;|h'™!) is
non increasing in 4 for any h'~! is an immediate consequence of the monotonicity.
The fact that AU (6, |h'™1,6;) is non increasing in ¢ for any h'~! is established by the

following result.

Lemma A4. If the allocation is monotonic as in Definition 2, then AU (6 |h'™1) s

non increasing in k Vhi=1

Proof. Note first that U(@N |ht71, 91) = U(@N |ht71, 91‘4_1) =0, so AU(@N |ht71, 0,) =

0. By Lemma 1, we have:

ON—1

U(QN—1|ht_178i) = / u@(xJQ(0N|ht_170i))d‘r
On

T AF (b, |,

+ Z Z 6T7t71 Lzlt—[+2 ( 1>

heH (ht=1,0;,0n_1) T>tH] : fAhT—FAg Ug (l'a Q(ﬁ'r'ifil))dx

hy
(3.28)

It is useful to write this expression with a different notation. Let f-\]t(z) be set of
realizations of length 7' — ¢ that start with the first element equal to 6; (we denote ;h
is the typical element of f[t(i), so thy = 6;). A history h™ € H (h') with (¢t 4+ 1)-th
element equal to 0; (h],, = 0;) is then h” = {h*,, h"*} for ;h € H,(7) (by convention

we write bt = {h';h°}). We can then write:

On—1
Uy [1,6,) = / o (w, q(On A", 0:))da+

On

T

[T AF (chufehu-r)-

Z Z ot I=t+2 (3.29)

he (1) 7>+ L2 g, qlohe B, B b))
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Similarly we can write:

On—1
U(On-1 {ht_1,9i+1)/ ug(x, q(On|h"", 0;11) ) da+

N

[T AF (¢l |ehi—y) -

Z Z o I=t+2 (3.30)

theH, (N—1) T>tF1 T g (2, g B Oy BT da

Therefore we have:

AU(On—1 [W'7,6;) =

ON_1
/ (g, q(Ox 1, 0)) — uglr, g(Ox |1 6,11))] da

On

[T AF (¢l |ehi—1)

I=t+2
T—t—1
: Z Z ’ _ [thr—Af ué)(l’, C[(th7_|ht717 9i7t hTftfl))

th€H (N—1) T>t+1 e
—ug(, q(¢hr ‘h i1, KT 1))

dz

Note that by monotonicity, we must have q(Ox|h'1,60;) — q(Ox|h*™1,0;11) > 0 and

(h |ht ! elﬁh‘r = 1) _Q( h ‘h‘ 7,+17th 7t71) Z O

The above condition plus the single crossing condition (Assumption 1) imply that
AU(Oy_1|h10;) > AU(Oy |hi71,6;). Assume now that AU(6; |h'~1,6;) is mono-
tonic in j for 5 > m. We show below that AU(6,,_1 |k, 60;) > AU(0,, |RP71,0;),

the result then follows from induction. Applying Lemma 1 and using the notation
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developed above, we have:

AU By |H1,65)

ON_1
= AU(Hm ‘ht_la 91) + / [Ue(% Q(emlht_la 02)) - UQ(CL‘, Q(9m|ht_17 61-{-1))] dx

N

[T AF (¢l |ehi—1)

I=t+2

T—t—1
' Z Z ' . thr—Af Uo (ZL’, q(th7|ht717 eivt hT?til))

theHy (m—1) T>t+1 e dx
—ug(, q(the A1, Oipr, A7)
Thus, the single crossing condition and monotonicity of the allocation imply
AU (1 [W71,0:) > AU (0, |11, 6;).
|
3.10.3 Proofs of Propositions 3
For 0 <i < N, define ¥, (f,) as:
AFG(0]0i41) AFa(6i41]605)
fa(Oilbiv1)  falBis1]65)
N N
kZ;I [fa(Okl0:) = fa(OklO—1)] 37 [fa(Okl0ir1) — fal(O1160:)]
_ =1 k=i
fa(0i1116;) fa(05]0541)
In Lemma A5 we prove that if:
lirr% U;(fa) # 1 for some i € (0, NV) (3.31)
oa—

then the optimal contract is not monotonic as a — 1. In Lemma A6 we prove that

condition (3.31) is generically satisfied.
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Lemma A5. Foranyu, 6, |0 >2, T > 2, iflim, 1 V;(f,) # 1 for somei € (0, N),
then there is an o < 1 such that the FO-optimal contract is not monotonic for any

*

a > o,
Proof. Suppose first D = lim,_,; ¥;(fo) < 1. We show that lim,_1 ¢(6;]0;, 0;41) >

lim,1 q(0;|0;,0;). Note that

AFL(06) AF.(6:16,)
fal0i]0:)  fa(0:]6:)

11—
s Br.0(01.0)) < = |

0;i—1
} / ug,q(,q(05]0;,0;)dx
0;

and
Sq(0i,9(0;10:,0i41)) <

1— Z]kvzz Hi [AFa(QiWHI) ) AF,(0:1110:)
12 fa(0i|9i+l) fa(ei+l|9i)

Let ¢1 = lim, 1 q(6;]60;,0;). Distortions converge to 1 along constant histories, so

0;—1
1 : / ug q(, q(0:|0;, 0541)d.
0;

q1 = q(6;|h°).*° By Assumption 3, since the static optimum is an interior solution,

we have

1 — N_' 0;—1
sq(bi, 1) = % '/9 Ug,q(z, q)dw.

Also, letting go = lim,_,1 ¢(6;]6;,6;41), we have

1— Zivzz HE

5q(6,q2) < o

0i—1
~D./ ug4(z, g2)dz.
0;

It follows that:

1— Ni. 0i—1
q)q<0i7 ql) = Sq(0i7 (h) - % : / U@,q(‘ra Q1)d$
i 0;

1_ N_‘ 61
= 020 - == D [ e
i 0;

1— Ni. 0i—1
> Sq(0i7 Q2) - % : / Ua,q(% Q2)d$ = ‘I)q(em 92)7
i 0;

“0This follows from the fact that lim, 1 AF,(6;]6;)/f.(6]6;) = 1.
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where the strict inequality follows from D < 1. Since ® is concave, we have ¢ > ¢;.
Next, suppose D = lim,_,; ¥;(fo) > 1. Then, analogous to the steps above we
show that lim, 1 q(0;11|0i11,0i01) > limg_1 q(0;4110541,0;). Letting g3 =

limy—1 ¢(0i41|0i41,6;), and g4 = lim,_y1 (0411051, 0i1), We get

1— ZN—Z' M bi
5q(0i,qa) = el / Up ¢ (7, qa)d
Hit1 Bit1
and,
1- ZN—Z' Mk b
Sq(eia Q3) S h=itl - D. / u@,tI('x’ Q3)d$
Hit1 01

Thus, using D > 1, we obtain ®,(0;11,q3) < ®4(0i41,¢4), implying g4 > g¢s. |

We now prove that (3.31) is generically satisfied. Define

T, = {faeA\ iiinqui(fa)7é1}

We will show that I'; is open and dense in A, thereby establishing that I' = UN'T;

is open and dense in A, proving our result.
Lemma A6. (5.31) is a generic property of A.

Proof. Note that A is a space of functions from [0,1] to [0, 1]V ! x [0, 1]V that

satisfy Assumption 2. Endow this space with the sup norm:

I/l = sup max fal(6:16;).

ael0,1] 1€{0,...N}, j€{0,..,N}

Given an i € (0, N), we proceed in two steps.

Step 1. We first prove that I'; is open. Assume not. Then for some f, € I'; and
any e-neighborhood N.(f,) of f, we can find a f/, € T; = A\ I';. It follows that there

exists a sequence (f7) € I'; such that f* — f,. By definition lim,_,; ¥;(f?) = 1 for
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all n. Since W;(f) is continuous in f, this implies

hm U(fy) =lm lim U(f?) = lim lim U(f7) =

a—1n—oo n—o00 a—1

proving that f, € T;, a contradiction.

Step 2. Next we prove that the I'; is dense in A. To this goal we need to prove
that for any f, € A and € > 0, there is a function f/, such that and ||f — f'|| < € and
ft €Ty If f, € I';, then the result is immediate. Assume therefore that f, € T;.
Let f be a constant stochastic matrix that satisfies first order stochastic dominance

strictly and with f(6]6;) > 0 for all i, k. Fix > 0 and define

where e(«) is a non negative function of a with e(a) < € Va. Then, is easy to see

that || f — f'|| <& Moreover,

N fa(O|0it1) = fa(0k0:) N Ja(Ok10:)— fa (0x10i—1)

Z fa(0i]0ix1) Z Fa(0iy1]0:)

k=i | 4 e(@)  F0xl0i41)—F(016:) k=it+1 | 4 e(0)  F(0rl0)—F(0kl0i—1)
/ . 1_5(0‘) fa(0i|0i+1) 1-5(0& fa(gi-s-l‘gi)

)
_ 3.32
e(a)  f(0i41]0:) ( )

e(@)  f0il6it1) .
1+ JVilZi1). L+ () fa(0it110:)

1—e(a) fa(0:|0it1)

Since fo(0;]0;41) and fo(6;11]6;) both converge to zero as & — 1, there are two cases to

consider. Assume first limg_,; 2290%1) — 0 In this case choose e(a) = fo(6:]0i11).

fa (9l+1|6)
We have:
’ a ~ ~
lim i(f,) = m + M; (f(9k|9z‘+1) - f(‘gk|9i))]

N
where M = limay; 3 fa“’k‘/f;g;ﬁfgé)'@i—ﬂ] If M = 0, then lim,_; U;(f.) = 1/(1 +
k=i+1 B

f(6:10:41)) < 1;if M = oo, then limg_,; U;(f.) = co. It follows that limg_,; U;(f.) =
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1 only if M is a bounded non negative constant and:

N
M = (0:0i2)/ > (F(0ul0:2) = F(64165)) (3.33)
k=i

Since f is as a generic transition matrix that satisfies first-order stochastic dominance
strictly, we have a contradiction. To see this, assume (3.33) holds and consider a
matrix f that is equal to f except that f(6;]6is1) = f(6i|0;11) — € and f(0;1]6;:41) =
f(0;11]0;41) + € where € > 0 is a arbitrarily small. The new matrix still satisfies first
order stochastic dominance strictly and it has f(9i|92-+1) / év: (f(9k|9i+1) - f(9k|92)> <
M. We can then repeat the argument presented above ’::leoosing J?instead of f and
(0i1110:)

obtain a contradiction. In the case in which £

o 0 we choose g(a) =

fa(0;11|0;) and we proceed proving the result as in the previous case. |

3.10.4 Proof of Proposition 4

We prove that for any p, |©] > 2 and a generic transition probability function, there
exists an a* < 1, T™, and 6* < 1 such that the first-order approach fails to be verified
for any a > o*, T > T* and § > 0* if lim, 1 ¥;(f,) # 1 for some i € (0, N). Given
this, the statement of the proposition follows from Lemma AG6.

Note that as o — 1, AF,(0x|0x) — 1 and AF,(0;|0;) — 0 for Vk # j. We have

two cases to consider:

Case 1: D = lim,_,; ¥;(fo) < 1. We prove the result by showing that the FO-optimal
contract violates the second period global incentive constraint IC;_;,;11(6;). To this

end, we first make a useful observation.
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Lemma A7. IC;_y,1(h'™1) holds if and only if

dv + 6 Z >0
i —up (@, q(0i1 R ™)) k=0 | (U(Ok|h'",0;) — U0k R, 0141))

(3.34)

/911 ug(x, q(0;)ht™1)) N (fa(Ok|0i-1) — fa(Ok|6:)) -
(7

where U(Ox|h'~1,0;) = U* (0 |h'™1,0:;q), as defined in (5) in the paper.

Proof. The global incentive compatibility constraint IC;_j;,1(h'™") can be written

as.
U(0;—1|h"™ ") = UOa| A1) > w01, (01 |AY)) — w01, q(Oisa|RT))
N
+6 > (falOkl0iz1) = falOk]0ix1) U(Ok|R ™, 0:11) (3.35)
k=0
Note that

U(0;—1|h"™ ) =U 01 [W'7Y) = (Ui |B1) = UG |A1)+ (U (0| — U(Biga| 7))
So using 1C;_1;(h'™') and IC; ;1 (h'™"), we have:

w(0;—1, q(0is1 | 71)) — w(ligr, q(Oipa|W1))

U(Qi_1|ht_1) — U(Qi_i_llht_l) - N
0 2, (falOl6i1) = falO4]0:41)) U(Ok|h', bi11)

(3.36)

w(0i—1, q(0:;|h' 1)) — u(b;, q(0;|n*1))
+u(0i, (01 |h 1)) — w01, q(Oia|h))

N
5
k=0

(fa(Okl0i-1) — fa(Ok]6:))
(U (0k]h1,0;) — U0k W', 011))

Using (3.35) and (3.36), it follows that that IC;_;;(h'™') holds if and only if (3.34)
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holds. [ |

SO, [C’ifl,i+1 (91) holds if and only if

b1 | ug(w, q(6;]6,)) N (falOkl6i1) — fal(Ok]62)) -
/91 dr +9 Z >0

—ug(7, ¢(0i1110:)) k=0 | (U(0k|0:,0:;) — U(0k|0:, 0i11))

We first note that:

(fa(Okl0i-1) — fa(0k|0:)) [U(0k]0:, 0:) — U(Ok[0;, 0i41)]

WE

=
Il

0

U(60;-106;,6;) U(6,10;,0;)
= fal0i-1]0;-1) — fa(0:105) +o(a)
—U(0;-1i|0:,0i41) —U(6;|0;,0;11)

where o(«) is such that o(a) — 0 as @ — 1. Either the distortions are finite in which
case the first-order quantities are finite, or the distortions go to infinity in which case
the non-negativity constraint binds and quantities are zero. Thus, all the quantities
along non-constant histories remain finite in the limit and the associated probabilities
converge to zero. Hence, o(a) — 0 as a — 1.

Next, let Bt(é) be an history in which the realization is € in every period for ¢
periods. Using (3.4), we have:

U(0:i110,,0,) — U0:10:,6:) = S (SAF(0:10:) > Au(0:]2(6,)) + o(a)

(6AF,(6;10:))3

o o, (O (6))) de

M= 10

+ o(a)

i
w

Moreover:

U(0i-110:,0511) — U(0:10;, 0i41)

= > (OAFL(0:10,))" > Au(6il05, 01, B 5(0,)) + o(@)

t=3
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T (6AF,(0;10;))3
+ o(«)

. [feii_l ug(x, q(0;16;, 0i41, ﬁt—3(9i)))das]

t

As o — 1, we have by (3.8), q(6;|h'~(6;)) = q1, defined as the unique solution of:

1 N_' 0;—1
sq(Oiq1) = % '/9 Ugq(, q1)dx

and, ¢(6;|0;, 041, ht_g(ei)) — (2, where ¢y satisfies
1— N_‘ 0;—1
Sq(eia q2) S % . D/ Ug,q(.flf, QQ)dx
i 0;

As in the proof of Proposition 3, we get ¢o > q;. Next,

N
5_{% kZ (fa(9k|6i—1> - fa(‘gklgz)) [U<9k|027 92) - U(kazv 0i+1)]
=0
T
= lim ; (6AF,(0;16,))°

/9 R [ue(l‘,Q(eilﬁt—l(ei))) — ug(, q(0;16;, 0101, ' =3(6:))) | da

1— ;T—2 i1
B 1—_5/9 [ug (7, ¢1) — ug (z, ¢2)] d

Finally, as @ — 1, IC;_1,11(6;) holds only if:

0;i—1
liml [uo(z, q(0:10;)) — ug(x, q(0i+116:))] dx
a=1 [o
1 . 6T—2 91',1
Z T [ug (z, q2) — ug (z,¢1)] dzx (3.37)

-5 J,

The left hand side of (3.37) is clearly bounded for any 0. Since wy is strictly increasing
in ¢ and ¢y > ¢, the right hand side of (3.37) diverges to oo as 6 — 1 and T' — oo.
We conclude that there exist thresholds for 6 and T above which the inequality does
not hold.
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Case 2: D = lim,_,; V;(f.) > 1. We prove the result by showing that the FO-optimal
contract violates the second period upward local incentive constraint 1C; 1 ;(6;41). To
this end, we first make a useful observation. Analogous to the arguments in Lemma

AT above, it is easy to show that 1C; 1 ;(6;41) holds if and only if

dr+

/Gi UQ(ZL',Q<9i|0i+1))
Oit1

—U0<I> Q<81+1 |92‘+1))

0 " (falOk]0:) = falrl0ii1)) >0

al U(0x|0:+1,0:)
k=0 —U(kaz‘ﬂ, 6i+1)

Now,

D (fal0hl0:) = fa(0kl0:41)) [U(Ok10511,65) = U (Ok16i1,6:11)]

k=0
U(Qi|9i+17 91) U(0i+1|‘9i+1; 9@)

= fa(0i]0;) — fa(Oi1|0i41) + o(a)
—U(0;]0i+1,0i11) —U(0i1|0i41, 0i11)

where o(«) is such that o(a) — 0 as @ — 1. Then, following the same steps as in

case 1, we get that as @ — 1, ICj41,(0;41) holds as if and only if

0;
hjﬂ [ug(x, q(0i|0i41)) — vo(, q(0i5110i41))] dx
@ Oit1
1 — §7-2 0i—1
> [ug (x,q4) — up (x,q3)] dx
1—0 Jy,

where q3 = lima_ﬂ q<9i+1|9i+17€i)7 and qs = lima_,l q(0i+1]6’i+1,0i+1) are as in the

proof of proposition 3 above, and g4 > g3 gives us the result. [ |
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3.11 Proof of Lemma 2

First, we prove a useful lemma that will be invoked in the proof of Lemma 2.
Lemma A8. The optimal solution satisfies: qr, < 0, qr(L) < 01, and qpn(L) < 0y
Proof. Suppose q;, > 6. Then, decrease q;, by €. Since it only appears on the RHS
of incentive constraints and has positive coefficients, this does not violate any of the
constraints. Moreover, the change in the monopolist’s profit is proportional to

(9L (g —¢) - % (qr — 6)2) - (GLqL —~ %ﬁ) = (qr —0r)e — %62-

We can choose € small enough so that the above expression is positive, giving us a
contradiction. We can similarly show that ¢, (L) < 0.
Next, suppose qa(L) > ). Note that the second period incentive constraints

after history L give
Abqr(L) < un(L) —ur(L) < Abgu(L).

Without loss of generality, /Cy/(L) can be assumed to hold as an equality. Suppose
up (L) — up(L) > Abqp(L). Then, decrease up (L) so that ICy (L) holds as an
equality. This does not violate any constraints and keeps the profit of the monopolist
the same.

If ICLp (L) holds as an equality, then we must have ¢y (L) = qr(L) < 01 < O,
giving a contradiction. If ICp/(L) does not hold as an equality, then we can decrease
qum (L) by € without disturbing any of the constraints. Moreover, the change in the

monopolist’s profit is proportional to the following expression:

(0 au(2) = 2) = 5 () = 2°) = (Bwrar(2) ~ (21"
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= (gu (L) ~ bur) e — 2

We can choose £ small enough so that the above expression is positive, giving us a

contradiction. [ |

Now, we show that I R; binds. Suppose not. Decrease Uy, Uy, Ur, by the same
small amount. The first period incentive compatibility constraints continue to hold
and the second period constraints are unaffected. This increases the profit of the
monopolist without disturbing any of the constraints, giving us a contradiction. Thus,
U;, = 0. Next, we show that IC);; binds. Suppose not. Decrease Uy, by €. Then,
all the constraints are satisfied and we increase the monopolist’s profit, giving us a
contradiction. Using these two binding constraints we can eliminate Uy and Uy, from

the maximization problem. In particular, /Cp,s can now be written as

3a — 1

Uy > A0 (g +qr) + 6 [(up (M) = upr (M) + (un (L) — ur(L))]

Also, ICyy is given by

-1
UH Z QAQQL +53&

[up (L) — ur(L)]

First, note that at least one of ICy;; and ICy must bind. If not, then we can
decrease Uy and increase the monopolist’s profit. Suppose ICyys does not bind.
Then, ICyxr, must bind. Thus, we can eliminate Uy from the maximization problem.

In particular, ICy ), can now be written as

3a—1 3a—1
O lun (L) — upr(L)] > Mgy + 62—

Afgr + 6 g (M) — upe (M) (3.38)

Second, we claim that if /Cy;;, and ICy bind and ICy)y, does not bind, then

ICHM (L) binds. Suppose up (L) — up (L) > AOqp(L). Decrease ugy(L) by € (and
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so Uy by 0(agg — ary)e and Uy by 0(apy g — apy)e), thereby, increasing the profit
of the monopolist without disturbing any of the remaining constraints, giving us a
contradiction. Thus, ICy (L) must bind.

Using ICyp (M) and the binding IChp (L) we can rewrite (3.38) to obtain:

3o Ja—1

A0 (L) > Agas + 52

A@qL +6 B

Since ICy s does not bind, it is easy to see that ¢y = 0y and ¢, (M) = 6; for any
i. By Lemma A8, we have ¢, < 0, (and thus q;, < 0)/) and qp (L) < 6. These

clearly contradict the above inequality. Thus, we must have that ICpy,, binds. B

3.12 Proof of Lemma 4

For the reminder of the proof, it is useful to state the first-order conditions of the
WR-problem. It is easy to see that the H type always gets the efficient quantity.
After history H, moreover, quantities are always efficient, implying: ¢y = qu(M) =
qu(L) = 0y and qu(H) = 0p,qu(H) = Oy, qu(H) = 0. The remaining first-order

conditions are given by:

[qM] oMM (QM — qM) — IMHAQ + A = 0
lgr] = p (O — qr) — (pa + par) A8 — AA0 = 0

laae(M)] = parde (Oar — qur (M) — XNprar (M)A + A (M)AO = 0

(M) s

l—«

2

(QL - QL(M)) - )\ML(M)AH =0

[av (L)) 2 prd
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lqr(L)] + prdoa (0 — qr(L)) — Ay (L)AG =0
3a—1 3 —1

wrr(M)] = Ay (M) = Apar(M) =0
(D] — A(s?’o‘z_ L (L) = 0
lwmrp(L)] : = (par + par) g1 + Aur(L) — Arm(L) =0

We can now proceed with the proof. In the reminder of this section, we firs
characterize the optimal allocation assuming A = 0. We then derive the conditions
under which the assumption of A = 0 is admissible.

Assuming A = 0, we have

qM:,gM_’U_HAQ and qL:(gL_”H—i_—”M
1237, KL

AO. (3.39)

Clearly, A = 0 implies Agp(L) = 0. Also, it is easy to show that Apy (L) = 0,
else qu(L) > 6y, which contradicts lemma A8. We therefore have Ap(L) =

(e + par) 530‘2_1, and the solution after history L is given by:

pr + piar 3o — 1
KL 2

Next, note that we must have Ay (M) = ppd25= and Ay (M) = Apu(M). We

have two possible cases:

Case 1 (Region Al). Ay (M) = Ay (M) = 0. In this case:

A¢ and qnL(M) =10, (3.41)
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For this to be a solution, we must have 6,; — %%A@ > 0r, so a < ap(pp) where

%5z

a =
olpr) e — 2pin

We conclude that for a < ag(pps) the solution is given by gy = 0y, qu(j) = Ou,
¢;(H) =0; for all j = H, M, L in addition to (3.39)-(3.41).
Case 2 (Region A2). Ay (M) = Aoy (M) > 0. Then, gy (M) and g (M) are

both equal to a constant ¢. From the first order condition with respect to gy (M)

and qr, (M) we have:

2a l -« g 3o —1
M) =q,(M) = 0 0, — — Af. 3.42
au(M) = (M) = 377 0+ 700 pv 1+« (3.42)

We conclude that for a > ag(us) the solution is given by ¢y = 0y, qu(j) = 0m,

¢;(H)=0; for all j = H, M, L, (3.39)-(3.40) and (3.42).

To characterize the necessary and sufficient condition for A = 0, we need to verify
that given the solution defined above, ICy is satisfied. Plugging in the values of

Case 1, we obtain:

1 1 1
0y — P AG + 530‘2 <9M - “—HSO; AQ) > g, — HHTIM NG 530‘2 Or.

Kt Karo 2C KL
(3.43)
that is,
pr (1 —pr) <1+g (3a2—1)2) *
par > e~ () (341
1+ Kr <1 + o (3042—1) )
Plugging in the values of Case 2, we obtain:
LE 3a—1 2a 1l—« w3 —1
O — —A0+ 0 - Ad) >
M 1Y, * 2 (1+on+1+ozL v 14+« -
3a—1
6, — “H:%Ae +65 0w, (3.45)

159



that is,

a— 2
- pr(l — pr) <1 + 5(5(1+2) )
123,73

T 14 g (1 - 0321 - 20)

)~ s (@) (3.46)

Let us define p* (o) = min{pj («), ub (a)}. We have the following result.

Lemma A9. If a, pys is such that py > p* («) and o < ag(ppy) then the optimal
contract is as described in Case 1 presented above. If p > p* () and o > ao(par)

then the optimal contract is as described in Case 2 presented above.

Proof. We first prove that when o < ag(par), then pp > p* (o) implies pyr >
wi (). To this end, we prove the counterpositive: when a < ag(par), pn < i («)
implies iy < p*(«). Note that: 1. the left hand side of (3.43) and (3.45) are the

same; 2. the right hand side of (3.43) is not larger than the right hand side of (3.45)

2

. -
if and only if u—fg < 324,

that is if & < ag(uar). It follows that if uy < pf (a), then
neither (3.43) nor (3.45) hold, implying puar < ph () as well: we therefore conclude
that py < p* («). Given this, the conditions py, > p* () and o < ag(par) imply
the conditions py > i (o) and o < ap(par), so by the discussion presented above,
the allocation described in Case 1 is an optimal solution of the WR-problem. By a
similar argument, we can prove that when a > ag(uar), then pp > p* (o) implies
tar > ph (). This implies that when we have uy > p* (o) and o > ag(ppr), then

the allocation described in Case 2 is an optimal solution of the WR-problem. [ ]

Finally note that Case 1 and Case 2 described above are the only possible alloca-
tions consistent with A = 0. So, if uy < p* («), the Largrange multiplier of ICpyy,

must be binding.

3.13 Proof of Proposition 6

The result follows from Lemma A9. |
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3.14 Proof of Proposition 7

We first prove a useful lemma.

Lemma A10. The optimal solution satisfies: qr, < 0 — %Aﬁ, qr(L) < 6 —

—“H:L”M —33;1A0 and qr (M) < 6.
Proof. We proceed in 3 steps.

Step 1. Suppose q;, > 0, — %AQ. Now, decrease q;, by €. All the constraints

are still satisfied. The change in the monopolist’s profit is given by

e | =0 = 5 (0= 7 = (@)")] + G+ ) 0

= u KQL _ (QL _ MA9)> e — 162} ’
KL 2

which is greater than zero for small enough €, giving us a contradiction.

Step 2. Suppose qr,(L) > 0, — %%AQ. Now, decrease g1, (L) by € and wy (L)

by Afe. All the constraints are still satisfied. The change in the monopolist’s profit

is given by
proa | —fre — 5 ((qe(L) — €)* = (qe(L))?) | + (ua + pona)9 5 Qde
UH + [ 3a—1 1 9
= — — A _ -
proo {(QL(L) (9L L oo 9)) € 26 } )

which is greater than zero for small enough €, giving us a contradiction.

Step 3. Suppose q.(M) > 0. Now, decrease q,(M) by € and wy (M) by Abe. All

the constraints are still satisfied. The change in the monopolist’s profit is given by

5 [ 0w = 3 (@00 - 02 - (@O0 -

=52 (a0 - ) - 3¢



which is greater than zero for small enough €, giving us a contradiction. |

Keep in mind that A > 0 = Ay (L) > 0. It follows from the first order condition
with respect to wy(L). Next, in order to characterize the quantities after history

M, we prove a useful lemma.
Lemma Al1l. A > 0= )\HM(M) > 0.

Proof. Assume by contradiction that Ay (M) = 0. Then, we must have Ay (M) =
Ay (M) = 0. Assuming them strictly positive gives us qu (M) = qr(M). Also, from
the first order condition for gy (M), we obtain gy (M) > 6y, implying g (M) > 0y >
01, a contradiction to Lemma A9. Thus, A = py and gy = qu (M) = Oy

Next, we note that if A > 0, then ¢y (L) < 05;. To see this point, consider the
first-order condition with respect to ga(L). Since, Aga(L) > 0, if App(L) = 0 then
it follows immediately that qn (L) < Opr. If Apps(L) > 0, then g (L) = qr(L) < 0, <
011, where the first inequality follows from Lemma A10.

Using these facts, we can now write:

AOgar+0°0 Lt (M) = A0 0y + 6 Lt (M) > AG - O3y + 530‘2_ L AOqur (M)
(3.47)
— NGO + 530‘2_ YN0 -0y > A0gs + 530‘2_ L NOgu (L)
— Abg 4620 L (D).

The strict inequality proven in (3.47) contradicts A > 0. Thus, we must have

Agn (M) > 0 as requested. This completes the proof of Lemma A11. |

We divide the proof of Proposition 4 into two steps. First, in Section 7.1, we
assume that ICpy (L) is not binding and we characterize the parameter region in
which this assumption is correct. This will allow us to define the regions B1 and

B2 described in Proposition 7. Then, in Section 7.2, we characterize the optimal
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contract when ICp (L) is binding, region B3.

3.14.1 Characterization of Regions B1 and B2

Let us assume App (L) = 0. Since pup < p*(a), we have A > 0. From the first order

conditions, we obtain:

- A A
qyn = QM — adil AQ, qr, = QL — MAQ (348)
Mo ML
A -1 -1
an(D) = Oy — 23T Ng gy =y, P3O g g
pr 1 —a pr 2a
Since A > 0, we have Agp (M) > 0 and Agp (L) > 0. Thus,
3a—1 3a—1

There are two relevant cases. We use A\; to denote A from Case 1 and Ay from Case 2.

Case 1 (Region B1). Ay (M) = Apy(M) = 0. Then, from the first-order

conditions:

A and qrL(M) =0 (3.51)

Substituting, the values from (3.48)-(3.49) and (3.51) in equation (3.50) we obtain:

14+ A 3a—1 )X 3a—1 - A 3a—1lpug — M 3a—1
AR i it Y277 e U St B (3.52)
I3 2 ppl-o Hont 2 pa 20
which gives:
N_H(1+§MM)_L
)\1:)\1 ((I)Z .LLMa_ — 2 2 HLa_ — (353)
o (1028350 4 o8 (14 0% )

Clearly, for this case to be valid, we must justify the assumption that Ay, (M) =
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Aram(M) = 0. A necessary and sufficient condition for this is g (M) > qp(M).

Given (3.51), this condition can be rewritten as: ’“;#’\1% < 1, where \; is given

by (3.53). This condition is implied by:

1+ (1 — pr)bo(a) — puco(@)ao(cr)
bo(a) (1 + co(e))

= = MO(O‘)’

where

3a—13a—1 3a—13a—1 2
:1 P—
5 5o bo(a) +9 51 o and co(a) P

apla) =146

It follows that (under the assumption that Ay (L) = 0) the solution is given by
(3.48)-(3.49), (3.51) and (3.53) when when gy > po(a).

Case 2 (Region B2). For puy < po(a) we must have Ay (M) = Apy (M) > 0. In

this case, we must have:

20 1 —« — X 3a—1
qu(M) = qp(M) = ———0) + ——p, — H1L— 22

Al 3.54
l+a ™ 1+a vy 1+« ( )

Substituting ¢as (M) and g (L) equation (3.50) we obtain:

1+ X 3a—1/ 3a—1 11—« L — Ao 3a—1pug — X 3a—1
153 2 pur 1l—a 14+« Y, 2 w1+«
(3.55)
which gives
I i 0 Bl i ), 556
P U ) + o (14 o) |

It follows that (under the assumption that App (L) = 0) the solution is given by
(3.48)-(3.49), (3.54) and (3.56) when pyr < po(@).

We now complete the analysis of this section by characterizing the conditions

under which we can ignore the ICp /(L) constraint and so Ay (L) = 0. It is easy to
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see that ICp (L) is satisfied if and only if qp (L) > qr(L). We have ¢ (L) > qr(L)

if and only if:

1 3a—1\" 1—pr3a—1
N < (— « ) (1+ FL 2 ) (3.57)
pr 1 —a prL 2«
Thus, for Case 1 we have,
3a—1 3a—1 1 _
e (1402550 ) — o <(L3a—1) 1(1_’_1_/~LL304_1)
1 3a—1 3a—1 1 3a—13a—1\ —
oy (L0235 ) o (L 0% ) = N\ 1~ a pro 20
Define
3a—13a—1 3a—13a—1
=1+96 b =146 d
ai (OK, :uL) + 2 20 s V1 (a7NL) + 92 1—a , all

1 3a—1\"" 1—pp3a—1
er(apn) = (— 1+ —H
pr 1 —a prL o 2«
We can then write the previous inequality as:

Hray (Oé, NL) [1 — ML —C (Oé, ML)] Kok
> pr— OC
=15 (o, pur) por + b1 (v, pup) ex (@, pr) ui ()

Next, for Case 2, we have ¢y (L) > qr(L) iff,

3a—13a—1 1 Ja—11—a
ML (1 4 532t _1+a)_(,u_L_5_2 m) <(i3a—1)_1(1+1—u];304—1)

1 3a—13a—1 1 3a—1 3a—1
oy (L0 o (L 0% ) — N 1 -« proo 20

Define
3aa—13a—1 1 Jaoa—11—«
as (aaﬂL) + 2 ].+Oé’ 2<a7ML) L 2 1+Oé
1 3a—1\"" 1—pr3a—1
= _ 1
C2 (Oénul) (,UL 1—OZ) < + L 20 )7
3a—13a—1

dy (e, i) =1+0

2 11—«
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Rearranging, we obtain:

pras (o, pr) [1— pr — 2 (o, pup)]
pr (as (o, pur) +ba (o, ) + ba (o, pr) 2 (v, g,

v

1297 ) = 5" ()

Let us define p** (o) = min {p* (a) , pi7* (o) , pi3* () } . We have:

Lemma A12. If uy € [ (o), p* (o)) and pupy > po(a), then the solution of
the WR-problem 1is given by the solution in Case 1 presented above. If uy €
[ (o), w* ()] and ppr < po(), then the solution of the WR-problem is given by the

solution in Case 2 presented above.

Proof. We first show that if uy € [ (a), p* ()] and pp > po(a), then py €
(™ (o), p* ()] and ppr > po(e). This implies that the solution is given by Case 1.
Assume gy < p3* (). In this case, (3.57) does not hold with A;. This implies that
(3.57) does not hold with Ay as well if Ay > A;. Subtracting equation (3.55) from

equation (3.52), we get

(AL —=Ag) |[—+—+6

1 1 3a—1<13a—1 1304—1)}
KL MM 2

El—oz M_M1+Oé

3a—11—« {uH—)\l?)a—l 1]

2 1+« s 200 (3:58)

So, we have that Ay > \; if:

which is implied by pa > po(e). It follows that if gy < pi* («), then py < p** (@),
a contradiction. We conclude that it must be py, > pi* (a).

We now show that if s € [0** (o), p* ()] and pp < po(a), then ppy € [ps* (o), u* (o))
and pyr < po(e).  This implies that the solution is given by Case 2.  Assume

py < 5" (o). In this case, (3.57) does not hold with Ay . This implies that (3.57)
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does not hold with A\; as well if A\; > Ay. From (3.58) we have that this always true
if ppr < po(a). It follows that if py < pd* («), then pup < ™ (@), a contradiction.

We conclude that it must be py > p* (a). |

3.14.2 Characterization of Region B3

Finally, we characterize the contract when py < p**(a) and so both A > 0 and

Arm (L) > 0. This is region B3. In this case:

- A A
qugM_“H AO and qugL_M
12374 KL

Af (3.59)
We also have that App (L) > 0 implies qp (L) = qr(L), so:

_1—049 n 2a 0 g+ par + A3 — 1
T lta M1t (L 1+«

au(L) = qu(L) Af (3.60)

From Lemma A9, we have ¢ (L) < 0, — &:LM%AH. Also, when App (L) > 0, the

above inequality is strict. Thus, substituting the optimal value of ¢ (L), we obtain:

12
pr 1 —a KL 2

A 3a—1 3a—1
e 0 e T ) (3.61)

Note that as App (L) converges to zero, (3.61) is the exact violation of uy > p™* (),
that is, inequality (3.57).

To characterize the quantities after history M, we now show that Ay (M) =
)\LM(M) > 0.
Lemma A13. )\, )\LM(L) >0= AML(M) = /\LM(L> > 0.
Proof. Suppose Ay (M) = Ay (M) = 0. Then,

g — Ao —
Py 2

1
qur(M) = 0y — A¢ and g (M) =10y.
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From 6, — L=23¢=1A > ¢, e have:
MM 20

20 pg —A

> 0. (3.62)

3 — 1 K

Since A\, Apar(L) > 0, using qar (M) > qr.(M) = 0 > qr,(L) = qn (L), we get g, > qa-

This implies

—A A
<1_MH +MH+MM+ )<O.
1253 L

Using equation (3.62). we get

pr + par + Ada—1
Hr -«

< 1. (3.63)

Now, inequality (3.61) can be written as

1

Ada—1 1 1
_ Hm Tt +A3a _[/JH"‘HJM(?)&_I)( +_>
1733 l—« WL —a 2«

_HmtpmF+A3a—1  pg+py3a—-1l+a
N 1555 l-« 1155 20 2«

which contradicts condition (3.63). |

It follows that

2a 11—« —A3a—1
= O + QL—'MH
14+« 14+« w1+«

qu(M) = qr.(M) Al

Finally, substituting the optimal values in ICy, as equality, we obtain:

—A A
(1_MH +HH+NM+ )z()

3.64
o oy (3.64)

that implies ¢p; = qr. Note that equation (3.64) gives the value of A, which uniquely

defines the solution at the optimum. In particular note that type M and L are treated
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as one, that is,
qu =qr and  qu(M) = qr(M) = qu(L) = qu(L) (3.65)

We conclude that the solution of the WR-problem in region B3 (s < p**(«)) is given
by: (3.59),(3.60), (3.65) and (3.64). W

Table 1 summarizes the solution of the WR-problem describing the optimal allo-

cation for each possible case.

3.14.3 Proof of Proposition 8

We proceed in two steps.

Step 1. We say that a quantity ¢ (6; |h'™!) is distorted downward (respectively,
upward) if ¢ (0; |h'™1) < 6; (respectively, q (6; |h'™1) > 6;). We first show that in the
optimal monotonic contract distortions are all downward. Consider the constraint

set of (3.20), as described by M. Define,

P (n1) = /fzt*1|3k‘ <t-1 S.t/.\ given hl ' = 6, for sor/r\le [1=0,1,...,N —1;
we have hi ' =6, and h;’l = hé’l Vj#k

Thus, T'(h71) is the set of histories that differ from h'~! only once: the type in

period k is replaced by the contiguous lower type. It is easy to see that a contract

is monotonic if and only if for any history h'™': 1. ¢ (6;|h*™') > q(6;41|h'™1) for all

i < N;and, 2. q(6;|ht™1) > ¢ ((91-@5_1) for all ¢ and for all ht=! € T (ht~1).

Next, we introduce the following complete order on the set of all histories at
time t. For any two histories A'~! and ht1, let 7* (ht_l,ﬁt_1> be the first period
in which they diverge: 7* (ht_l,ﬁt_1> = min, {O <j<t—1st by # /fz;_l}, with
™ (hf*l,ﬁH) —t—1if A = BL We say that A1 =% Bl if AL

* (ht—l”]{t—l) Z
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Tt—1

-t i.e., if it is higher at the first point of divergence. It is easy to verify

that the order >* is complete, so without loss we can order the histories at time
t from largest (Etil) to smallest (h'"!), where the largest (smallest) history has all
realizations equal to fy (fy). Also, note that, h'=' =* ht=! for all At~' € T (h!~1).

Consider period ¢, and the smallest history of length ¢t —1 (denoted, @t’l), in which
all the realizations are fy. It is immediate to see that ¢ (9N| @t_l) can not be distorted
upward. To see this note that ¢ (HN | ﬁt_l) is on the left hand side of no constraint.*!
If it were distorted upward, then a marginal decrease in ¢ (HN]Qtfl) would relax all
constraints and increase surplus. Now, consider ¢ (91\1_1|ht_1)1 this quantity appears
on the left hand side of only one constraint; ¢ (GN,1|E’1) > q (9N|Et’1). If this
constraint is not binding, then by the argument presented above, ¢ (QN_1|E_1) <
On_1. Assume it is binding. In this case ¢ (GN_1|E_1) =q (9N|Qt_1) <Oy <0On_;.
Proceeding inductively with a similar argument, we can prove that ¢ (Oi | Qtfl) < 6;
for all 7.

Note that the case for first period quantities, when the history is just the empty set,
is already covered by the above paragraph. Thus, now we consider ¢t > 2. Assume,
as an induction step, that there is a history h'~!, where ht~! =* h*~' such that
Bl * pt=1 h'~! implies q (0;|h*~1) < 6; for all 4. Let us also introduce a useful

definition. For any h'~! with !

=* 1 RN £ B and ¢ > 2, define [T
to be the smallest ¢-period history larger than h'~! according to the order =*in the
following inductive way. If ¢ = 2, then [h'™1" = {k,_i(R'71),hiZ] + AG}; if t > 2
then:

(Ker (R, B2+ A9, if hi—y < 6,

([Kt_l(htfl)ﬁ , eN) . iRl =6,

9

W =

where k, projects the first s elements of a vector.*? =~ We intend to show that

4We say that a quantity is on the left hand side of a given constraint if in that
constraint it must be larger than some other quantity.
#2Recollect that h'~! is a vector of length t: h*~' = (h&' A7 ... h!71), where
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1+ 1+
q (91\ [ht_l} ) < 0; for all i. Now, ¢ (9]\/] [ht_l] ) appears on the left hand
1+ ~ -
side in the following constraints: ¢ (0N| [h"*l} ) > q <0N|ht*1> for all ht=! €
S
r <[ht_1} ) If none of these constraints bind, then as before, we have the desired

1+
inequality. Suppose at least one of them binds. Clearly, by the definition of [ht_l] ,

~ - - SRR
we have =1t =* p!=! for all K=t € T ([ht_l] ) Thus, by the induction hypothesis
~ ~ SRR
q <9N|ht*1> < @y forall A=t €T ([htl} ) Since the inequality constraint binds
- S -
for some h'~!, we have ¢ (GN\ [ht_l} ) =q (0N|ht_1) < Oy.

1+
Next, consider g (HNl\ [ht_l} ) It appears on the left hand side in the fol-

~ + "~ -+ - +
lowing constraints: ¢ <9N_1| [htfl] ) > g (0N| [htfl} ) and ¢ <9N—1| [h“l} ) >
> ~ SR
q <6N_1|ht_1) for all h*=t € T <[ht_1} > If none of these constraints bind, then as

~ 7+
before, we have the desired inequality. If the first one binds then, g (9 No1] [ht_l} > <
On < On_1. If any of the latter one binds, then invoking the induction hypothesis, as

argued in the case above, we have the desired inequality. Proceeding inductively, we

can show ¢ (6;|h'™1) < 6; for all 4 and h'~1.

Step 2. We now prove that the allocation is asymptotially efficient.  Consider
problem (3.20). From this problem eliminate the constraint g (6y|h°) > ¢ (6;|h") and
all the monotonicity constraints that involve quantities following an history in which
the agents reports to be a type 6. It is easy to see that in this problem the quantities
offered after the agent reports (or has reported) to be 6 are efficient: ¢ (6;|h'™1) = 6,
for i = 0and/or Vht=' € H' ' ¢ > 2, where H ' = {h*1|[3r <t—1st. k! =6}
Following the same approach as in Step 1, it can be shown that the solution of this
relaxed problem is monotonic and so it coincides with the optimal monotonic contract.
Since the probability of the event in which no type realization in ¢ periods is equal to

Oy converges to zero as t — oo, this solution is, is asymptotically efficient, and so the

B = 0. So, mia (1) = (ko BT3).
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optimal monotonic contract. |

3.14.4 Proof of Proposition 9

We prove that for any given 7', the optimal monotonic contract converges in prob-
ability to the optimal contract. Let I1°(«), II"™(«) and IT**(«) be the expected
profits obtained by the seller from, respectively, the repetition of the optimal static
contract, the optimal monotonic contract and the optimal contract when the Markov
matrix is a. Because the repetition of the optimal static contract is a monotonic
dynamic contract, we must have [I"™(a) € [II*(a),II"*(«)]. Now note that when
types are constant and o = I, it is well known that the repetition in every period
of the optimal static contract is optimal.*®*  Since TI"™(«), [I*(ar) and IT**(«) are

4 we must have that for any

continuous in « by the theorem of the maximum
sequence «, — I and ¢ > 0 there must be a n’ such that for n > n’, we have
™ (cv,) — T (ev,)| < II°(cv,) — [T (ev,)| < . It is immediate to see that the
fact that IT™(qy,) converges to II**(a,) and that by Proposition 8 quantities are

bounded imply that the optimal monotonic contract must converge to a contract

that maximizes profit in probability. |

43This result can be easily deduced studying problem (3.20). To see it, note that
the repetition of the static contract is incentive compatible and individually rational.
Then note that when A = I, the first order optimal contract coincides with the static
optimal contract along the histories in which the agent reports always the same type.
Since the other histories have probability zero, the profit from the repetition of the
static contract is the same of the profit from the FO-optimal contract. Since the
FO-optimal contract yields a profit not inferior to the optimal contract, the result is
proven.

41n order to apply the theorem of the maximum the space of quantities must be
compact. It is clearly bounded below by zero. Also, Proposition 8 shows that it is
bounded above by the efficient quantities. Hence, there is no loss of generality in
assuming that set of quantities is contained in the interval [0, 6, |.
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3.14.5 Proof of Proposition 10

The fact that (lslgi il_)ﬂl} Tm (@, 0) = zlslg% il_)n} 7™ (a, ) follows immediately from the fact
that for any 0, ilir} Tm (@, 0) = ilg} 7 (a,d). We now prove the remaining equal-
ity. Let S(«a,d,T) be the total expected surplus generated in the efficient con-
tract, U*(«,0,T) be the agent’s expected surplus obtained with the efficient con-
tract and U («,6,T) be the agent’s surplus obtained with the efficient contract
conditional on being type ¢ at ¢ = 1. Define also s(«,d,7) = (1 —9) S(«a,6,7T),
u(a,0,T) = (1 —=6)U*(a,0,T) and ul(cv,0,T) = (1 —90) U (,6,T); and s(a,d) =
limy o0 (@, 6,T), u*(,d) = limyp_,0o u*(, 6, T) and uf (e, 0) = limp_oo ul (e, 0, 7).
Profits 7, (a,d) must be larger or equal to the profits obtained by offering the
efficient quantity and charging a fixed per period price equal to u}(«,d), since this
is an incentive compatible monotonic contract. Note that since types follow an
irreducible Markov process, their distribution converges to a stationary distribution
that is independent from the realization at ¢ = 1. It follows that, for all «,
(lsigi u (,0) = (1513% u* (,0) and so the per period profits in this contract converge
to s(«,d), implying that, for all «, (lslgi Tm (@, 0) = (lsl_rg s(a,d).  Similarly we can
show that for all «, (lsl_rg ™ (a,0) = lim s, 6). It follows that: lim lim 7, (o, d) =

5—1 a—16—1

lim lim s(«,0) = lim lim 7* (o, §). This proves the result. [
a—10—1 a—16—1

3.15 Proof of Lemma 3

We prove the lemma as follows. Let U = U(h') be the vector of expected utilities,
mapping an history h! to the corresponding agent’s expected utility. First, we
construct a vector of utilities U using the solution of the WR-problem, (w,q). We
then show that the solution (U, q) satisfies all the constraints of the seller’s profit

maximization problem and it maximizes profits. We proceed in two steps:
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Step 1. We set ur, (M), ur(L), ur,(H) all equal to zero. We also define:

UM(M) = CUML(M),UM(L) = WML(L),UM(H) = AHQL(H)
up(M) = wyr(M) +wyn (M), up (L) = wyr (L) + win (L), un (H)

= A0 (qL(H) + qu(H))

Since IRy, ICy, and ICqHjs hold as an equality, we must have:

U, = 0,

3o

UM = AHqL—l—(S U.JML(L), and

3a — 1

2

Step 2. We now show that (U, q) satisfies all the constraints of the profit maximizing
problem. By construction it is immediate that (U, q) satisfies all the constraints in

the WR-problem. It remains to be shown that it also satisfies the other constraints,

IRH7IRM7ICMH7]CLM7[OLHa (366)
[Cuni(H), ICy(H), IR, (H), IRL(M), IR.(L)
ICyu(H),IC (H), ICy(H),ICy(H)), [ICr(M),

First, we show that IR, is satisfied. From IC);;, we have

3a—1
Ui = Ur, + Mgr + 6= [unr(L) — ur (L)
3a—1 .
= Afqr, + 90 5 [upr(L) — ur(L)] [Using IRy
—1
> Mgy + 522 “AG(L) >0 [Using ICyr(L)
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Similarly, we can show that I Ry is satisfied. To prove the remaining constraints we

need the following properties of the solution of the WR-problem.

Lemma A14. For all parameter configurations, in the solution to the WR-problem we
have: 1. q;(H) = 6; fori=M,L, H, qu(M) < 0r,qr(M) < 0, and qr.(M) = qr(L)
2. wgpm(M) = Abqy (M) and, without loss of generality, wyr,(M) = Abfqr(M),
wpm(L) = AOqy(L); 3. quantities at t = 2 are nondecreasing in type after any

history; 4. qu > qum > qr-

Proof. Point 1 follow from the solution characterized in Propositions 6 and 7 (for
convenience the quantities are reported in Table 1).  The first part of Point 2
(ICyp(M) always binds) follows from Lemma 4 (when A = 0) and Lemma All
(when A > 0). The second part follows from the fact that ICy(M) can be assumed
to hold as an equality. Suppose wyr (M) > Afqr(M). Then can decrease wyr (M)
so that this holds as an equality. No constraint is violated and the profit of the
monopolist is unaffected. Similarly, we show that ICpyy (L) can be assumed to
hold as an equality, implying wga(L) = Afqy(L). Point 3 follows from incentive
compatibility constraints for the second (terminal) period. We now turn to Point 4.
From the fact that in the solution to the WR-problem, qy = 0y and the fact that (as
shown in Propositions 6 and 7) ¢; < 6; for i = H, M, L, we have qg > ¢; i = M, L.
We, therefore, only need to prove that ¢y, > ¢qr,. We will show this result case by
case for all regions A1, A2, BI, B2 and B3. In cases Al and A2, from (3.39) we

have qp; > qr, if and only if

LAl T}

12%) 1209

that is, /%L > £4. In regions Al and A2 we have yuy > p* (), as defined in Lemma

4. This condition can be written as
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1
_>N_H_|_5

KL s 2 v 20 KL Y

3a—1 3a—1 1 3a—1 (1— 3a—1
a—lpga—1 1 pu 3o a , pmda—1Y)
2 l+a py l+a

clearly implying uLL > 5—]’; For case B3, we show in Proposition 7 that ¢, = qr.

We now show that in regions B1 and B2 we have gy > ¢, as well. In these region we

have pu € [u** (), p* («)]. We have gy > qp if and only if 1 — “g_’\ 4 it > )

M HL
. First order conditions in Lemma 4 clearly show that A > 0 implies Ay (L) > 0,
thus, wya (L) = Abqp(L). Therefore, we have in regions B1 and B2,

Ja—1 3a—1
5 qu(M) =qr +6 5

qm + 90 qu(L).

When pp > po («), substituting optimal values (summarized in Table 1) we have

1

_MH—/\1+MH+MM+>\1 3&-1[A13Q-1_MH—A13&—1]0

+0 —
M L 2 pr 1 —a [, 2a

That can be re written as:

(1_#H—)\1+ﬂH+NM+)\1) <1+5(3a—1)2> _

123, Ur 4o
(3 — 1) pi 4 i A 3a—1
) 1+ - — :
dov K pr 1 —a«

We know from (3.57) that right hand side of the above equation is non-negative.

Thus, 1 — 8= 4 prtiuth > ()
137 1239

When pp < o (@), substituting optimal values again (see Table 1) we have

g — o g+ par + Ao 3a—1 [ X3a—1 pug—X3a—1 1—«
— + +0 — — —
15, I 2 prp 1 —a pvy  l+a 14«

1
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That can be rewritten as:

(1_MH—)\2+HH+HM+)\2> <1+5(304_1)2>

0, pr 2(1+a)

o (3@ . 1) 1 + l/«H:‘LMM 3(;;1

1+ o _ A2 3a—1
pr l—a

=9

We know that (3.57) is always verified in the relevant range. Using this condition

we can see that right hand side of the above equation is non-negative. Thus, we we

have 1 — JE —A2 + BHA M A2 > 0. [
122.%% 1229

Consider the first period constraints. To show that IC7y,, holds it is sufficient to

prove:

0 = ULZQLC]M—F(S auL(L)+

3a—1
2
3a — 1

2

= UM—AHqM—(S uL(M)

== UM—AQC]M—é

qr(M)

Since Uy = Afgy, + 6242 ¢ (L), (3.67) can be written as:

3a—1 3a—1
5 qL(M) > qp +9

qu +90 qr(L)

The fact that this inequality is satisfied follows from Point 1 and 4 in Lemma A14.
(In the following, when we mention a point, we refer to the points of Lemma A14.)

Next, we show that ICy;gy holds. From ICy,, we have:

-1

[UH(M) - UM(M)]
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Thus,

Ja —1

Uy =Up — Abgpyr — 9 [wg (M) — up (M)

= UH — AGqH — 530[ -1 [UH(H) — U,M(H)]
+ A0(gn — qar) + 02 (g () — uaa () — (g (M) — uag (M))]
3a—1

The last inequality follows from the observation that:

where the first inequality follows from the definition of w;(H), the first equality and
the second inequality follow from Point 1. From (3.68) and the fact that ¢y > qu/
(Point 4), it follows that ICy; gy holds. We now turn to ICpy. Using ICp), first and

then ICy g, we have:
3a—1
Up > Uy — AOqy — 0 [uar (M) — ur(M)]

3O b (H) = ung ()] — Abgy — 6501

Ja—1

> Uy — Ngg — 6 [unr (M) — ur(M)]

3a—1

+ A0 (qg — qu) + 9 [(un(H) —ur(H)) — (unr (M) —ur(M))]

1
S Uy — 200y — 6%

[upr(H) —ur(H)],

The last inequality follows from the observation that:

where the first inequality follows from the definition of w;(H), the first equality and
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the second inequality follow from Point 1. From (3.69) and gy > gqu (Point 4), it
follows that ICr g holds.

Consider now the second period constraints. The constraints R, (M), IR.(L)
IRL(H), ICy(H), and ICyy(H)) follow immediately by the definition of the utili-
ties at t = 2. The proof that (U, q) solves the seller’s problem is therefore completed
if we prove that it satisfies the constraints in the last two lines of (3.66). This result
follows from the fact that the local downward incentive constraints are satisfied in
period 2 and quantities are weakly monotonic after any history (Point 3). Finally, to
see that the contract is optimal, we note that it maximizes expected profits in the less
restricted WR-problem, so it must be optimal in the seller’s problem. Note moreover
that since the original problem is concave in ¢ this is in fact the unique solution (in

quantities). |

3.16 From discrete to continuous types

In this section we show that the continuous case can be seen as the limit of the
discrete case, so all problems of the FO-approach in the discrete version are inherited
by the continuous version and viceversa. To keep the notation simple, we assume
two periods and u (6, q) = 0q. Consider a type set © = [Q,ﬂ C R*, an associated
prior distribution I'(f) at t = 1 and a conditional distribution F(0'|0) at t = 2
defined on ©. We assume I () is differentiable in 6 with density p (0) and F(0'|0)
is differentiable in both 0, with derivative Fy(6'|6), and ¢', with density f(¢'|0). By

standard methods we can obtain the following envelope formula (3.4):4°

U'(0) = q(6) — /0 a(0'10) - Fy (0')0) do’

45See Baron and Besanko [1984], Besanko [1985], Laffont and Tirole [1996], Courty
and Li [2000], Eso and Szentes [2007], and Pavan, Segal and Toikka [2013].
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6 6

Figure 3.9: Example Al

and then derive the FO-optimal contract:

1 —T(0) Fy (6'10)
pd)  f(0'0)

q(0'10) = 0"+ (3.70)

In the rest of this section, we refer to this as the continuous model. We start with

an example.

Example Al. Assume F(0']0) = (¢ — 0)" for 6’ € [0,0] where 6 — 0 = 1. If we
assume that the prior on © is uniform, (3.70) implies that the FO-optimal contract is
q(@'160) =0+ w (6 — 0). Figure 3.9 plots the conditional distributions and
the associated FO-optimal allocations when v = .1 and © = [5, 6] after two histories
f#; = 5.01 and #; = 5.08. It is evident that the contract is non-monotonic in the
realization at t = 2, 0. It is easy to see that this FO-optimal contract violates global

contraints at ¢ = 2 and so it is not incentive compatible.

We now explore the connection between the continuous model and the discrete
model studied in the previous sections. The continuous model can be easily derived
as the limit of the discrete model of the previous sections as follows. Define OV =
{6o,....,0n} with 6y = 0, Oy = 0 and 6; = ;.1 + AOy; and let TV (6;) = T (6;)
and FN(0;10;) = F(0;6;). Given this, the probability of a type j at t = 1 is
p = TN (6;) — TV (6;41) and the probability of a type i at t = 2 after a type j at
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t=1is fN(6,]0;) = FN (0,|6;) — FY (0,4116;).*¢ 1In the rest of the section, we refer
to this as the discrete model.

Consider a sequence of supports O for N — oo such that Ay — 0 as N — oo
and OV C ©V*! 5o that along the sequence the finite approximation of © becomes

7

increasingly fine.!” Using the formula derived in the paper (3.9), we can write the

FO-optimal contract along the sequence as:

1~ FN(0510;) — FN (0;10;-1)
m TV (0;165)

for any 6; € OV, 6, € ©N. Note that u¥ can be written as: u = %i(fj“) -Afy.

and N (6,10;) = FN(HjI@i);jNN(Qj“w")AQN. We can therefore rewrite (3.71) as:

[N (6510:) — FN (0;10:-1)] /Aby
[F(ei)_r(9i+1):| |:FN(0]"62')7FN(9]'+1|97;):|

an (0516:) = 6; + (1 =TV (6:))

AQN A0N

This condition immediately implies that

1—1(6;) Fp (6;]6;)
u(0;)  f(9;16:)

Jim g (6;16:) = 0; + = q(0;10;)

since pY /AON — wu(6;) and fV (60;10;) /AON — f(6,]0;) as N — oo. It follows that
the limit of the discrete FO-optimal contracts is equal to the continuous FO-optimal
contract.®8

This discussion makes it clear that there is a natural connection between discrete

46Tn both definitions, we are implicitly assuming a dummy “N + 1" type with mass
0.

4"For example, consider the sequence (02", ...,0%) such that 67" = 0, 6% = 0, 67 —
0", = (6 —0)/2™ and so N™ = 2™,

Since OF C OV if 9, € OV 6, € OV then 6§, € ©M, 6, € ©M for M > N, so
limy o0 ¢y (0:]0;) is well defined. To extend the contract for points on the real line
that do not appear in the sequence of approximations we can consider, for example,
the sequence of linear interpolations of the discrete contract. It is immediate to verify
that this is a sequence of equicontinuous curves that converges to (3.70).
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Figure 3.11: Example 9

and continuos types dynamic principal-agent models. In the light of this we can
revisit the examples we have discussed in the previous sections in their continuos

version.

o' —6)2

Example 8 and 9 (cont.). Consider f,(0'|6) = a-e @ and f,(0'|0) =
Trosay—g With all other parameters same as before.  Note that og() is chosen
so that the probabilities sum to one. The larger is «, the higher is the persistence
of the types. Figures 3.10 and 3.11 show two sample distributions and the associated
quantities in period 2 that were plotted for the discretized case in Figures 5.3 and 5.4,
respectively,. The contract is non-monotonic in two ways: first, for a given history,
it is non-monotonic in #;. Because of this alone, the FO-optimal contract is not

implementable and violates a global constraint. In addition to this, the FO-optimal

contract is not monotonic with respect to #;; this can be seen from the fact that the
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contracts with the two different histories cross each other.
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