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Abstract

This thesis studies extended models of choice in political economy and mechanism
design. In some situations, economic agents’ decision problem does not fit within the
traditional “economic man” framework of expected-utility maximization.

The first chapter looks at citizens’ indirect political opposition to a dictator when
the political institutions do not allow open elections and the dictator uses physical
force to punish protesters. The first finding states that as the dictator’s power is
weakening over time, citizens’ anticipation of his eventual downfall makes the un-
certain time-frame of the revolution happen sooner. Secondly, the dictator is most
oppressive when his power is moderate. Thus, the policing is non-monotone in the
state: little in good times, progressively more during hardship right up to the tipping
point when it is completely withdrawn. The government puts up an intense short-
term fight to stay in power, even though the times are changing and its authoritarian
grip is loosening.

The second chapter also looks at political choice — this time it is a democracy
with loss-averse voters and “career-concerned” politicians. This rational-expectations
model confirms the empirical finding that the voters prefer incumbents during good
times and take a chance on challengers when experiencing a bad shock. The model
is also consistent with the second empirical finding that while incumbent’s average
disaster relief increases in the magnitude of an unrelated crisis, their average prob-
ability of winning decreases. The politician’s decision involves a tradeoff between
personal rent and increasing the probability of being elected by choosing a higher
signal. Therefore, when the voters suffer a loss from a natural disaster, the incum-
bent cuts his rents and provides more public goods as the electoral race tightens. By
combining “career-concerned” incumbents with behavioral voters, the same model

can explain both facts, whereas individually these parts are not enough.

il



The third chapter looks at social choice from a mechanism designer’s point of
view, where some of the constituents make mistakes under the exclusive information
setting. This theoretical chapter derives novel necessary and sufficient conditions for
full implementation (matching desirable outcomes to equilibria), even when the faulty

players lie about their private information.
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Chapter 1

Introduction

This thesis studies extended models of choice in political economy and mechanism
design. In some situations, economic agents’ decision problem does not fit within the
traditional “economic man” framework of expected-utility maximization.

The first chapter considers a coordination game of small and short-lived players
that interact with a large, long-lived player that prefers one of their actions. This is
a dynamic model where citizens choose to supply labor and the government chooses
its policing level. In the stationary case with extreme police (un)productivity, the
government’s action produces a unique outcome. For intermediate productivity, there
are multiple equilibria. If policing productivity is expected to decline in the future
(doesn’t matter how slowly), then most — but not all — of the indeterminacy is resolved.
Forward-looking unraveling argument has the government give up for most of the
intermediate region just as for the low levels (in the future) but right before it does,
it polices harsher than ever before or after. Thus, the policing is non-monotone in the
state: little in good times, progressively more during hardship right up to the tipping
point when it is completely withdrawn. This mirrors how the government may put
up an intense short-term fight to stay in power, even if it’s doomed in the long-run

as the times are changing and its authoritarian grip is loosening.



The second chapter allows for elections but voters are no longer expected-utility
maximizers as above. The political science literature has identified a salient phe-
nomenon known as incumbency advantage, where politicians in office stand a higher
chance of being reelected than challengers vying for the same seat. Secondly, more
recent research has described the opposite circumstance of incumbency disadvantage
when challengers do better in bad times after an exogenous shock to the economy,
which is unrelated to the government’s actions. The third related stylized fact is
that while incumbent’s average disaster relief increases in the magnitude of the (ex-
ogenous) crisis, their average probability of winning decreases. In other words, an
average incumbent wins more often when he is lucky to avoid an unrelated crisis and
loses more often when he is not lucky, while providing the expected disaster relief for
that particular crisis.

This paper develops a model to explain all of these facts by linking politicians with
“career concerns” and forward-looking voters with reference-dependent, loss-averse
utility. The personal equilibrium of Koszegi and Rabin (2007) is applied to voters
who rationally expect their own reference point formed by their future rational voting
decision. With an S-shaped value function, they are risk-seeking in the losses region
and risk-averse in the gains region. If the incumbent represents the continuation of
the status quo and the challenger is a risky gamble, then the incumbent should tend
to get more support, except during bad times (with risk-seeking to attempt recouping
losses). As incumbent’s probability of losing rises, he increases spending by matching
the marginal benefit of winning more by appearing more talented, against the desire
for personal rents.

The third and final chapter studies a theoretical problem of a mechanism designer
who wants to create a mechanism with only desirable outcomes of its equlibria, while
having an equilibrium for each desirable outcome. Whether this is possible when

some players may be irrational (faulty) and possess private information depends on



the properties of the social choice set: some sets are fully implementable and some are
not. Specifically, this model looks at implementation under incomplete information
in general environments of Jackson (1991) but with a robust notion of k-fault toler-
ant equilibrium of Eliaz (2002). The environment may be non-economic and allows
for exclusive information and up to k& players could be making mistakes. Assuming
closure on the socially desirable set, a new condition, called, k-Incentive Compati-
bility is found to be both necessary and sufficient for partial implementation. When
the desirable set also satisfies k-Monotonicity-no-veto, which is a combination of k-
no-veto hypothesis and k-Bayesian Monotonicity, then the desired set can be fully

implemented.



Chapter 2

Protest Dynamics in a Police State

There is no denying that protests and revolutions are an important force that shapes
society. The collapse of the Berlin Wall in 1989 and the more recent Arab Spring of
2011 were both sudden and unexpected, an upheaval following a reasonably stable
period in their respective societies. Why is revolution spontaneous and surprising and
can the authoritarian government do something about it? Supposing the citizens take
into account the likely future repercussions for their protests, how does the timing of
the government response affect the evolution of protests over time?

Protesting against a totalitarian government has a distinct chronological friction.
While the government may fall in the future, it is in power today and may punish
its opposition with violence. This anticipation of future actions taken by the citizens
and the strategic government affects equilibrium play. Focusing on a dynamic story
instead of an informational one allows comparing the short-run and the long-run pre-
dictions of a possible revolution. In the short-run there is greater uncertainty about
whether a government with moderate police productivity can successfully deter its
opposition from starting a revolution. With a long-run view of a gradual decline,
the government is much more likely to fail at an earlier time. There comes a point

when rational anticipation of its fall eliminates any optimistic beliefs about the gov-



ernment surviving. Moreover, the police state finds it more costly to put down brazen
opposition.

The model also predicts the government to match its policing levels to the regime’s
political outlook. There is little policing in good times, more during hardship at the
tipping point before it is completely withdrawn. This reflects that the government
may put up resistance to stay in power, even if it will inevitably collapse in the long-
run because of a structural decline. The government polices to delay the inevitable
and buy itself some time in power, while it still can afford the necessary expense.

This paper considers a (full-information) coordination game of small and short-
lived players that interact with a large, long-lived player that prefers one of their
actions. The application at hand has citizens with symmetric preferences for coordi-
nating on two outcomes of work and protest, while incurring a (fixed) personal cost
when working and a punishment when protesting. This is a dynamic model where
citizens choose to supply labor — acquiesce to the oppressive regime or protest (rebel)
against it, based on the state of the economy (high or low current labor force). The
government is a strategic agent who strictly prefers coordination on the “work” out-
come. When the government has the means of sufficiently productive police, its costly
action can force coordination on its preferred outcome of work.

Here the focus is on police productivity as the key state variable affecting the
evolution of protests. It measures how effective the government is at converting its
budget into punishment, a disutility of protest. First, police productivity is taken
as a constant parameter and changing it affects the set of equilibria. This gives a
short-run analysis of potential protests and revolution. Later, police productivity is
going to be described by a deterministic (downward) trend. This gives a long-run
analysis of how anticipation of the eventual fall of the government brings about a

certain revolution. This revolution will happen at an earlier time than is likely in the



short-run model without aligned expectation of its fall. Still, the exact date of the
revolution is unpredictable and may vary for different equilibrium paths.

In the stationary case with high police productivity, the government’s costly action
can force coordination on its preferred outcome of work, retaining power. For the
stationary case with low police productivity, the government cannot afford to cover
individual citizen’s cost of work and there are always protests and never policing, so
the government loses control to the rebel opposition.

For moderate productivity, there are multiple equilibria types, which stems from
citizen’s self-reinforcing behavior when a sizable fraction moves simultaneously. Cit-
izens may coordinate on different policing thresholds because their individual devi-
ations don’t have the full force as they are small and their individual labor choice
doesn’t change the total. If everyone else is expected to work, a citizen would re-
quire a small policing presence, which the government can afford under moderate
productivity and, thus, polices as required. The citizens will keep on working for
two reasons: they like to work when others do and, furthermore, more importantly,
anticipate policing to continue in the future because a small police force will also be
affordable later.

However, if everyone else is expected to protest, the same citizen would require
a large policing presence to stay at work, which the government cannot afford under
moderate productivity. The citizens will keep protesting because they would rather
protest when others do but also because they are unlikely to face policing in the future
because it would have to be similarly large and likely unaffordable. At the same time,
moderate police productivity implies the government optimally enforces in equilibria
with low citizen’s policing thresholds and, thus, the citizens work. However, for
other equilibria the government faces high policing thresholds that it cannot afford.
Therefore, the government gives up and citizens protest in some cases, which makes

these high thresholds rational. Unlike the static models with multiplicity, slightly



more can be said here. For the case of upper-moderate productivity, the government
will always police in at least the “high” state when the old are already working but
there is indeterminacy when the old are protesting. The young citizens can at least
coordinate on working with today’s old, which means less policing is required. The
opposite is true for the lower-moderate productivity: there are always protests in the
“low” state when the old are protesting as minimum policing requirement is high
relative to the police productivity.

If police productivity is expected to decline in the future (doesn’t matter how
slowly), then most — but not all — of the indeterminacy is resolved. Forward-looking
unraveling argument has the government give up in both states for most of moderate
productivity levels just as it does for the low levels (in the future). Interestingly,
just before the government gives up, it polices harsher than before or after. Thus,
the policing is non-monotone in the productivity: little in the early stable period,
progressively more during hardship right up to the tipping point when it is completely
withdrawn.

Long before the revolution, the citizens had expected a stable period of autocratic
rule with no chance for revolution. The threat of punishment was credible because
the government’s police was very effective under the assumption of a downward trend.
Secondly, it didn’t need to police a lot in a given period because every potential rebel
had realized they would be punished for two periods and, worse yet, they would
be rebelling alone. On the last period of the government’s rule, everyone knows
that there will be no policing next period. Therefore, the police essentially has to
exert two periods worth of punishment plus offset tomorrow’s utility of coordinating
with tomorrow’s (protesting) young. Policing anything less and the revolution would
have happened right there and then, contradicting the hypothesis of it being the last

period of the government’s power. This rise in policing is intimately linked with the



unraveling argument because this required increase is impossible when productivity
is moderately low and multiplicity is then resolved to always revolt.

This mirrors how the government may put up an intense short-term fight to stay
in power, even if it is doomed in the long-run as the times are changing and its
authoritarian grip is loosening. Lenin was intially arrested in Imperial Russia in
1895 and sent into exile for spreading revolutionary literature. Then the Revolution
of 1905 was put down by the military using artillery against the textile district in
Moscow, killing over a thousand rebel workers. By February 1917 the Tsar could no
longer suppress workers’ strikes with military force as the soldiers sympathized with
the protesters and mutiny occurred ]

While the transition is inevitable, the indeterminate length of the transition in the
short-run may be instant or maybe prolonged. There is multiplicity in the short-run
transition paths taken — even the top revolutionaries are often surprised how fast or
slow the revolution actually happens.

The classic papers on the theory of protest highlighted that there may be multiple
equilibria and the actual timing of a protest or revolution is unexpected, even by the
opposition. |Kuran (1991) documents everyone’s surprise at the Berlin Wall falling
when it did. The early models tended to be static such as Kuran| (1989), which
focused on supporters of the opposition falsifying their preferences until it was clear
that they were going to win. This could be thought of as the citizens’ preference
to coordinate to be on the winning side. The equilibrium outcomes were fragile to
small changes in distribution of private preferences. While it talks about revolution
being the “inevitable outcome of a long period of gestation,” it misses out how this
anticipation affects the revolution process itself. Secondly, it doesn’t let the autocratic

government, an interested party to be sure, to act strategically in its own self-interest.

1See [Service| (2009) and [Pipes| (1996) for detailed historical accounts of the Russian revolutions.



These models ignore the effects of potential government interference with protests and
the anticipated revolution.

Yin (1998) looks at how equilibria in a threshold model of turnout with heteroge-
neous agents vary across different families of threshold distributions. A “threshold”
here is simply the minimal fraction of the population who must protest before a
given agent chooses to protest. The allowed government policies are comparative
statics on the parameters that describe a given distribution within its family. For
example, a government that is more popular reduces discontent and increases the
average threshold of protest. Alternatively, a government that alienates itself from
social forces reduces integration and increases dispersion of the distribution. Here the
option of physical deterrence is framed in terms of reducing government’s popularity
(increasing discontent), while intimidating protestors and may backfire when used
against the wrong kind of challenger.

Lohmann| (1994) looks at informational frictions involved in protesting as a costly
signaling of private experiences between differently informed agents about the regime
policies. It notes that the actual turnout relative to the expected turnout provides
information about regime’s vulnerability, though the government is simply a passive
participant. Here, individuals who take a political action at a private cost are pub-
licly observed and influence followers’ subsequent moves. Similarly, /Acemoglu and
Jackson| (2011)) looks at how “leadership” by publicly-observable prominent agents
can create coordination on a unique outcome in an overlapping generation repeated
game, though with focus on social norms rather than political economy of protests.
Just like in the present paper, the current young’s single action will coordinate with
today’s old and tomorrow’s young. However, one difference is their paper has a rep-
resentative agent whose action is guaranteed to move the state, which is important
for incentives of public leaders anticipating tomorrow’s young action to align to their

own benefit. In contrast, the current paper focuses on small citizens that take the



sequence of states as given in any Markov Perfect Equilibrium, which generates ad-
ditional within-period multiplicity as agents can find it optimal to demand various
policing levels inside an interval as long as everyone else in the current period does
and deviates otherwise.

Another informational model by Edmond| (2011)) allows for a strategic government
to manipulate quality and quantity of information through propaganda. On one
hand, the innovation of centralized mass-media like newspapers and television makes
it easier for the government to stay in power, but on the other hand, the more
decentralized social networks make it more difficult to prevent protest through a
relative increase in informational reliability. This model emphasizes informational
rather than time frictions as it studies propaganda and signal filtering rather than
relationship between anticipation and dynamic evolution of play.

Like the present paper, (Cho and Matsui (2005) also studies a repeated game of
asymmetric moves but focuses on the private sector (a single representative agent)
that coordinates with the government on inflation-setting and its expectation. The
private sector isn’t coordinating with itself, though - only with the government’s last
action and tomorrow’s action. The idea to use a time-varying fundamental to reduce
equilibrium multiplicity was used by |Burdzy, Frankel, and Pauzner| (2001). The
anticipation of future play with locked-in actions had them focus on a risk-dominant
outcome. The present paper introduces variation in small player payoffs through
equilibrium actions of a large strategic player, rather than exogenous shocks. Even
if the players’ own costs of work are fixed, they may still anticipate their endogenous
cost of protest to vary in the future because the large player’s incentives change.
This makes revolution happen sooner without completely pinning down its timing,
which would go against observers’ surprise at the collapse of the Berlin Wall as was

extensively documented by |[Kuran| (1991)).
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The rest of the paper is structured as follows. Section presents a simple
static model which will be the stage game in the subsequent dynamic framework.
Section repeats the stage game in a dynamic model with a stationary police
productivity. Section introduces a downward trend in police productivity and
Section concludes. Finally, Appendix [B] contains some of the proofs from the

main text.

2.1 Simplified Model (one-shot)

Consider a static, one-period model that will highlight some of the flavor of later
results in a simpler setting. We will find that the government’s policing is non-
monotone in citizen’s cost of work for different equilibria. One limitation of the
static model is that it doesn’t capture the spontaneity and turbulence of revolution.
There are no interactions via expectations for adjacent states - in the static model
these belong to different equilibria. On the other hand, in the dynamic model with a
trend, knowing that the government will eventually fall can coordinate expectations
against it much sooner. Knowing that, the government may have to increase policing
before revolution to keep agitated citizens working. Such increase would push the
timing of the revolution closer to the present because with declining productivity, the
government wouldn’t be able to afford it in the future when it may have survived
with optimistic citizens.

While the static model doesn’t capture the dynamic interactions, the setup and
the solution of the stage game is illustrative of the steps taken to solve the repeated
game.

The government observes the fundamental state 6 € [0,00), which is publicly
known, and represents citizens’ cost of WOI"kEI. Next, the government commits to a

policing level p(6) € [0, o).

2Tn the later, more general model this will be denoted as fixed parameter B.
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After observing that the government has already committed to some policing level
p and the fundamental is f, measure 1 of citizens pick an action a € {0, 1} where a = 0
represents “protest” or “joining the opposition” and a = 1 represents “work.”

Focusing on the symmetric pure strategies, aggregate choice a € {0,1} can be
thought of as the labor force. For simplicity of exposition we will focus on a subset
of symmetric, pure-strategy Subgame Perfect Equilibria where citizen’s strategy is a

cutoff (¢y).

R 1 ifp>=cy,
do(p) = 2.1.1)
0 if p < cy,

Citizens prefer work relative to protest more when policing rises as they prefer to avoid
pain. They also work more when labor force rises because they prefer to conform or
because the cost of repression is higher for smaller crowd of remaining protestors.
Let the relative preference for work over leisure, given labor force aggregate L and

policing p, be denoted as
Au(L,p;0) = u(l,L,p;0) —u(0,L,p;0) =aL+p—0O (2.1.2)

The parameter « is the measure of social cohesion (strategic complementarity), how
strong the preference for conformity is and € is a cost of working (preference for
leisure).

Government’s payoff increases in the labor force (less unrest, more taxes - not
modeled) and decreases in the police force (police and justice department budgets

are costly).

g(L,p) = L — %p :{0,1} x [0,00) = R, (2.1.3)

12



where %y is the marginal cost of policing and ~ is a measure of policing productivity

which is high when policing cost is low.

A pair of strategies (cg, p*(6)) form a Subgame-Perfect Equilibrium when they
have no profitable deviations in every state. While the government faces state 6, the
citizens face state (6, p).

An individual citizen recognizes the equilibrium labor-force in state (6, p) to be
L =1,>.,. They find it optimal to work if and only if Au(L,p;6) = 0 which happens
if and only if

p=0—al=0-al,,, (2.1.4)

It can’t be the case that the citizen finds it optimal to protest for any policing level
(even out-of-equilibrium) above the cutoff strategy, p > ¢y as that would violate
Subgame-Perfection. Equation becomes a restriction on the equilibrium cutoff
strategy:

cp=0—a (2.1.5)

Similar considerations give another restriction to prevent citizen from deviating to

work when everyone protests in some state below the cutoff with p < ¢g :

o <0 (2.1.6)

Combining equations (2.1.5) and (2.1.6), cg satisfies collectively-sustained best-
response (BR) if and only if
cg €0 — 0] (2.1.7)

As explained above, ¢y > 6 violates equation ([2.1.6) because if policing p satisfies
cg > p > 0, then each citizen finds it optimal to work and deviates from equilibrium-

prescribed protest. Similarly, ¢y < 6 — « violates equation ([2.1.5)) because if policing

13



p satisfies cg < p < 0 — a, then each citizen finds it optimal to protest and deviates
from equilibrium-prescribed work.
The government takes citizen’s cutoff strategy cy as given. Thus, government’s

optimal choice maximizes:

o(L.p) = L— %p (2.1.8)

The optimal policing level turns out to be either zero or equal to the citizen’s

cutoff ¢y.

1
p(0) = arg m;xx{]lp;% - ;p} € {0, cy} (2.1.9)
Observe that p(f) = ¢y if and only if 1 — %9 > 0 if and only if ¢y < v and, otherwise,
p(f) = 0 if and only if ¢y > 7.
Thus,

co if cp <,
p(0) = (2.1.10)

0 ifcp>n,

Assumption 2.1. : v > 2a, so social cohesion isn’t too great.

The purpose of this assumption is to ensure p(7y) > p(«) for the next proposition.
It also ensures p(f) = 0 is not an equilibrium outcome for all # = 0. In particular, the
proof of the following proposition will establish that in every SPE, there has to be a

positive police level at = 3:

p%wm:@>9—a=%—a>0 (2.1.11)

Proposition 2.2 (Non-Monotonicity). There exist costs of work 0y, < 0y < 0p : for

any equilibrium selection picking arbitrary SPE (p*(0),c}) for each state, the policing

14



Figure 2.1: One-shot game gives a preview of a dynamic result

AP(©)

Policing Non-Monotonicity

y+a ]

Y B-a
pOM|
pO)T™

p(6) SR Y= a—" — >0
in these states is non-monotone and satisfies
p*(0n) <p*(0r) < p*(0u)
Proof. See Appendix. n

For every cost of work 6, a Subgame-Perfect Equilibrium (p*(6),c;) has Never
Revolt at 6 when the equilibrium labor supply is 1 (full employment, no protests)
because p*(é) = ¢;. Likewise, a Subgame-Perfect Equilibrium has Never Revolt at 0
when the equilibrium labor supply is 0 (no employment, everyone protests) because

p*(0) = 0 < ¢;.

Proposition 2.3. 1. If 0 < 0 < v, then all equilibria have Never Revolt (NR) at

0 and policing satisfies

2. If 0 > v + «, then all equilibria have Always Revolt (AR) at 6 and policing
satisfies
p @) =0<0—-—a<c <0

15



3. Ify <6 <~v+a, then both NR and AR are attained in different equilibria at 6.
Proof. See Appendix. n

The main idea of Proposition 2.2 will be recreated for the dynamic case in Theorem
2.31. They both say that when the government police is productive relative to the
cost of work it enforces, then there is a moderate amount of policing. As the cost of
work rises in Proposition while keeping police productivity fixed (alternatively:
as the government police gets less productive in Theorem [2.31], while cost of work is
fixed), policing first increases and at some point when policing is so unproductive it’s
useless, then policing stops completely (abruptly, rather than smoothly). While the
basic results are similar, the mechanism is different. In the one-shot model, cost of
work increases exogenously and continuously, so slightly more policing today keeps
the citizens indifferent between work and protest at their threshold cutoff. On the
other hand, in the dynamic case what’s changing is that on the period before the
revolution begins (i) the tomorrow’s old protest which discourages work today, (ii)
continuation utility of receiving policing tomorrow becomes zero since the government
gives up, also reducing payoff to work. These two factors cause a discontinuous drop
in relative utility of work, so today’s policing needs to be higher by a “jump” to
compensate.

The same two factors also have a qualitative effect on the equilibrium set. Taking
the dynamic model with the stationary states as a baseline and then adding cas-
cading endogenous anticipation resolves multiplicity for some states adjacent to the
dominance region. For example, in the stationary region with low-moderate police
productivity it is possible to sustain multiple equilibria (at least Traditional Play
and Always Revolt) that rely on self-fulfilling beliefs about the future coordination
(Proposition[2.18)). Once we introduce anticipation of eventual and certain (no matter

how far in the future) deterioration of police productivity, today’s equilibrium path
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gets uniquely resolved into Always Revolt by contagion of dominance (Proposition

2.20)).

2.2 Fundamentals of the Repeated (Game

This section is going to make the first step towards a dynamic version of the one-shot
model - the citizens will live for two periods, not only playing a coordination game
with today’s young but also with today’s old (yesterday’s young) and tomorrow’s
young (when they’re themselves old). Secondly, the government’s policing problem
has a substitution trade-off between tomorrow’s policing and today’s policing, though
Markov Perfection will be used to pin down tomorrow’s equilibrium choice, so time
inconsistency problem doesn’t arise directlyf’]

The government is a long-lived player with 0 < § < 1 discount and citizens are
short-lived, assumed to live for two periods with 0 < § < 1 discount. There is a
measure 1 of citizens that are born every period and commit to an action a € {0,1}
for both periods, where a = 0 represents “protest” or “joining the opposition” and
a = 1 represents “work.” Citizens are “Young” when they are born and decide their
action and are “Old” when they are stuck playing what they chose last period.

At the beginning of period ¢, the government observes the average action of the
Old a° before picking a policing level p; € [0,00). Focusing on the symmetric pure
strategies, a® € {0, 1}. Then the Young are born and they observe both (a°, p;) before

picking work or protest a € {0, 1}. The labor force is the total amount of work done

3Time-consistency is achieved through matching particular cutoffs. When the government is less
patient than the citizens, then among all NR equilibria with full employment, the most preferred
equilibrium has the government commit to “maximum” (in a certain sense) policing tomorrow and
every other period after by having maximum (pessimistic) citizen’s cutoff, as if government was
giving up its bargaining power
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by the Old and the Young combined,
Ly = (1/2)a® + (1/2)a". (2.2.1)

The labor force is restricted to {0, %, 1} for symmetric equilibria in pure strategies.
Government’s Markov strategy in state a, the Old’s average work level, is the

policing level:

p(a) : {0,1} — [0, 00) (2.2.2)

(Young) citizen’s Markov strategy in state (a,p), which is the Old’s work level

and government policing level, is the choice between protest and work:

a(a,p) : {0,1} x [0, 0) — {0,1} (2.2.3)

For simplicity of exposition we will focus on a subset of symmetric, pure-strategy
Markov Perfect Equilibria where citizen’s strategy is a cutoff (cy, cl)ﬁ Citizen works

when policing in state a € {0, 1} exceeds ¢, and protests otherwise.

) 1 ifp=c,,
ala,p) = (2.2.4)

0 ifp<cg,

At the end of period ¢, payoffs are realized based on (L, p), which is current labor and
policing. Citizens prefer work relative to protest more when policing rises as they
prefer to avoid pain. They also work more when labor force rises because they prefer

to conform or because the cost of repression is higher for smaller crowd of remaining

4For each cutoff c—strategy, there is a family S(c) of strategies that are the same for p € [0, c4]
but possibly equal to 0 on an open set p € (cq,cq + €) for some € and equal to 1 for greater p.
The behavior above ¢, relies on out-of-equilibrium calculation but may be consistent because of
coordination. Using ¢ € S(c) doesn’t change the results because of Lemma
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protestors. Government’s payoff increases in the labor force (less unrest, more taxes -
not modeled) and decreases in the police force (police and justice department budgets
are costly).

For simplicity of exposition, government’s one-period payoff is assumed to be linear

in labor and policing:

1 1
L,p)=L——p: -1 — 2.2.
o(Lp) =L 5p{0.5.1) x [0.0) > R, (225)

where % is marginal cost of policing and v is a measure of policing productivity which
is high when policing cost is low.
Government is a long-lived agent and receives normalized discounted total payoft

of

(1—10) Y 0L — —p1) (2.2.6)

Citizen’s one-period payoff for choosing a, when total labor force is L and policing

is p, is denoted by
1
u(a, L,p) : {0,1} x {0, 2 1} x [0,0) — R. (2.2.7)

Citizen born at t receives total utility for playing a; as their current one-period

payoff plus discounted tomorrow’s payoff for playing a, as well:

u(ag, Le, pe) + Bulas, Lis1s prer) (2.2.8)

Next, we will impose a linearity assumption on citizen’s payoffs as follows. Let the

relative preference for work over leisure within one period, given (L, p), be denoted
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as
Au(L,p) =u(l,L,p) —u(0,L,p) =alL+p—B (2.2.9)

where «, B are parameters. « is the measure of social cohesion (strategic comple-
mentarity), how strong the preference for conformity is and B is a cost of working

(preference for leisure).

Assumption 2.4. 0 < o < B. The cost of work exceeds gains from complete coordi-

nation on work without policing (unpopular dictator).ﬂ

We can make the following simple observations by using linear functional forms

for flow preferences of citizens and the government.

Observation 2.5. Au(L,p) = aL + p — B. It is monotonically increasing in L

(preference for conformity).

Observation 2.6. Au(L,p) = aL+p—B is monotonically increasing in p (preference

for avoiding pain).

Observation 2.7. g(L,p) = L — %p is monotonically increasing in L (government

is more popular, country more productive).

Observation 2.8. g(L,p =)L — %p is monotonically decreasing in p (costly budgets).

2.2.1 Markov Perfect Equilibrium conditions

The solution concept used is Markov Perfect Equilibrium in pure strategies. A pair

*

of Markov strategies (a*, p*) are MPE when they withstand one-shot deviation in
every state. Optimality on off-equilibrium path will be relevant for citizen’s cutoff

choice. Citizens consider facing arbitrary policing levels to which the government has

5This assumption will be discussed in greater detail in Section m
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previously committed to on its turn, not simply specific equilibrium quantity (p§, p})
and ensuring the citizen does indeed protest in all states below the cutoff and works
for all states above the cutoff.

The government moves first and its policing function, p(a), depends only on the
observed old’s action, a. p*(a) : {0,1} — [0,00). The young citizen moves after
observing government’s choice as well as the old’s action and its cutoff strategy is
a*(a,p) = Lyzery 0 10,1} x [0,00) — {0,1} Government receives utility from p* at

state a, taking the citizen cutoff strategy (co, c1) as given, as follows

a Lprsey 1

Glalp) = (1 - 8) (— '

* 0G (L= * 2.2.1
s ) 06 e l) (2210

Denote government utility from one-shot deviation to p € [0, ) and later going

back to p* as

a 1

. Lisse, ) .
G(alp*) = (1—-96) (5 + % - Zp> + 6G(Lpsenyp®) (2.2.11)

Taking (a*) as given, government’s choice p} is optimal for every a € {0,1}:Vp €

[0, 0) :
(L—=0)g (L*,p}) + 6G (Liptsen Ip*) = (1 —0)g (E,p) + 060G (Lgzenylp®)  (2.2.12)

Expanding the payoff functions and simplifying, the government does not benefit in
any state a € {0,1} from a one-shot deviation today to p from p* :
1, = *
{pa =ca} Pq
(1-9) (—p2 - g) +0G (Lpgzc,)p")

IL p=Cq ﬁ P
> (1-9) (% - g) +0G (Lpzealp®)  (2:213)
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Citizens are “small” players, who individually cannot move tomorrow’s state, which
is the next period’s Old labor contribution. They are followers in a Stackelberg
repeated subgame where the government leads with some p,. Therefore, there is an
aggregate best-response strategy that is played, so that citizens don’t have incentive
to unilaterally deviate from it.

Suppose that in state (a,p) a young citizen will face p policing today and p’
policing tomorrow as well as L labor force today and L’ labor force tomorrow. The
difference in a young citizen’s total utility from choosing to work instead of protest

today is the following:

AU = (u(1, L, p) + pu(1, L', p")) — (w(0, L, p) + Bu(0, L, p'))

= Au(L,p) + fAu(L,p") (2.2.14)

Note that the young citizen’s unilateral choice doesn’t affect the state, the transition

path of the labor force or the policing levels in either period. The citizen works when

Au(L,p) + BAu(L',p') = 0 (2.2.15)

and the citizen protests when

Au(L,p) + fAu(L',p') < 0. (2.2.16)

Next we will state conditions on other citizen’s ¢*—strategy cutoff for MPE. In
each state (a,p) and taking government strategy p as given, each citizen playing
Ls,>cxy needs to be a best-response to other citizens playing the same c*—strategy

both periods and government playing p next periodﬁ

6 At the time of Young citizen’s move, the observed p today is already fixed and need not derive
from p as MPE conditions require optimality in all states.
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Suppose we are in state (a, p) with other citizens following c¢*-strategy prescribing
work (¢} < p) and government following p-strategy. An individual citizen also prefers
to work over protest if:

a 1 1 1 R
AU = Au <§ + §,p> + BAu (5 + 51{;312@;},1?1) =0 (2.2.17)

Expanding the payoff functions, noting today’s young and tomorrow’s old work and

simplifying, we get:

1 1,5 c*
148 o, Pl 1}) — Bp1 (2.2.18)

Vae{O,l},Vp}cZ:p>(1+ﬁ)B—a< i 5 5

The above condition on work, a = 1, to be a collectively sustained citizen best-

response holds for all p > ¢ if and only if

+ 0

Vae{0,1},¢; = (1+ f)B — « <1— + =+ — B (2.2.19)

a 51{ﬁ1>¢f}
2 2

To describe ([2.2.19) condition, define the following auxiliary function:

p(p1,a,a1) = (1+ B)B -« (1 ; b + 2 +2alﬁ) — Bp; (2.2.20)

In each state a € {0, 1}, if others use ¢ and government uses p*, it is optimal to work

Vp = c:

*
a

vae {071}702 2]_)(2517&’]]-{;31;(3’1"}) (2221)

Suppose in state (a,p) with other citizens following c*-strategy prescribing protest

(c* > p) and government follows p-strategy. An individual citizen also prefers to
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protest over work if:

1
VYa e {0,1},Vp < ¢, AU = Au (2,])) + BAu ( Lipozci}s p0> <0 (2.2.22)

Simplifying, noting today’s young protest and so tomorrow’s old protest, we get:

Vae {0,1},Vp < ¢} : « <g ik {p20 CO}) +p+Bpo<(1+0)B (2.2.23)

The above condition on protest being a collectively sustained best-response holds if

and only if
Yae {0,1},¢" < (1+ B8)B — Bjo — a (; + %) (2.2.24)
To describe condition, define the following auxiliary function:
B(po, a,a0) = (1+ B)B — Bpo — a (a +2“0B) (2.2.25)

In each state a € {0,1}, if others use ¢* and government uses p?, it is optimal to

protest Vp < ¢ :

Ya e {O 1} C (po,a 1{p0>c§}) (2226)

Compare the a coefficient on the RHS of when young citizens coordinate
on work and RHS of when young citizens coordinate on protest. In the
former case, citizen derives coordination utility of % from working alongside with
1/2 population of the young today and g from working with 1/2 population of the
old tomorrow. In the later case, today’s young and tomorrow’s old protest instead

*
because p < c}.
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2.2.2 Characterizing Government’s Best Response

Assumption 2.9. Police productivity v is constant over time.

For the purposes of generating benchmark equilibrium sets in Section[2.2], Assump-
tion [2.9] fixes v within the scope of each game. In each case, each equilibrium set is
parametrized by ~. In contrast, Section [2.3] will relax this assumption and let v vary
over time, focusing on decreasing police productivity.ﬂ One important implication is
that under constant v, time ¢ is not a payoff-relevant state variable for the purposes of
MPE in Section [2.2] However, observing a publicly known and anticipated sequence
~v; makes time ¢ a payoff-relevant state variable in Section [2.3]

When the old play a, citizen strategy a*(a,p) = ly,.x; assigns work or leisure
for each p. Markov perfection requires optimality for all p, even those not reached
in equilibrium. This consistency requires that no one has the incentive to deviate
against the prescribed action, a*(a,p). For very large values of p, Au is large and
eventually individual incentives to work override preference for cohesion. Therefore,
for every equilibrium, a*(a, p) = 1 for p sufficiently large. In this case, today’s young
prefer to work even if there is no policing tomorrow. This means it is always feasible
for the government to enforce work by policing high enough, though not necessarily
always optimal.

The following argument establishes this upper-dominance region using Eq.
by putting an upper bound on citizen’s cutoff used in any MPE. When
p > (1 4+ B)B citizen’s best-response is always work because policing today is high
enough to cover cost of work for both periods even if everyone else protests and any

additional coordination is a bonus. Recall that

(2.2.27)

P(po; a,a0) = (1+ B)B — fpo — o (M)

2

Tt is known that policing will be less effective in the future, perhaps because of military and
law-enforcement beginning to sympathize with the opposition.
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and note it is monotonically decreasing in all arguments because some policing today

can be substituted by policing tomorrow or coordination with other citizens.

Fix any MPE {(p§, p), (¢§, i)} and apply ([2.2.26]):

Va € {0,1},¢; <B(p5, a, Lizzery) < D(pg,0,0) = (1 + 8)B — Bp; < (1+B)B
(2.2.28)

The second inequality from monotonicity. Similarly, a*(a,p) = 0 for sufficiently
small p if government’s strategy were to prescribe small policing in the good state
tomorrow that is reached when today’s young pick work.

We now establish there is a similar lower-dominance region where very low policing
today makes protest dominant. This means government will face definite protests if it
never polices. If tomorrow’s policing is not too great, so that today’s policing choice
is meaningful pf < %(B — a), then VYa € {0,1} : ¢ > 0. . To see this, recall that
p(p1,a,a1) = (1+B)B—Pp1 —« (# + W) and note it is monotonically decreasing

in all arguments.

Fix any MPE {(p§, pt), (c§, c)} that satisfies p} < %(B —«) and apply (2.2.21)):
Va € {0,1},c; = p(pt, a, Lr=axy) = p(p7,1,1) = (1 + B)(B —a) — Bpy > 0 (2.2.29)

The second inequality from monotonicity. Then ¢ > 0 and citizen’s best-response
is always protest when facing p € [0,c*) because the level of policing today and
tomorrow are not enough to cover the cost of work for both periods even if everyone
else works. Recall that Assumption [2.4]stated 0 < o < B and note that it is sufficient
to generate this lower-dominance region. Its economic interpretation is that citizens

work only when government sufficiently polices enough and, in particular, never work

8Here p¥ > 0 is well defined because B > a by Assumption
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when government never polices. This baseline Assumption supposes some level of
policing is necessary for this authoritarian government to remain in power.

The next Lemma is going to remove strictly dominated levels of policing from
government decision in . It will reduce the choice set of policing from [0, c0)

down to two relevant actions: no policing, which is the least policing to incentivize

k
a’

protest, or pi = ¢k, which is the least policing to incentivize work. This result is
straightforward but it will be used repeatedly in further derivations and relies on citi-
zens playing a cutoff strategy. Recall the previous discussion about dominance regions
— the government may choose to operate at a boundary but not inside those regions
to save on policing costs and getting the same outcome. The economic significance
of this Lemma is that government is a large player and a Stackelberg leader that can
feasibly force any play as a best-response for the citizens that are small followers.

The outcome that the government actually selects for the young citizens to choose

depends on v, how effective the government police is.

Lemma 2.10. Suppose citizens follow the cutoff strategy c* = (¢, ct). The govern-

ment’s optimal action in state a is then p} € {0, c}.

Proof. Recall government’s optimal decision problem given by Eq. . Consider
any one-shot deviation p in state a from government’s p*-strategy in Eq. .
p # ci and p # 0 then p is a never-best response to citizen’s policing threshold ¢}
because p is always strictly dominated by one of {0, ¢*}. In the government’s decision
problem, note that excessive policing p > ¢} is strictly dominated by p = ¢}, which
gives the same outcome of work because 1y;cry = 1 = Tys0xy. But p costs more
than ¢}, so government gets a smaller present payoft:

(1-0) (a ;r L %ﬁ) < (1-4) (a 1 ic;> (2.2.30)
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Of course, the continuation values are the same, G(1|p*), because tomorrow’s state

a = 1 in both cases.

1 1

(1-0) (% _ %@) L 5G (fpY) > (1—95) (5 _ %ﬁ> L5GAY) (2.231)

Similar argument eliminates any positive policing that is strictly below the cutoff,
0 < p(a) < ¢, because such policing is strictly dominated by 0 where tomorrow’s
state is 0 in both cases but is cheaper to achieve with no policing than below-threshold

positive policing:

(1—6) (0) + 6G (0p*) > (1 —6) (—%ﬁ)) +6G (0]p*) (2.2.32)

]

This means, the best-response for the government at state a is always in {0, ¢},
which simplifies government’s decision problem into binary choice.

Next, we consider government’s best-response to some given (co, ¢1) citizen strat-
egy, resilient to one-shot deviation from Eq. . There are four possible govern-
ment best-responses (two possible actions in each of two states).

Categorize government’s continuation strategy by the unique labor paths it in-

duces:

e “Always Revolt” (AR) if p§ = p} = 0. Young and old both protest.

e History-dependent “Traditional Play” (TR) if p§ = 0, pi = ¢}. Young and old

play the same.

e “Counter-Culture” (CC) if p§ = ¢, pi = 0. Young play the oppoite of old.
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e “Never Revolt” (NR) if p§ = ¢}, p} = ¢}. Young and old both work.

Every optimal government strategy belongs to exactly one of these types by
Lemma

Then the proposed strategy p* survives one-shot deviation precisely when deviat-
ing to p(a) € {0, ci}\p*(a) is not profitable for each a € {0,1}. Thus we only need to
consider a single deviation in each state.

Combining with Lemma , we can derive conditions on ~, which is
the police productivity. Each of the four government strategies has to withstand one-
shot deviation in the current period when that initial strategy is used for continuation
play. Table[2.T]lists payoff to playing AR and NR strategies, payofls for corresponding

one-shot deviations and required condition so that deviation is not profitable.

Table 2.1: Always Revolt(AR) and Never Revolt(NR) as Best-Responses

Government’s Continuation Strategy

Govt. Current Play AR: p* = (0,0) NR: p* = (¢, c¥)
Play p*(0) G(0) =0 G(0) = 55 [Y(1 +6) — (1 = 0)cf — ocf]
Play p* (1) Gy = 452 G(1) =1- 3cf

Dev. to po # p*(0)  G(0) = (1 — 8) 5 [v(1+6) — cf] G(0) = 6G(0)

Dev. is unprofitable if ~ G(0) < G(0) = ¢ = (1+ )y (1+0) 5

Dev. to p1 #p*(1)  G(1) = (1 -85 [y(1+6) —cf]+G(1)  G(1) = 152 +5G(0)
Dev. is unprofitable if ~G(1) < G(1) <= c* = (1 + )y G1) <G(1) = F<y+ ﬁcé‘

Consider payoffs in each state to government picking “Always Revolt” strategy

with p§ = 0 and p = 0.

G(0[p*) = 0,G(1|p*) =

[\D‘l
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In state a = 0, the relevant deviation to consider by Lemma is pg = ¢ that
forces today’s young to work and then reverting to p* = (0,0) next period, so that

all future young protest as before. The corresponding payoff is:

GlOb) =(1-9) (5 - 5ot ) + 605

2 2y 2
_(1-4) [(1 u o) _ %c;;] —(1- 5)% 1+6) -] (2.2.33)

The initial strategy induces protest in every period. Under the deviation, only the
first two periods differ in outcomes: after observing today’s old protesting, the young
work today and tomorrow’s old work but tomorrow’s young protest just like under
“AR.” The deviation is not profitable, if policing today with cost %0’5 that exceeds

(1+9)

the benefit from today’s young working for two periods =~

0= G(0p*) = G(0]p*) < ¢ =~(1+0) (2.2.34)

In state a = 1, the relevant deviation to consider by Lemma is p1 = cf that
forces today’s young to work and then reverting to p* = (0,0) next period, so that

all future young protest as before. The corresponding payoff is:

(- 5)% (14 6) — ] + 1—25 (2.2.35)

Under the deviation, only the first two periods differ in outcomes: after observing
today’s old working, the young work today and tomorrow’s old work but tomorrow’s

young protest just like under “AR.” The deviation is not profitable, if policing today
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with cost ZLCT that exceeds the benefit from today’s young working for two periods
B!

(1+6)

G(1[p*) = G(1|p*)
1-6 1 16
—  =v(1+49) (2.2.36)

Consider payoffs in each state to government picking the “Never Revolt” strategy
Py = ¢, P = -
When the old work, the government’s payoff along the equilibrium path, after

inducing today’s young to work, is
Gl = (1= 6)(1— ——c*) + 6GAp*) = 1 — ¢ (2.2.37)
271 271 -4
When the old protest, the government’s payoff along the equilibrium path, after

inducing today’s young to work, is

GO) = (1-0) (5 = 55 ) + 960"
149 1, L,
= T — (1 — 5)500 — (SaCl
= e s - s — s (2.2.38)

In state a = 0, the relevant deviation to consider by Lemma is p(0) = 0 that
allows today’s young to protest and then reverting to p* = (¢j, i) next period, so

that all future young work as before. The corresponding payoff is smaller if:
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G(0lp*) = 0+ 3G (0]p*), G(O[p*) = G(0|p*) < G(0]p*) =0

— Y(1+0)—(1—=9)p; —oci =0

— (1+9)

1 1
> (1—-90)—p! + —dic* 2.2.
5 ( 8)=—po + 27501 (2.2.39)

2y
Here the requirement is that policing required at a = 0 is low enough:

N G
OSTTTS T1-5

¢t (2.2.40)

Under the prescribed strategy, it is cheaper to pay p§ today and pf tomorrow for

total cost of %(pﬁ + 0pt) and get benefit 12i5 of today’s young working than pay p;

tomorrow for total cost of (5%]% and get no benefit. The net cost of adhering to the

strategy is = (1 — §)p¥ + dp¥ is smaller than the net gain 149 Deviation for state
27y 0 1 2

a = 1 can be evaluated similarly.

Table 2.2] is analogous for CC and TR strategies.

Table 2.2: Counter Culture(CC) and Traditional Play(TR) as Best-Responses

Government’s Continuation Strategy

Government’s Current Play ~ CC: p* = (¢, 0) TR: p* = (0,cf)
1
Play p*(0) G(0) = 1% [v(1+6) — ] G(0)=0
Play p*(1) G(1) = 12+'Y5 [(1 +0)y— §c§] G(l)=1- %c’f
Dev. to po # p*(0) G(0) = 6G(0) G(0) = 35 [v(1 +6) — (1 = 8)cff — ocf]
Dev. is unprofitable if G(0) < G(0) — <1468y G(0) < G(0) — ct = ’yqtg) — %c’f
Dev. to p1 # p*(1) G(1) = (1= 8)(1 = F=c}) +3G(1) G = 5
Dev. is unprofitable if G(1)<G() = cfzv+ ﬁcg‘ G(1) <G(1) = cF<y(1+9)

The following Proposition summarizes the results in the tables above.

Proposition 2.11. Suppose citizens are playing a cutoff strategy ¢* = (¢, ct). The

government’s best-response p* is then unique a.e. (except when equality holds)

1. Ifcg = (1+6)y and ¢§ = (1 + 9)y then the Best-Response is AR: p* = (0,0)
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2. If ¢ < ’y% — %c’f and c¢f < v+ ﬁc@ then the Best-Response is NR:

p* = (Cgv CT)
3. Ifcg <(1+0)y and cf = v+ ﬁcﬁ then the Best-Response is CC: p* = (¢}, 0)

4. If ¢ = ’y% — 157501‘ and ¢ < y(1 + 0), then the Best-Response is TR: p* =

(0,¢1)

This can be visualized in the ¢ — ¢} space of citizen cutoffs. When citizens have
somewhat small demands in each state, then government’s best response is to provide
matching police force, enforcing work in Never Revolt (NR) region. Likewise, large
demands in both states imply government will not be able to afford required policing
and it will give up in both states, leading to protests in Always Revolt (AR) region.
When citizens have one cutoff much larger than the other, the government provides

policing in the state with the lower cutoff and gives up otherwise.

Figure 2.2: Government has unique (a.e.) best-response to citizen strategy

! Gov't B-R to Citizen cut-off strategy

(10t

(1+d)y (1+3)y/(1-0)

Each category of the best-responses is determined by a pair of inequalities from
Proposition [2.12] one for each state. For example, AR best-responses require given

thresholds to satisfy G°(1) = Gt (1) if and only if v < % in state a = 1. The second
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%
)

inqeuality they need to satisfy is 0 > G (0) if and only if v < {25 in state a = 1,

which is a square region in the upper right of ¢fj — ¢ plane.

2.2.3 Characterizing Citizen’s Best-Response Cutoff

Eq. requires that facing high policing p in state a, p > ¢, young citizens
find it individually optimal to work, assuming other young conform to the equilib-
rium strategy cutoff ¢* = (¢, ) and work. Secondly, Eq. requires that
facing low policing p in state a, p < ¢, young citizens find it individually optimal to
protest, assuming other young conform to the equilibrium strategy cutoff ¢* = (¢, ¢f)

and protest. To be a best-response, a citizen’s strategy thus needs to satisfy both

conditions (2.2.21]) and ([2.2.26]).

BR(po,p1) = {(co,c1) : (2.2.21)) and (2.2.26) are satisfied} (2.2.41)

(co,c1) € BR(po, p1) means that, in all states, (¢, c1) is a best-response for indi-
vidual citizen to government playing p—strategy and other citizens playing the same
cutoff strategy (co, c1). BR is thus the set of all cutoffs that are best-responses to the
given government strategy and itself.

Proceed in three steps (see Appendix for details). First, Lemmas and
characterize sets of cutoffs (cf, ¢f) that satisfy each of the conditions — Equations
and respectively. These Lemmas and allow for government
to play arbitrary p*. Secondly, by Lemma [2.10] government’s best-response is either
no policing or matching citizens’ cutoff. Using that, Lemma shows the results
from Lemmas 2.2 and 2.3 that are simplified for the special case when Government

plays zero policing or matches minimum policing. Thirdly, in Proposition [2.12] the
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BR set, which is contained in the c¢q — ¢; space, is characterized by an intersection of
two intervals for each of the four relevantﬂ government plays.
Observe that by monotonicity of p in its third argument, a;, which is the action

of the young tomorrow after observing tomorrow’s old working:

p(p1, 1, 1) < p(pt, 1,0). (2.2.42)

proposition combines previous two Lemmas to show that when government plays
one of {NR, AR, TR,CC'} citizens’ BR(p{,p}) is an interval where the lower bound
comes from Lemma 3.2.1 (no policing at a = 1, pj = 0) or Lemma 3.4.1 (matching
policing at a = 1, p¥ = ¢}) and the upper bound comes from Lemma 3.3.1 (no policing
at a = 0, p§ = 0 or Lemma 3.4.1 (matching policing at a = 0, p§ = ¢§). In all cases,
the best-response in state a to one of these four government candidate strategies is

proven to be an interval and can be succinctly expressed as

Va e {07 1}7 C: € [B(pi‘? a, H{p’fch})’p(pga a, ﬂ{p(’f?cg‘})] (2'2'43)

Proposition 2.12. Suppose (p§, pf) is a given government strategy and (¢, ct) is a

citizen cutoff strategy.
1. Never Revolt (NR): If (p§ = c§, pf = cF) then (¢, ¢) satisfies BR(p§, p}) if and
only if p(pi,a,1) < ¢; <D(pg,a,1), fora=0,1.

2. Always Revolt (AR): If (p§ = 0,p} = 0) then ¢ then (cf, c¢}) satisfies BR(p§, pY)

if and only if p(p}, a,0) < ¢ < p(pg,a,0), fora=0,1.

3. Traditional Play (TR): If (p§ = 0,pF = ¢f) then (c§,c}) satisfies BR(p§, py) if

and only if p(p},a,1) < ci < p(pg,a,0), fora=0,1.

9In the sense that these plays are the only government best-responses to an arbitrary citizen
strategy.
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4. Counter-culture (CC): If (p§ = c&,pt = 0) then (cf,cf) satisfies BR(p§, py) if

and only if p(p},a,0) < ¢; <p(ps,a,1), fora=0,1.

a

Proof. See Appendix. n

Observe that Counter-Culture equilibrium has outcomes that cycle employment
and unemployment: today’s young play the opposite of what today’s old play. All
young are rebellious and counter-culture is the norm. This is not a very reasonable
description of an oppressive state to have power forever fluctuate between government
and opposition between even and odd periods. This kind of play requires (i) very
high cutoff ¢} relative to ¢ to incentivize the government and (ii) citizens to be very
impatient and disregard future gains of permanent work to get one-time leisure payoff
today.

We can expanded the second condition of the BR(p§, p}) on ¢ when the govern-

ment playing Counter-Culture (CC), that ¢§ < p(p§,0,1) as:

¢t e l(1 +B) (B - %) B — ﬁa] (2.2.44)

A little bit of citizen’s patience destroys this play.ﬂ As social cohesion gets weaker
relative to costs of working (g — o0), the patience requirement to destroy this equi-
librium weakens arbitrarily. In other words, fix arbitrarily patience of citizens 5 to be
arbitrarily small, and then if the coordination motive is sufficiently weak, this play is
never a Best-Response by citizens.

Define the minimum patience we need to exceed as:

4
VAR =

8= e (0,1) (2.2.45)

2

10Citizen’s patience does not make other three plays AR, NR or TR disappear.

36



Corollary 2.13. In Proposition [2.19.4 citizens’ Best-Response correspondence to

Government playing Counter-culture 1s & if and only if 8 >
Proof. See Appendix. n

We can now look at the intersection of BR(p§, p}) and one-shot deviation con-
ditions. First, consider unproductive police force with low (1 + §)v. Then the gov-
ernment gives up in every equilibrium (AR). Since there is no anticipated policing in
the future, today’s thresholds are very high, approximately (1 + 3)B, which means

today’s police needs to incentivize two periods of work by itself.

Proposition 2.14. Let EA%(v) be the set of equilibria where government plays p* =

(0,0) and therefore citizens always revolt (“AR”) along the equilibrium path.

1. EAR(y) # & if and only if

y<FM = (1+B)B/(1+6) — a/(2 + 26).

2. For all such v < FAE, citizens using the highest cutoff in BR(p* = (0,0))

constitutes an equilibirum,

{p" =(0,0),(c5,¢f) = (L+ B)B, (1 + B)B — a/2)} € EM(),

which is thus robust to changes in v € [0, 71F].

Proof. See Appendix. O

As (1+9)y reaches intermediate values it can support a TR equilibrium where the
government gives up in the low state and polices in the high state a fixed amount that
varies among different allowed TR equilibria. These equilibria support a wide range

of policing in the high state because its BR(p§, p}) conditions are not tight: the same
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top-end (p(pfj, a,0) = (14 B8)B —a(5)) as for AR as they have same continuation for
downward deviations with no policing in the low state.

It is consistent for citizens to be “pessimistic” about tomorrow under moder-
ate policing — the rest coordinate to protest, entering a low state with no policing.
Today pessimistic citizens would require high policing in the high state to offset
tomorrow’s low payoff when stuck working. On the other hand, it is also consis-
tent to be “optimistic” about others’ strategy with bottom-end threshold as in NR
(p(pi,a,1) = (1+B)B—cf — a(%) — when minimal level of policing is involved,
everyone works and expects the same payoff tomorrow, making less policing required
today. The government’s behavior is consistent with history-dependence when citi-
x

zens are more pessimistic in the low state than in the high state (¢f < (1+9)y) < ¢

from Proposition m4)

Proposition 2.15. Let ETR(v) be the set of equilibria where government plays p* =
(0, ¢}) and therefore citizens follow traditional play (“TR”) along the equilibrium path,

consequently each young copies the previous generation’s choice.

1. ETR(y) # & if and only if

ve [ZTRﬁTR] =[(B—-a)/(1+0),(1+B)B/(1+§)—da/(2+20)].

2. There 1s no TR equilibrium that is robust to changes in v over the whole range

[ITR7 —TR] '

vy e[y e (AT £ () n ETR(Y) = 2.

Proof. See Appendix. O

The following proposition [2.17] is going to need the government to be somewhat

patient.
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Assumption 2.16. § >0 = %

This Assumption [2.16] states that the government is sufficiently patient: its dis-
count factor is not much smaller than g or it is greater.

Note that as f — 0 the assumption [2.16] weakens to 0 < § < 1 and § > 0.5 is
sufficient for any 3. This is not a necessary condition but it’s a sufficient condition
used in the proof construction. For case of § < 9, the v boundaries in the equilibrium

set of Theorem [2.18| will be slightly different.

Proposition 2.17. Assume § < 6 < 1 Let ENE(~) be the set of equilibria where
government plays p* = (¢}, ct) and thus citizens never revolt (“NR”) along the equi-

librium path.

1. ENR(y) # & if and only if v = vV = B/(146) — o/2

NR

2. For all such v = ™", citizens using the smallest cutoff in BR(p* = (¢, ct))

constitutes an equilibirums:
" = (. ¢f) = (B~ a/2,B—a)} e &M(y)

which is thus robust to changes in v > lN R). Furthermore, it is the only equi-

librium of EN® with that robustness property.

Proof. See Appendix. m

Fixing all parameters (%, a, B), we can characterize the set of different Markov
Perfect equilibria in threshold strategies. First we will look at best-response citi-
zen’s threshold strategies that satisfy Equations [2]-[3] for each state (for each of
three category’s of government’s best-response). Recall that by Corollary 2.1, we

eliminate counter-culture (“CC”) equilibria for sufficient citizen patience 8 > 3 =

—1+ 1-4-25_1
Ve (o)1),

2

HFor smaller §, ranges on ~ will be slightly different and different construction should be used.
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Theorem 2.18. Assume > 8 and § > % If(1+0)ye

1. (0, B — «) then only Always Revolt (AR) equilibria ezist.

2. |[B—a,B—(1+9)a/2) then only AR and Traditional Play (TR) classes of
equilibria exist.

3. [B—(14+0)a/2,(1+ B)B — /2] then AR, TR and No Revolt (NR) classes of
equilibria exist.

4. (1+B)B —«/2,(1 4+ B)B — da/2] then only TR and NR classes of equilibria
exist.

5. ((1+ B)B — da/2,00) then only NR class of equilibria exists.

Proof. Simply intersect the productivity regions from propositions[2.14, [2.15|and [2.17

as they precisely identify where specific class of equilibria is located. O]

Figure 2.3: The full set of MPE in cutoff strategies for discount factors high enough

NR

< >

TR

AR

>

<
<€ ;

Bea B(1o2 | (1+BB-a2  (1+p)B-ou2 »(1+3)

Letting v vary, we can see how equilibrium sets vary over 5 regions: only “AR”,
“AR” and “TR”, “AR” and “TR” and “NR”, “TR” and “NR”, only “NR”.

When government’s police productivity is very low, (1 + §)y < B — a, then every
equilibrium is in Always Revolt class: government never polices, citizens never work

and labor force falls to 0. If government’s productivity is moderately-low,

(1+6)ye[B—a,B—(1+ 5)%), (2.2.46)
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then AR equilibria as well as history-dependent Traditional Play equilibria exist. If
the old worked, then the government polices and the young work, and thus the labor
force remains at 1. But if the old revolted, then the government gives up and the
young revolt, and thus labor force remains at 0. Here, the labor force in the low state
is always 0 and labor force in the high state depends on equilibrium.

If government’s productivity is moderate,

(1+6)ye[B—(1+96)

| e

(1+B)B— %], (2.2.47)

then AR and TR equilibria still exist and also No Revolt (NR) equilibria are al-
lowed: government always polices and citizens always work and labor force rises to
1. Here labor force in both states is indeterminate and depends on equilibrium. If

government’s productivity is moderately-high,
o) !
(I1+d8)ye((1+5)B - 5 (14 8)B — 55], (2.2.48)

then AR equilibria disappear and only TR and NR equilibria remain. Here labor
force in the low state is indeterminate and labor force in the high state rises to 1.

Finally, if government’s productivity is very high,
(1+0)y> (1+8)B - 5%, (2.2.49)

then NR is the only equilibrium class that is allowed. Here labor force in both states

rises to 1.
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Among all equilibria, the highest cutoffs are seen for the greatest AR equilibrium

I
(" = (0,0),¢" = ((1+8)B,(1+ B)B -5} (2.2.50)

Likewise, the lowest cutoffs are seen for the smallest NR equilibrium{}

{p*=c"= (B — % B-— a)} (2.2.51)

The following corollary observes that one of these two extreme extreme equilibria
always exists. Naturally, low v — unproductive police can always sustain the highest
AR, high v — productive police can always sustain the lowest NR. The cutoffs in
these equilibria independent of ~. Intermediate vy can sustain both as well transient
TR equilibria that are not robust and depend on 7.

Recall 2.2.43] that

(=)
I

Q

m
—
=
—
~—

(2.2.52)

Corollary 2.19. Assume 3 > (. Then for every vy, at least one of the following is

an equilibrium: {greatest cutoff AR, smallest cutoff NR}.

Proof. By Theorem [2.18] there is either NR or AR equilibrium (or both). By Propo-

sitions 2.3 and 2.5, those are the respective robust equilibria. O

2.3 Police Productivity v with a Downward Trend

In the previous analysis, 74 = v police productivity was constant over time. Instead,

consider a downward trend in v; > 0 over time. This can be interpreted as police

12Without policing tomorrow, thresholds today are especially high
3Policing infinitely into the future keeps thresholds today especially low
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becoming less effective per dollar invested over time. The law enforcement and the

military are defecting to the opposition, making marginal policing more expensive.
Assumption 2.20. Public knowledge about {v;}*., sequence.
Assumption 2.21. Downward trend ~v; = vi41.

Assumption 2.22. [nitial (high-productivity region 3L : (1 + 0)y, > (1 + 5)B

Assumption 2.23. & < min{ 11413;7 2ﬁ£2:‘;?} € (0,0.55)
2

Assumption 2.24. FEventual low-productivity region

HN:(1+5)7N<(1—62)B—a(1+§)

Assumptions and will establish extreme dominance regions to “Never
Revolt” initially and “Always Revolt” eventually, respectively.

Next, Assumption [2.23]is a technical requirement to prove sufficiency for some of

the results (it is not a necessary restriction). % < 11;5; ensures (1—3%)B—a(1+5) >
2

0, and thus Assumption is well-defined. This stems from considering the lowest

possible best-response level of policing required and government not being able to

28(1-52)
1+p-p°

will be used to

afford that level. The second part of Assumption [2.23] & <

o
» B

prove the non-monotonicity result in Theorem [2.31]

The government is a long-lived player with 0 < § < 1 discount and citizens are
short-lived, asummed to live for two periods with 0 < f < 1 discount. There is a
measure % of citizens that are born every period and commit to an action a € {0, 1}
for both periods, where a = 0 represents “protest” or “joining the opposition” and
a = 1 represents “work.” Citizens are “Young” when they are born and decide their
action and are “Old” when they are stuck playing what they chose last period.

At the beginning of period ¢, the government observes the average action of the

Old a° before picking a policing level p; € [0,00). Focusing on the symmetric pure
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strategies, a® € {0, 1}. Then the Young are born and they observe both (a°, p;) before
picking work or protest a € {0, 1}. The labor force is the total amount of work done

by the Old and the Young combined,

Ly = (1/2)a’ + (1/2)a?. (2.3.1)

The labor force is restricted to {0, %, 1} for symmetric equilibria in pure strategies.
Government’s Markov strategy in state (a,t), the Old’s average work level and

time ¢, is the policing level:

p(a,t): {0,1} x N — [0, 00) (2.3.2)

(Young) citizen’s Markov strategy in state (a, p,t), which is the Old’s work level

and government policing level, is the choice between protest and work:

a(a,p,t): {0,1} x [0,00) x N — {0, 1} (2.3.3)

We are still going to use Markov Perfect Equilibrium in pure strategies as the main
solution concept, with the added generation of using time t as one of the states. A
pair of Markov strategies (a*, p*) are MPE when they withstand one-shot deviation
in every state.

Again, restricting attention to citizens playing a threshold strategy this can be

rewritten as {(ci*, ")}y

1 ifp>cit
a*(a,p,t) = (2.3.4)

0 ifp<cht,
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Government utility from p*, taking {(c', ¢*)}; as given, at state a and at time ¢
1s

a Ly c 1
24 {pa>">cl} _p:,t) +5Gt+1(]1{p;k,t>cta})|p*) (235)

Gl = (1-9) (5 + =l -

Denote government utility from one-shot deviation to p € [0,20) and later going

back to p* as

~ % a ]1 *203 1 - *
G'(alp*) = (1 =) (5 - % — Zp) + G (Lpzery [p7) (2.3.6)

Taking {(c},c})}; as given, government’s choice {(ps”, pi"*)}; is optimal for every a €

{0, 1}, for every t € N, for every deviation p € [0, 0) :

1, s 1
et} i
(1-4) (T e ) + G (1{p§,t>cg},t + 1) (2.3.7)
> (o) (2 L5 L sa (1t 1)
2 2y pzeul

Corollary 2.25. Suppose citizens follow c*-strategy, then government’s best-response

rom Eq. 3.7) in state (a,t) is p¥* e {0,cH'}.
from Eq. (2.3.7) in state (a,t) is pg* € {0, ¢}

Proof. Note that proof of Lemma applies here because continuation value G(1,t+
1) is the same for p and ¢* whenever p > ¢ and G*™1(0) for 0 and p < ¢, so pick

policing that gives lowest cost today and the same continuation. O]

Suppose in state (a,p,t) with other citizens following prescribed c*-strategy with
p = ¢t and government follows p-strategy, the young citizen also prefers to work over
protest if:
a
2 2 2

1+ Bﬂ sl it )
p>(1+B)B*a(—ﬁ+ +M>f Pt (2.3.8)
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The above condition on work, a = 1, to be a collectively sustained citizen best-

response holds for all p > ¢*' if and only if

1 B, 141 SHtrl
Ya e {0,1},¢;' = (1+ B)B — « <Lﬁ + 24 M) st+1

Suppose in state (a,p,t) with other citizens following prescribed c*-strategy with

t

p < cp' and government follows p-strategy, citizen also prefers to protest over work

if:

a B]]_ pit1s okt R
p<(1+B)B-a (5 + “’0%0}) — Bptt! (2.3.10)

The above condition on protest being a collectively sustained best-response holds for

all p < ¢®' if and only if

ﬁﬂ Sl it
Vae {0,1},¢* < (1+B8)B—a (g + % — Bptt! (2.3.11)

The difference between LHS of and is that in the former case citizen
derives coordination utility of % from working alongside with 1/2 population of the
young today and g from working with 1/2 population of the old tomorrow. In the
later case, today’s young and tomorrow’s old protest instead because p < ¢*'.
Exactly like in the static case, to describe condition, define the following
auxiliary function, p(p1,a,a;). In this notation, a is the old’s labor choice from last
period and (aq,p;) are tomorrow’s work and policing choices after observing work

today.

(2.3.12)

p(p1,a,a1) = (14 B)B — Bp1 — « <

1+6 a+a1ﬂ
+ .
2 2

46



To describe (2.3.11]) condition, define the following auxiliary function:

(2.3.13)

(00, @, a0) = (1 + B)B — Bpo — a <%) |

In this notation, a is the old’s labor choice from last period and (ag, py) are tomorrow’s
work and policing choices after observing protest today.

Given tomorrow’s play
{"t-‘rl’]’jtl-‘rl AIf-‘rl’ éfi—i-l , (2314)

define a static, collectively-sustained citizen best-response at t as an element of the

following two-dimensional region bounded by four inequalities:

BRU(pGH, pirL, abrl et+l) = (2.3.15)
{(ch, c)) : p(PTH, a, Ligtrisaeny) < e <ppytt a, Lgptrseeen ) for a=0,1.}  (2.3.16)
By construction, x € BR! is equivalent to z satisfies and m
We can now describe the circumstances when an individual citizen has no prof-

itable unilateral deviations in all periods. Given a sequence of policing (ph,pt), a

sequence of cutoffs (¢, &) is said to be a dynamic, collectively sustained best-response

if (cf,ct) e BRY(ph™, pitt, bt cbth) for all periods t. The distinction is that the
static requirement only makes sure today’s cutoffs work given tomorrow’s policing
and tomorrow’s cutoffs. The dynamic requirement also needs to make sure that yes-
terday’s play is consistent with today’s cutoff. It is possible that some cutoff (¢1,¢t)
satisfies BR' but there is no sequence {cg, ¢1}; satisfying BR' for all ¢, coinciding at

T _ st AT _ T
T :cy =¢p, ¢ =c.
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By construction, (2.3.8) part of BR is violated if ¢i < p(pi*', Lz eneeny)
and part of BR is violated if ¢*' > p(ph™, a, ]1{136+1>C§’M})’ hence this is a
necessary condition.

The following lemma is similar to Proposition but now ¢t £ ¢ (citizen
thresholds may or may not be equal across time), which allows more varied labor
behavior tomorrow to be consistent with some best-response threshold today for any

st 41

p € (0,1). For example, Counter-culture tomorrow requires c, < 35, which is

small for large (3, while every cé"t satisfying BR at t is always large because pi*' = 0.

This is why in the static case requiring thresholds to be constant over time lead to
breaking BR at today when CC is played next period. Thus the dynamic thresholds
allow for new kind of equilibrium action CC, with revolt in a good state and working
in a bad state, that was eliminated under “reasonably high” patience with stationary
strategies.

Define the length of side of the BR set along a as:

Al — ﬁ(pé—"_l,a, CLO) _B(ptl-i_l?aaal) _ 5(;034-1 _p6+1) +a <(1 + ﬁ) + ﬁ(al - CLO))

2 2

(2.3.17)

The second effect of letting thresholds vary over time is that the shape of
{(c2", ¢th): satisfying BR!(p"™, pi**") conditions at every t} is a square. Previ-
ously the restriction of time-stationary thresholds would lead to downward sloping
boundary for small ¢f. With exogenously fixed (ci"*, ¢¥**!) the shape is a rectangle

and A?, the length of the side, is independent of a, so it is a square with lower-left

corner at

(B(pt1+1’ 0, :H_{pf,t+1>c>ll<,t+1})7B(p8‘7t+17 1, ]].{pTﬂH»lZC;k,tJrl})) (2318)
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and upper-right corner at

p(p37t+1’ 07 ﬂ{pg‘vt‘*lgcg"t‘*l})ap(p; 17 ]l{pg"t‘*'l;cg‘*“'l}))' (2319)
Lemma 2.26. Suppose at time t+1 the government plays Never Revolt (NR), Always
Revolt (AR), Traditional Play (TR) or Counter-culture (CC) that pins tomorrow
young’s action at (ag, a1 )"} Then (¢, cF") satisfies BRY(pi™, pi™™h) if and only if

(i a,a1) < ¢t < plpg", @, ao)

Outline. The result is similar to Proposition (2) but the proof is much simpler because
next period’s cutoffs depend on ¢ + 1 and are uncoupled from today’s cutoffs. This

follows straight from the definition of [2.3.17] m

The above Lemma means you only need to know tomorrow’s policing and tomor-
row old’s profile of equilibrium actions in each state a € {0,1} to verify (ci*,c;") e
BR!(py™™, pt"*!) — in other words, today’s cutoffs are independent of each other as
long as the corresponding equilibrium policing levels don’t violate feasibility at ¢ — 1,
in other words that BR*'(py", pi") # & (see next Lemma).

The following lemma gives a necessary and sufficient condition on play at ¢t + 1 to
ensure BR set at ¢ is non-empty or equivalently A? > 0. It cannot be the case that

s,04+1 *,04+1

c & ¢y as that moves lower boundary of BR at ¢ above upper boundary of BR

at t, making BR empty.

Lemma 2.27. 3{(c}", ")} satisfying BRY(py'™', p™h) if and only if (A* = 0)

t+1 t+1 Q
e T (1 + 0+ B(Lgperisepey = ﬂ{pé"f“zcs“’*“}))

4The subscript 4 indicates that the current young’s action is i. Therefore, tomorrow’s young will
observe 7 before making their choice, a; = T srv15 #ee1y.
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Proof. See Appendix. n

The previous Lemma highlights the desired restriction on next the period’s polic-
ing levels. It cannot be too high in the bad state relative to good state, or BR
conditions fail for the previous period. This is similar to how we eliminated Counter-
Culture (CC) equilibria in the stationary case.

The following proposition defines a special “FP” fixed-point set of BR thresholds
for Never Revolt (NR) play. If a sequence of thresholds satisfy BR and some point
later in the sequence is in “FP,” then every point before that is also in FP. But
even if none of the points are in “FP”, as the sequence gets longer, the first point
("= "1 is arbitrarily close to FP’s boundary. In other words, whenever govern-
ment polices within this boundary (a moderate amount), then it policed inside the
boundary every period before that. And every sequence of positive policing support-
ing NR play, always starts arbitrarily close to the boundary if the sequence is long
enough.

The following expression P, is the maximum possible positive policing in any
MPE in state a, when today’s young are pessimistiﬂ, the following period will have

no policing and tomorrow’s young will protest:

P, =p(p"*! = 0,a,a0=0) = (1 + 5)B — ag (2.3.20)

Likewise, the following expression P, is the minimum possible positive policing in

any MPE in state a, when today’s young are optimisticm the following period will

5Protest is dominant above any lower policing level, by expecting full mutual protest in such a
case.

16Work is dominant below any higher policing level, by expecting full mutual protest in such a
case.
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have maximum policing P, and tomorrow’s young will work:

Py~ 07 = Pracao = 1) = (- #)8 - a (2510

. (2.3.21)

Proposition 2.28. Suppose Never Revolt (NR) is played for t < L. The following

BR set, denoted as “FP7, is the smallest fixed-point set.

1. IfBe(0,%): “FP=

2

a(l+ 58— 57) o3 a2+ 3 —2p5%) a(l —26%)
B }X[B‘ 20— U 0

R M G R 1

~{(po,p1) - Lemma ([Z270) holds.)

Proof. (OUTLINE) 1. BR set at t — 1 < BR set at ¢. (i) p(pi"™ ', a,1) = p(p}*, a, 1)
and (ii) p( S’t_l, a,1) < Q(pg’t, a, 1) This means once you start in that square region,
then you stay there.

The second restriction for 5 € (0.5,1) ensures py < p; doesn’t happen.

To show that this is the unique FP: any BR set at ¢ that contains the BR set at
t — 1, also contains “FP.” As L — oo, the candidate set shrinks to F'P arbitrarily
close (pick any BR point outside of FP at ¢t = 2, it is no longer contained in BR set
at t = 1 for L large enough).

To show that it has no “slack,” pick top left corner. BR set at ¢t — 1 starting there
is “FP.” The size of “FP” square A = -2

2(1-p)
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Observation: A'! size of the BR set the previous period increases in A, - the
difference in policing levels at t. This difference in policing levels is maximized at the
top left corner of any BR set. Starting with a larger candidate for “FP”, shrinks the
BR set strictly the period before: if Af > o — AL < At Similarly, starting
with a smaller candidate for “FP”, grows the BR set strictly the period before: if
Al < g = A= > A!. This shows “FP” is the unique such set.

O

The interpretation of the Fixed-Point set is it’s precisely the set of policing levels

that are feasible under Never Revolt equilibrium with infinite horizon (e.g. if vy always

remained in the upper-dominance region).

Proposition 2.29 (Opposition eventually takes over). 1. (Lower Dominance Region)
Consider subgame starting at (N, a) .E|Um'que labor outcome is “Always Revolt” for
every Markov Perfect Equilibrium for this subgame : p' =0 < ¢’

2. (Contagion) Extend the subgame above to a supergame (t = K < N,a) such
that (1+6)vx < (1+B8)B—a (1 + g) . for every Markov Perfect Equilibrium for this

subgame : ¥t = N : p*t =0 < ¢,
Proof. See Appendix. n

Similar to the stationary dynamic model, there are four possible equilibrium labor
outcomes in a given period. The above proposition established a contagion argument
where forward-looking (pessimistic) expectations lead to a unique labor outcome of
Always Revolt. Previously, it was only the case that AR was unique for (1 + §)y <
B — « and allowed for multiplicity from TR and NR above that.

Now, the NR region has been extended to

(1+d)y<(1+p5)B—« (1 + g) (2.3.22)

T e (= < 0= P50 (1) -
52



Looking at it another way, the stationary model had multiplicity on a region with
width increasing in S B, the cost of work, plus a factor proportional to «, because with
stationary policing strategy tomorrow’s policing was correlated with today’s policing.
In the dynamic model with a downward trend, the multiplicity region has width
proportional to « only, coordination among the citizens only. This is a qualitative
sense in which the indeterminacy has been reduced.

The next theorem focuses on describing a general pattern present in any equilib-
rium with a downward productivity trend. The first stage is “T'yranny” where the
government enforces work in every period for a while.

It is followed by a turbulent stage called “Revolution” and for a given productivity
trend, different equilibria allow for different paths taken on this region. If citizens
coordinate on instant revolution, they could have it on the first day of the period or
at the other extreme, instead, they could coordinate to do it on the last period with
some specified play in the interim. This is consistent with the literature where timing
of the revolution in the short-run is somewhat indeterminate, even when it is certain
to happen in the long-run.

The final stage is called “Opposition in Power” and it corresponds to the govern-

ment completely giving up forever, never policing and citizens always revolting.

Theorem 2.30. Consider v, satisfying Asmp 1-5. Let L = max;{(1+ 0)y, > (1 +

B)B}, the last period in the upper dominance region. Fix any MPE equilibrium.
1. (TYRANNY) The first L > 0 periods have Never Revolt (NR) outcome.

2. (REVOLUTION) Next k = 0 periods play one of { Never Revolt (NR), Always
Rewolt (AR), Traditional play (TR), Counter-culture (CC) }

3. (OPPOSITION IN POWER): The infinite tail starting from K = L + k > 0,

has Always Revolt (AR) outcome.
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Proof. 1. At t = L, the worst case scenario is the government faces infinite tail of
Always Revolt starting next period at t = L + 1. From the first column of Table 1,
playing p = ¢ gives strictly greater payoff than playingp = 0 < ¢ < (1+§)7;.
This is true because ¢ < (1 + 8)B < (1 + )71

3. This follows from Proposition [2.29, Let

szgn{(1+5)7k><1+ﬁ)B_a(1+§)}

2. This follows directly from Corollary 4.1 and kK = K — L depends on K, when the

contagion kicks in. O

The final result establishes the non-monotonicity of policing result for the dynamic
model with a trend. While the previous Theorem focused on how anticipation of
future play affected the labor path, Theorem [2.3T]1ooks at how every equilibrium labor
path affects government’s equilibrium policing response. An important contribution
of this paper is to highlight the following pattern.

On the period before the revolution begins: (i) the tomorrow’s old protest, which
discourages work today, (ii) continuation utility of receiving policing tomorrow be-
comes zero since the government gives up, also reducing payoff to work. These two
factors cause a discontinuous drop in relative utility of work, so today’s policing
needs to be higher by a discrete increase to compensate. Less policing is needed to
incentivize work where for many future periods there is going to be a guarantee of
tomorrow’s old working, plus a positive amount of policing tomorrow.

This means when the government had held the power firmly a long time ago,
early in the “Tyranny” region, it policed a moderate amount. On the last period
of “Tyranny” before “Revolution,” it must police a lot more, else protests would

have started even earlier. The government subdues mild opposition with mild polic-
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ing, deters strong opposition with heavy policing and gives up against unstoppable

opposition at the start of the final region where “Opposition is in Power.”

Theorem 2.31 (Non-monotonicity of policing in «y). Consider v satisfying Asmp
1-5 and for every MPE, there exist time periods M and T,(M < T), that exhibit
non-monotonicity of observed policing with respect to .

*,T *, M *,T—1
0=py" <py’™ <p

Proof. See Appendix. O

2.4 Conclusion

This paper extends the literature on protests and revolutions to include government
as a strategic agent. Choosing to highlight time frictions, rather than informational
frictions, the model makes a connection between anticipation of inevitable revolution
and non-monotonic government’s policing.

The dynamic model allows for forward-looking expectations to reduce equilibrium
indeterminacy by using a downward trend of police productivity. On one hand, it
fully characterizes the different kinds of Markov equilibrium labor paths that arise in
a repeated game. On the other hand, it makes a prediction that the government will
police mildly when its power is secured, give up when the opposition is too strong and
fiercely fight back when its government’s rule is about to collapse, even if the collapse
is inevitable. This roughly matches the Imperial Russian government’s response to
the Socialist opposition. First it used spies, imprisonment and exile. Then when
its rule was in peril, it crushed striking civilians with artillery bombardment. Next
time, however, its policing effectiveness has declined and it could not oppose the

revolutionaries.
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The model with stationary police productivity gives a short-run analysis of poten-
tial protests. Later, police productivity is described by a deterministic (downward)
trend. This gives a long-run analysis of how anticipation of eventual fall of govern-
ment brings about certain revolution. This revolution will happen at an earlier time
than is likely in the short-run model without aligned expectation of its fall. Still, the
exact date of the revolution is unpredictable and may vary across equilibria, which is
consistent with the widespread surprise of the Berlin Wall collapsing.

In the stationary case with high police productivity, the government’s costly ac-
tion can force coordination on its preferred outcome of work, retaining power. For
the stationary low police productivity, the government cannot afford to cover indi-
vidual citizen’s fixed cost of work and there are always protests and never policing.
Therefore, the government loses control to the rebel opposition. In the intermediate
regions, there are also possible outcomes of Traditional Play, where rebels’ children
protest and workers’ children work. However, much of this is resolved by a downward
trend as an Always Revolt outcome by contagion.

An extension for this line of research would be to model the government-opposition
game as “matching pennies” where the citizens want to allocate themselves across
time or place (a clandestine meeting), preferring to be together but to avoid the
government. Meanwhile, the government uses a finite policing budget to allocate its

police to minimize the oppositions’ gatherings as much as it could.
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Chapter 3

Reference-Dependent Attitudes to
Risk, Incumbency Advantage and

Response to Crisis

The political science literature has identified a salient phenomenon known as incum-
bency advantage, where politicians in office stand a higher chance of being reelected
than challengers vying for the same seat. Conventional explanations include deter-
rence of challengers, lower quality of challengers than incumbents (incl. incumbents
having political experience), use of office for reelection (e.g. franking letters, greater
access to media, pork-barrel spending).

Secondly, more recent research has described the opposite circumstance of incum-
bency disadvantage when challengers do better in bad times after an exogenous shock
to the economy, which is unrelated to the government’s actions.

A non-conventional explanation using prospect theory may be able to explain
both incumbency advantage during good times and incumbency disadvantage during
a time of crisis, when the loss-gains function is strictly concave with risk-seeking in

the losses and risk-aversion in the gains.
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The third stylized fact is that while incumbent’s average disaster relief increases
in the magnitude of the (exogenous) crisis, their average probability of winning de-
creases. In other words, an average incumbent wins more often when he is lucky to
avoid an unrelated crisis and loses more often when he is not lucky, while providing
the expected disaster relief for that particular crisis. Thus, these election patterns
cannot be explained by backward-looking voters who punish only lazy politicians for
underperformance.

Over 90% of House Representatives seeking reelection were successful since World
War II (Levitt and Wolfram, [1997)). Gelman and Kingl (1990) developed the first
consistent and unbiased measure in terms of vote percentage margins, constructing
a proper time-series for congressional elections. They found the average incumbency
advantage to be 2% between 1900 and 1950, then steadily rising to about 10% in
1990. In fact, Levitt and Wolfram| (1997)) found that deterrence trumps officeholder
benefits, including free mail, media access, fund-raising advantages to explain the rise
of incumbency advantage post-World War II.

Ansolabehere and Snyder Jr| (2002) showed that incumbency advantage exists at
a similar level (co-movements over time) at state and federal legislatures, guberna-
torial and other state executives. Therefore, these phenomena do not depend on
specific from features of the legislature like redistricting (gerrymandering), diffusion
of responsibility or pork-barrel politics because similar incumbency advantage ex-
ists in elections for offices without these specific benefits. The proposed decline in
challenger quality was also rejected as an explanation for the rise in incumbency ad-
vantage. There has to be a more general explanation that applies both to legislatures
and the executive.

More recently, |Wolfers (2007) analyzed comprehensive empirical evidence that
voters reelect incumbents during good times (high oil prices for oil-producing states,

national boom for pro-cyclical states) and elect challengers during bad times. One
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natural question is whether incumbency advantage disappears in bad times, or just
that it’s really big in good times and smaller in bad times. |Wolfers (2007) finds
that, on average, the incumbent governor is reelected 56.7% of the time. Tables
and summarize (somewhat imprecise) estimates of how a governor’s chances
at his reelection are affected by a sudden rise or fall in the price of oil that can
be inferred from the 1950-1988 subset of his datdl] In some cases, the magnitudes
suggested are more than enough to cause an incumbency disadvantage. For example,
when the price of oil increases by one standard deviation, an incumbent governor’s
probability for reelection in a rust-belt manufacturing state decreases by about 7.1%.
Likewise, when the price of oil decreases by one standard deviation, an incumbent
governor’s probability for reelection in an oil-producing state decreases by about 22%.
Wolfers| (2007)) concludes that it is most probable that voters do not efficiently process
information and compare the state economy to national reference point, as well as

making an attribution error.

Table 3.1: Effect of Oil Price Increase on Incumbent’s Probability of reelection
Oil Priceﬂ Shock 1o above mean Largest(+) Oil Shock

Oil producing state] [0.11, 0.38]] [0.25, 0.90
Rust-Belt state] [-0.032, —0.11]7 [-0.077, —0.27°

?ALog Real Oil, annual averages

bUsing largest positive state-specific coefficient (0.23), belonging to Alaska, Wyoming or Texas
°68% confidence interval because the coefficient was significant at 10% but not 5%.

4Using largest negative state-specific coefficient (-0.07), belonging Michigan or Indiana

Rational models of asymmetric information do not generate these results of incum-
bency advantage alternating with incumbency disadvantege by pure luck. In rational

models, either elections solve a moral-hazard problem of shirking incumbents or a bad

1Baseline model from Column 1 of Table 5.C: Incumbent electeds; = A National employment
gap; + 6(Bs*0il Shock; ) + a(State employment gaps; —A National employment gap; — 85 *Oil
Shocks ¢) + €54
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outcome reveals the incumbent is lower quality than his expected challenger. A model
with loss-averse voters is necessary as the recorded external shocks were specifically

noted to be outside of the incumbent’s influence.

Table 3.2: Effect of Oil Price Decrease on Incumbent’s Probability of reelection
Oil Pricﬂ Shock 1o. below mean Largest(—) Oil Shock

Oil producing statd] [0.10, —0.34]] [—0.31, —1.112
Rust-Belt statd] [0.029, 0.10]7 [0.096, 0.34]7

*ALog Real Oil, annual averages

bUsing largest positive state-specific coefficient (0.23), belonging to Alaska, Wyoming or Texas
¢68% confidence interval because the coefficient was significant at 10% but not 5%.

4Using largest negative state-specific coefficient (-0.07), belonging Michigan or Indiana

In a similar vein, |Achen and Bartels (2004) find voters favoring challengers after
Acts of God like droughts, floods, and shark attacks, concluding this is an unresolved
puzzle for rational choice theory of voting. In a follow-up to test this “blind ret-
rospect” theory, |Cole, Healy, and Werker| (2008)) find that after natural disasters in
India, vigorous and responsive administrations that offer relief fare better than unre-
sponsive ones in the next election but worse than expected if no disaster had taken
place. Tables [3.3] summarize their linear and non-linear models relating disaster
severity (flood/drought), amount of relief assistance and change in the incumbent’s
vote share. During severe weather, an incumbent administration that provides an
average amount of disaster relief loses 4.04% votes, essentially being punished for bad
luck. During extreme weather, average response is 3.45 times larger and it is not
surprising that doing nothing is worse during extreme weather (—10%) than during
severe weather (—4.6%). Also, citizens value relief twice as much during the extreme
weather (coefficient of 0.0672) as during severe weather (coefficient of 0.032). But,
paradoxically, the incumbent party is punished even more severely on average (loses

6.18% votes). While they do not quantify the level of of incumbency (dis)advantage,
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they do note that rainfall (“luck”) is relevant for deciding the winner because a quarter

of elections in their sample have margin smaller than 5.26%.

Table 3.3: Effect of Variable Rain on Disaster Relief and Votes for Incumbent Party

Expenditureﬂ per o of Rain A Vote(%)
away from Optimal Rairﬂ

No Response 0 =3.77%
Ave. Response 0.178 —3.25%
2x ave. Response 0.356 —2.73%

@A governmental response is an increase in log(disaster spending)

Optimal rain is computed to be about 1 standard deviation () above average, where farming
output is at maximum

It thus appears that there is a robust puzzle that incumbency advantage vanishes
during a time of crisis, even if the crisis has nothing to do with the incumbent. Sec-
ondly, disaster relief increases in the magnitude of the crisis, while the incumbent is
disadvantaged and only extreme responses merit reelection. Conventional explana-
tions either should continue to hold (e.g. if pork-barrel spending was the cause) or
are inadequate (e.g. principal-agent arguments about effort or quality with rational
voters). This paper takes the stance that when the loss-averse voters experience a
sudden cut to their consumption, the required minimum ability cutoff for the incum-
bent rises. When, in equilibrium, the average disaster relief reveals the incumbent
to have an average ability, he is then disadvantaged at the election, relative to a
risky prospect of the unknown challenger. It takes an extreme performance from the

incumbent to reveal extremely high ability to pass the muster.

This paper develops a model to explain all of these facts by linking politicians with
career concerns and forward-looking voters with reference-dependent utility. (Holm-
strom, [1999) developed a framework of moral hazard (with symmetric information)

where the agent was considered for a promotion based on their unknown ability and
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Table 3.4: Non-linear Effect of Rain on Disaster Relief and Votes for Incumbent Party

Severe Weathelﬂ Extreme Weathetﬂ
Expl‘ A Vote(%) Exp. A Vote(%)
No Response 0 —4.57% 0 —9.99%
Ave. Response 0.1641 —4.04% 0.5663 —6.18%
2.62x ave. response 0.4306 —3.19% 1.486 0

aSevere Weather accounts for rainfall difference from optimal amount in 80-90 percentiles

bExtreme Weather accounts for rainfall difference from optimal amount in 90-100 percentiles

€A governmental response is an increase in log(disaster spending)
took a hidden action, such as effort, that potentially clouded inference about their in-
nate ability. While in some equilibria it may be the case that the agent’s action ended
up revealing his ability after-the-fact, his initial incentives involved considerations to
improve the signal by exerting some additional effort.

Whether voters are assumed to be loss-averse or rational expected-utility max-
imizers, a politician will want to provide a non-trivial amount of the public good
before the election. The incumbent will take a less-than-maximal personal rent, be-
cause raising the rents further would make them look bad as if they had low ability
to create the public good. Thus, the politician does not want to reduce his ex-ante
probability of winning by shirking. With rational voters, politicians only care about
affecting signals that relate to their ability and ignore, for example, exogenous shocks
to voters’ future income, because their probability of winning only depends on the
manifestation of their own ability.

Secondly, even if the politicians had no hidden action to take (such as fixed or
zero personal rents) and the incumbent’s type was public information, that simpler
model would still generate incumbency advantage in good times and incumbency
disadvantage in bad times. The uncertainty about the challenger’s ability, relative to
the better-known incumbent, plus prospect theory gives the result.

Combining both aspects in one model leads to “fickle” voters that take into ac-

count irrelevant signals as long as their consumption relative to the reference point
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is affected. When reference-dependence is combined with career concerns, the third
stylized fact is also matched. Thus, politicians signal higher ability when they vary
their hidden action relative to these irrelevant signals since these now enter into their
probability of winning, even though in equilibrium their type is revealed anyway.

In this case, the incumbent provides greater disaster relief when the crisis wors-
ens as the voters are risk-seeking and lean more and more towards the challengers.
Incumbents increase public goods gf in the first period precisely when their proba-
bility of losing increases. Their decision involves trade-off between personal rent and
increasing probability of being elected by choosing a higher signal. In equilibrium,
all incumbents’ signals are perfectly correlated with their ability, so their type be-
comes known. However, a simpler model without career concerns that has known
incumbent’s type does not have the tension between choosing signal to affect margin
of the probability of winning, thus more public goods wont necessarily be provided
for rising moderate shock s. On the other hand, when the crisis does not occur, the
incumbent produces less of the public good and takes more personal rents by enjoying
his incumbency advantage.

A possible explanation for incumbency advantage via prospect theory was first
proposed by Quattrone and Tversky| (1988]), described in terms of classroom ques-
tionnaires and psychology intuition. The questions included policy proposals by can-
didates, framed in terms of losses and gains for separate groups of responders. Instead
of using expected-utility, consumers were supposed to be loss-averse with respect to
a particular, given reference point. With an S-shaped value function, they are risk-
seeking in the losses region and risk-averse in the gains region. If the incumbent
represents the continuation of the status quo and the challenger is a risky gamble,
then the incumbent should tend to get more support, except during bad times (with
risk-seeking to attempt recouping losses). However, this modelling device of loss-

averse voters has not been theoretically developed into an equilibrium model beyond

63



validation in simple classroom experiments. Prior to the present paper, this direction
has not been pursued in the literature on incumbency advantage. Since|Quattrone and
Tversky| (1988]) hah not constructed an equilibrium model, they made no predictions
about the government’s disaster-relief response to the presence of these loss-averse
voters.

While explaining the vulnerability of incumbency advantage to economic and out-
side shocks, a limitation of this approach is that it may be challenging to explain the
positive trend in the magnitude of the incumbency advantage.

Loss aversion has been used to offer an alternative explanation for why the Pres-
idents party tends to lose seats in midterm congressional elections (Patty], [2006).
Outside of political economy, Fershtman| (1996) used prospect theory in 10 to demon-
strate that variation in the reference points affects market decisions of incumbent and
challenger firms, changing the market equilibrium in a dynamic oligopoly game.

The proposed theoretical model needs to go beyond assuming the challenger is
riskier than the incumbent. The model requires assumptions about the political com-
petition and information structure to endogenously generate the structure of pay-offs
where reference-dependence will be relevant. For example, |Patty (2006 emphasizes
non-representative turn-out differences during midterm Congressional election, stem-

ming from the particular framing of seats in terms of losses and gains.

3.1 Career concerns and loss-averse voters

The model has two separate, but related, parts: (I) loss-averse voters have reference-
dependent utility that generates incumbency advantage in good times and disadvan-
tage in bad times, (II) “Career-concerned” politicians vary in ability and they want
to look good before the election by providing a non-trivial amount of the public good

by not shirking. Having (II) in addition to (I) lets politicians respond to signals irrel-
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evant for determining their ability that affect voters’ consumption. As the incumbent
becomes disadvantaged with risk-seeking voters having their consumption in a loss-
region, politicians increase expenditure on the public goods, so they don’t look bad
before the election.

A starting point is to use endogenous formation of the reference point as in [Koszegi
and Rabin (2007) and apply it to a model of post-election politics. That framework
uses a mix of expected utility component and a gain-loss function of prospect theory,
where the innovation is that reference-point is formed with forward-looking rational
expectations. Taking equilibrium behavior of voters and the incumbent as given (to
be described later), voters form a reference point for lottery of the consumption that
they rationally expect to receive after the election as a function of the incumbent’s
stateP] This reference point will be used when the voters come to the polls and weigh
different outcomes resulting from their choice.

The baseline structure of the model is similar to the two-period “career concerns”
agency model (Persson and Tabellini, |2002). The incumbent wants to impress voters
with his quality in the first period, so they reelect him again. This signalling is
expensive and requires a cut to politicians’ personal rents. The present paper adds
the concept of a reference-dependent personal equilibrium (Koszegi and Rabinl, |2007))
to the voter preferences.

First, I characterize the representative voter’s personal equilibrium and incum-
bent’s choice of provision of public goods and extraction of political rents. The
reference-point consumption lottery describes citizens’ expected consumption next
period before the election takes place. It is the weighted sum of getting the challenger-
induced consumption with probaiblity ¢ and incumbent-induced consumption with
probaiblity 1 —¢q, where ¢,0 < g < 1, is the ex-ante rational expectation of incumbent

losing. Here ¢ represents voters’ expectation of who is going win the election. In

2Voters anticipate to correctly derive it in equilibrium from the government’s public good pro-
vision in the initial stage, so that the incumbent’s type is known when the vote takes place.

65



equilibrium, this expectation is rational and voters do pick the challenger ¢* fraction
of the time, given the equilibrium reference-point consumption lottery with ¢* weight.

Therefore, by endogenizing the rational reference point as in Koszegi and Ra-
bin| (2007)), the same number ¢* parametrizes both the reference-point consumption
lottery and incumbent’s probability of losing. We can now describe incumbency ad-
vantage and disadvantage in terms of the same ¢*.

q* is said to characterize incumbent’s advantage for ¢* < % and incumbency disad-
vantage for ¢* > % The main finding of Theorem is that during good times, every
personal equilibrium has ¢* < % and it captures incumbency advantage comparable
in magnitude to Gelman and Kingl (1990))’s 2 — 10% estimates. This is intuitively
driven by risk-aversion to picking challenger’s consumption lottery.

Instead, suppose the reference point was feasible in the sense it was a linear
combination of consumptions induced by the challenger and the incumbent, weighted
by q, but not necessarily rational. Then Theorem also shows there is a unique
cutoff strategy parametrized by 7,, the incumbent’s probability of losing. During
good times, for for all ¢, 0 < 7,, < %, so that there is incumbency advantage even for
irrational feasible reference points that do not form a personal equilibrium.

Suppose a voter finds it optimal to reelect incumbent in two-thirds of possible
states (of incumbent’s performance), given a reference-point compound lottery of
receiving challenger’s consumption lottery ¢ percent of the time and receiving in-
cumbent’s consumption lottery 1 — ¢ percent of the time. This would be a personal
equilibrium if only if ¢ = %

Either way, it turns out the “career-concerned” incumbent provides more public
goods when his probability of losing increasesE|.

Second, while fixing voter’s ERPCL, I look at how agents react to the surprise

negative shock to the voter’s income in the second period that is realized just before

3In the particular linear parametrization of this paper, the amount of the public good is directly
proportional to the probability of losing
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the election. This shock is exogenous to the economy and specifically to incumbent’s
actions (e.g. an earthquake, flu epidemic, global economic slowdown). For tractabil-
ity, the first pass of this analysis assumes that voters assigned a zero probability to
this rare shock when they formed their equilibrium reference-point lottery before the
election. The main finding here is for small negative shocks to future income, incum-
bency advantage diminishes even without strict convexity of the gain-loss function
. With strict convexity in the loss region, there is incumbency disadvantage for
moderate negative shocks.

It is for the analysis of incumbency disadvantage and comparative statics where
endogenizing the reference point is especially useful. The surprise shock model takes
an equilibrium reference-point lottery from the no-shock environment and generates
a voting decision rule Q(g;s) that varies with the size of the shock s. When ¢ <
Qg;s) < %, the incumbency advantage is said to decrease from the shock, for example
when the gain-loss function p is piece-wise linear. Similarly, when ¢ < % < Q(q;s), it
describes incumbency disadvantage, such as when p is strictly convex. In both cases
the incumbent provides more public goods because Q(g; s) > ¢ as the probability of
losing increases.

Finally, the surprise model is extended to a model with fully rational expectations
where the negative income shock s happens with probability p,0 < p < 1, and
income y remains unchanged with 1 — p probability. In the limit as p — 0, the

rational-expectations model captures the surprise model as a special case.

3.1.1 Politicians

The government taxes voters in both periods at a constant rate 7 and provides public
goods g;,t € {1,2}. At the end of every period, voters vote in favor of the incumbent
or the single challenger. Politicians differ in their ability n to convert private goods

into public goods.
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We will assume that this ability 7 is uniformly distributed on [0, 1] for all politi-
cians. That is, ex-ante the incumbents and challengers are equally skilled and the
deck is not stacked to generate incumbency (dis)advantage in an ad hoc manner by
drawing challengers from a different pool. The only distinction is that the equilibrium
play will fully reveal incumbent’s type but off-equilibrium incumbents can consider
altering their hidden action to signal a different type.

When converting one unit of private good, n units of public good are produced.
Once a new politician is picked for office, his competence n remains fixed throughout
his career (no learning-by-doing) but no one knows the value of  during his first term
(not even himself as the job is new to him). The politician will learn his competence
after one term and voters will be able to indirectly, though accurately, infer it in
equilibrium just before casting their vote. If a challenger politician is elected, n° is
drawn from the same distribution as incumbent’s n°.

Politicians are purely opportunistic - they only care about extracting personal
rent 7, out of taxes and exogenous ego rents of being reelected, R (which may capture
continuation value of future rents).

Hence, the politician’s value function is

vr =11+ ﬁp[(rg + R) (311)

where p; is the probability of being elected, which is driven by voter’s decisions; 7,
are the rents extracted in period ¢t; 0 < 8 < 1 is the discount factor; R is the value of
being reelected to office.

Voters do not observe rents extracted or 1’ but they judge competence based on
how many public goods were provided. Incumbent’s trade-off to extract everything
is to appear incompetent and lose election and forgo future rents. At the beginning

of every period t € {1, 2}, the incumbent balances the budget between personal rents
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and public goods. Since in the last period (¢ = 2) there is no reelection incentive,
ry =7 < y7, the maximum allowed by feasibility.

The budget constraint for the incumbent in period ¢ is:

N'TY =0+ g = g = 0'(Ty — 1v), (3.1.2)

where the action to take is r; € [0,7] and g; is residually determined.

The information is symmetric for tractability as the principal-agent story is not
appropriate for studying exogenous shocks like an earthquake. At the same time, the
ex-ante outcome of elections is non-deterministic — the challenger has a viable chance
to win and neither politician is endowed with a competence advantage; there is no
deterrence effect here either. Since the incumbent cannot condition his personal rent
strategy r; on own not-yet-realized type, all incumbents extract the same equilibrium
amount of rents 7}, so that the amount of public goods provided ¢g; becomes a random

variable, perfectly correlated with 7.

3.1.2 Voters

In this model voters only care about their own consumption and do not have an
ideological party bias. Their consumption utility in period ¢ is linear in consumption,

¢, which is composed of disposable income y(1 — 7) plus the public good:

m(c) =c=y(l —7)+ ag, (3.1.3)

where y > 0 is the fixed income for both periods, 0 < 7 < 1 is the fixed taxed rate,
a > 1 is the preference for public goods and g, is the amount of the public goods
provided.

Koszegi and Rabin| (2007)) bridged the gap between expected utility and classical

prospect theory that only looks at the gains losses by considering both. Voter’s utility
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in the period after the election is:

U(F|G) = J ( J u(clr)AG(r) )dF () = J ( J mi(e) + u(m(e) — m(r)dC(r) ) dF(e)
(3.1.4)
where F is the consumption lottery, G is any reference (consumption) lottery and
u(.) is the gain-loss function.
We will assume the following parametric form for the gain-loss function that al-
lows for linearity or strict concavity. While piece-wise linearity has been used in
previous research for tractability, risk-seeking in the losses is required to generate

strict incumbency disadvantage, rather than simply decreasing the advantage.

p(x) = (3.1.5)

where 7 > 0 is a scale parameter for gains and losses relative to the base utility
for consumption (v = 0 is expected utility); A > 1 scales the degree of loss-aversion
relative to gains; k € N is a curvature parameter: £ = 1 corresponds to non-strict
concavity and convexity of the standard piece-wise linear gain-loss function and k > 1
allows for risk-seeking in the losses.

With only two political candidates, there is no problem of strategic voting. Unlike
principal-agent models, where voters are sometimes asked to commit to retrospective
punishment strategies, voters here are forward-looking when they select the candidate
to maximize their next period’s utility, conditional on the reference point.

The voter observes g; before voting but not n’. If the voter picks the incumbent,

then he will receive the degenerate consumption lottery:

d=y(l—7)+ag=y(l—7)+an(ry —7) (3.1.6)

70



which is increasing in 7%, which will be inferred accurately in equilibrium from g, so
¢’ is not a random variable.

If the voter picks the challenger, then he will receive non-degenerate consumption
lottery:

cE=yl—7)+ags=y(l—7)+an(ty — 7) (3.1.7)

Because 7¢ is a random variable that has not been realized, ¢¢ is also a random
variable, which inherits the uniform distribution.
Denoting 6,6 € [0, 1], to be the random realization of the challenger’s ability, an

arbitrary reference point is characterized by a fixed g € [0, 1]

cq=q +(1—q)d =qy(1—7)+0G)+ (1 —q) (y(1—7) +7G)

=y(l—7)+¢0G + (1 —q)nG (3.1.8)

where G = a(7y — 7), the public-goods production technology.

It is a lottery where the challenger’s lottery is drawn with probability ¢q. As before,
77 is the imputed incumbent’s ability from his equilibrium play. As it will be known
at the moment of the election, when considering next period’s gains and losses, the
voter will treat 77 as a degenerate (constant) lottery that puts mass 1 on 7.

Given the reference lottery c,, the utility of voting for the challenger is evaluated

as:

U(c|ey) = Ll J: (cc + (e — cq)>d6dnc (3.1.9)
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Likewise, given the reference lottery c,, the utility of voting for the incumbent is

evaluated as:

U(c'|c,) = Jl (ci + p(c — cq)>d9 (3.1.10)

0

Finally, the voter picks the incumbent when U(c'|c,) = U(c¢|c,).

3.2 Equilibrium

3.2.1 Incumbent’s choice of rents today, r

Let 7 € [0, 7y] be the incumbent’s choice of rents. Suppose in equilibrium the voters

g1
TY—"r1’

observe gy, infer 1 = where 7 is incumbent’s equilibrium rent (known to the

voters) and are following some cutoff ruld]

I ifq=>Q\v;a,7,kT)=q,
5 (3.2.1)

0 ifg <Q\v;a,7,kT).

s
~
I

where Q(\,v; o, 7, k,7) = q € [0, 1]

Note that today’s public goods don’t enter into voter’s utility function for tomor-
row’s gains and losses, so the incumbent’s choice of r; does not affect q. Here there
is a one-way channel from the citizen decision rule to the public goods provision,
through choice of rent depending on ¢. This is enough to generate the key stylized
facts. The government’s second period’s decision is fixed by extracting the maximal
feasible personal rent, o = 7, and using the rest of the taxes to make the public
good. In a dynamic model with an interior decision for next period’s rent ro, there
would also be a reverse feedback channel, where the amount of public good could

affect tomorrow’s gains and losses. This richer model could allow for more patterns

4To be shown optimal in Sec. 3.1
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of disaster-relief spending.

pr = Pripr =1) = Pr(i = q) = Pr(=%— > q)

TY — 71
_ Pr<M > q) (3.2.2)

TY —T1

Since 7° not known to the incumbent at the time of choosing the rent and has uniform

distribution on [0, 1],
Pr(in <az)=x=Pr(y' z2)=1-u (3.2.3)

Thus, the probability of incumbent being reelected can be rephrased in terms of the

uniform distribution over the signal of the public good his choice of r; generates.

- TY—1T
pr = Pr (77’ > Mq)
TY — T
-1— (ry—m) (3.2.4)
TY —T
The decision problem, given ro = 7 becomes:
maxv; =71, +pB(R+T) =
(ty —71) ~
ry+ (1 Wq>ﬁ(R 7 (3.2.5)
FOC:
_ (y —71)
1 —————q) = 2.
+ BR+7)( (Ty_m2q) 0 (3.2.6)

Since in equilibrium voters must have correct anticipation, r; = r;. Then FOC be-
comes:

14 (R +7) (- ! )q>:0=>7y—7“1=ﬁ(R+F)q (3.2.7)

(Ty -nN
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Thus,

ri=1y—pPB(R+T7)q. (3.2.8)

The equilibrium probability of winning comes from the voter’s cutoff: p; = 1 —q.

Also,

g =1'B(R+7)q (3.2.9)

The amount of public goods provided increases (linearly) in the ex-ante probability
of losing, ¢/
dgi

g AR+ >0 (32.10)

(almost surely)f] A decrease of incumbency advantage is good for the voters’ welfare
as they get more public goods in the first period (though irrelevant for their voting
decision).

The equilibrium ex-ante value accruing to the incumbent is:

Vir=1y—B(R+T)g+ (1 —q)B(R+T7) =71y + (1 —2¢9)B(R+T) (3.2.11)

Naturally, a decrease of incumbency advantage is bad for the incumbent:

dvy
dgq

— —28(R+7) <0, (3.2.12)

3.2.2 Voters’ personal equilibrium

We are now ready to define the solution concept for the voters’ problem. Consider
an exogenous reference point ¢, putting a weight ¢ € [0, 1] on electing the challenger

and a weight 1 — ¢ € [0, 1] on picking the incumbent. After the incumbent picks his

SIncumbent that never expects to lose (if ¢ = 0) provides no public goods in the first period. Note,
however, that the value of ¢ depends on a forward-looking consideration of U(cf|c,) vs. U(c%|c,), so
if the pool of challengers’ competence was not [0, 1] but some inferior set, ¢* = 0 may conceiveably
turn out to be a unique subgame-perfect refinement where voters would suffer from inability to
punish restrospectively.

SPr(n® =0)=0
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private rent rf, the voter observes incumbent’s realized ability 7 and elects either the
incumbent or the challenger. The strategy p;(7;¢) : [0,1] — {0,1} is optimal if it
maximizes the next period’s the reference-dependent utility, given c,.

Thus, voters optimal choice is a pair (q, pr(m; q)) For each decision rule, we can
compute incumbent’s probability of losing and it will generally vary with q. When
this losing probability is different from ¢, it is inconsistent with rational expectations.
We can think of endogenizing the reference point as a process of equilibrium selection
to be consistent with rational expectations. This equilibrium is then analogous to
“unacclimating personal equilibrium” (UPE) from Koszegi and Rabin| (2007)). If UPE
is unique, then it is also optimal and becomes their “preferred personal equilibrium”
(CPE).

Suppose that voters are forward-looking and sometime before they go to the polls,
they form rational-expectations about their decision process. The endogenous refer-
ence point ¢* will also equal to the incumbent’s probability of losing in a personal

equilibrium.

1. Given any reference point ¢, a rational decision rule of voting for the incumbent

p1(77; q) equals 1 when U(c'|c,) = U(c%|c,) and 0 when U(c'|c,) < U(c%|c,).

2. Given any rational decision rule p;(7; qo), the ex-ante rational expectation of

the challenger winning E[1 — p;(7;q0)] = 1 — Pr (U(ci|cq0) > U(cc|cqo)> =q.
Personal equilibrium for voters is ¢* iff ¢* = 1 — Pr <U(ci|cq*) > U(cc|cq*)>.

The following Theorem shows that for any reference point ¢, putting a weight
q € [0, 1] on electing the challenger and a weight 1—q € [0, 1] on picking the incumbent,
there is a unique decision rule that picks the incumbent with probability over %, that

is ¢ < % This is true for all feasible reference points, not just rational ones. In

other words, there is incumbency advantage for every feasible reference point ¢, with
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q € [0, 1]. Of course, all personal equilibria |Z| also experience incumbency advantage

because they stem form a subset of feasible reference points.

Theorem 3.1 (Incumbency Advantage). Suppose the loss-aversion coefficient is \ >
1, the gain-loss weight is v > 0 and the convezity parameter is k € N. For any fized
reference point q € [0,1], there is a unique cutoff decision rule Q(q) = n; : [0,1] —

(0,1/2) such that the optimal voting rule is a cutoff for incumbent’s realized ability:

e L ifn=ny,
pr(7;q) =
0 if i <nk.

Proof Outline. The detailed verifications are in the Appendix

1. Let f(7) = U(c'le,), g(7) = U(cle,) be the utilities of picking the incumbent

and the challenger, given ¢, reference point.

2. fistrivially strictly increasing (take derivative). Intuition: choosing the incum-
bent for sure is better when he is more able. The expected utility component
increases and the gain-loss component of incumbent vs. the reference lottery of

the incumbent plus the challenger improves.

3. g is weakly decreasing in 7, for all ¢ € [0,1] and k € N (take derivative). The
expected utility component from the challenger is unchanged and the gain-loss
component worsens (in FOSD sense). ¢ is strictly decreasing for ¢ < 1 and

constant in 77 when ¢ = 1 (the incumbent never wins in the reference point).

"The existence of personal equilibria be shown in Proposition
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4. (f —g)(1/2) > 0: picking an average incumbent is strictly better than an

unknown challenger. It can be shown that if ¢ = 0 then

1y B ky

1 M 2k+1 2k+1 1+k
(1=9) (3) = O = Dgge (b1 + 0 — k(1= )% = 202K+ 1)g'F)
k
if ¢ € (0, 1],
where M = % > ( and the second term in the product is positive by

Lemma [B.7] using binomial series around ¢ = 0.

5. (f — g)(0) < 0: picking worst incumbent is strictly worse than an unknown

challenger.

6. Intermediate value theorem on [0,1], (f — g) strictly increasing, and thus has a
unique root on (0,1). Denote this root as n7. This is the unique value solves
U(c|eqini) = U(c|eqs m). It is the interior threshold when the citizen is indif-
ferent between a random challenger and an incumbent of known ability n; while

the reference point is fixed at q.

[]

If loss-aversion is removed because losses and gains are treated equally (A = 0)
or the gain-loss function has no weight (v = 0), then consumer maximizes expected

utility and he is completely indifferent between the incumbent and the challenger.

Corollary 3.2 (Parity under expected utility). If A = 1 or v = 0, then the unique

decision rule for any q € [0,1] : is 1, = 5
Proof. Same as above but now (f — ¢)(1/2) = 0 in Step 4. O

The following proposition shows that the optimal map @(q) from Theorem

has a fixed point, proving existence of a personal equilibrium.
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Proposition 3.3 (Existence of Personal Equilibrium). Let @ : [0,1] — (0,1/2) be the
unique cutoff decision rule from Theorem[3.1 Then there exists a personal equilibrium

(fized point) such that ¢ = Q(q). Furthermore, every personal equilibrium ¢* € (O, %) )

Proof Outline. e Theorem showed that there is a unique exogenous equilib-

rium (unique decision rule 7,) for each g¢.

e The expression U(ctlc,) — U(c¢|c,) is continuous in ¢ because it’s a difference of
q q q

integrals of gain-loss functions u(x), which were continuous in q.

e Thus, (f—g)(n) = U(c|c,)(n) —U(c%|c,)(n) is continuous in g on [0,1/2]. Tt is a
known result that unique real root of an algebraic expression that is continuous

in parameters, is also continuous in ¢ as per Henriksen and Isbell (1953).

e So Q(q) : [0,1/2] — [0,1/2] is continuous, and has at least one fixed point on

[0,1/2] by Brouwer’s fixed point theorem.

e Theorem showed that ¢ = 0 and ¢ = 1/2 are not fixed points as there is
a strict preference for one of the candidates when 77 = ¢ (optimal decision rule
maps to (0,1/2)).

It remains to show that any fixed-point ¢* = Q(¢*) does, in fact, satisfy the second
condition of the personal equilibrium. That is, ex-ante probability of the incumbent’s
loss equals to ¢*. At period 0, g; is not yet observed, so 7 cannot be inferred and is
a random variable with uniform distribution along the equilibrium path:

g _n'(ry—1)
TY —T1 TY — 1

=1n' ~ U[0,1]. (3.2.13)

Recall that the optimal decision rules p; are step functions with 7 cutoff for incum-

bent’s ability and he loses for 7 realizations below the corresponding cutoff. In any
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equilibrium, ¢ with decision rule p; the incumbent loses with probability equal to the

* .

corresponding cutoff rule Q(q) = n; :

E[l—pi] =1—=Pr[ij = ni] = Prin’ <ni] = . (3.2.14)

q

But when ¢ is a fixed point, then indeed ¢ = E[1 — pr] = n;. ]

In a special case where k = 1 (piece-wise linear ), setting the reference point
q weight on the challenger lottery equal to the probability of the challenger being
chosen, given that reference point 0 < g = n; < 1, generates the following fourth-

degree polynomial in ¢:

3O —1)yg* —12¢°y(A = 1) + 13y(A = D> + (=3y(A = 1) + 67 +6)g —3 -3y =0
(3.2.15)

By using the exact solution to a quartic equation, it can be shown to have a unique
root on (0,1/2) for v > 0,A > 1, which is graphed in Thus, the personal
equilibrium ¢* = n¥(k = 0) is independent of (a, 7,y,7) but generally when allowing
for concavity of the gain-loss function, ky > 2, the resulting algebraic expression
in ¢ will depend on all of these parameters and the relevant algebraic equation has
fractional powers.

As expected, along the boundaries of Figure with [y = 0,A] and [y, A =
l,q=mn; = % There is no incumbency advantage when loss-aversion stops to matter
(v = 0) or pain from losses equals pleasure from gains (A — 1 = 0), expected value
of the challenger equals average incumbent. Here it is important to note that utility
m(c) is linear in both private and public consumption outcomes. These values of

incumbency advantage are reasonably comparable to estimates in (Gelman and King,

1990)) of 2-10%.
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Figure 3.1: Unique personal equilibrium reference ¢ for linear gain-loss (k = 1)

Unique personal equillbmmm relerence q b k=1

Although for k > 1, there is no closed-form expression for solutions for the fixed

point ¢ = 7, the decision rule iteration gt

= n5 converges rapidly Vg € [0,1], to
the same fixed point with more than 1 decimal digit per iteration, even when initial
conditions are chosen as far as possible from the center. The numerical evidence

suggests uniqueness of personal equilibrium is generic because for a various picks of

(o, 7,9y, 7), the decision rule n, 1s increasing and concave on a compact set, which

are conditions for a fixed-point theorem in (Kennan) 2001). While the slope of the

decision rule may be steep near ¢ = 0 for some parameters \, k it gets much flatter

as it approaches ¢ = 1/2.

3.3 Responses to surprise crisis

Suppose just prior to election there is a surprise event that affects the voters, a nega-
tive shock (e.g. earthquake or flu) to future income that they did not anticipate when
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playing their reference-point equilibrium ¢* from Section [3.2] Before we formulate
a rational expectations model where the reference-point takes into account the true
probability p of the crisis, we will consider a simpler limiting case of a surprise shock.
This is equivalent to taking p — 0 in the rational-expectations model. Nonetheless,
the surprise case is a generalization of the model with no shock in the sense that
taking s — 0 returns the baseline “no shocks” model from the previous section. For
now, consider the surprise model as a model of convenience to leverage the existence
of personal equilibrium result (Prop. in a model without shocks and then using
this reference point to verify the second and the third of the stylized facts: (i) there
is incumbency disadvantage for moderate shocks s for £ > 1 and (ii) the incumbent’s
response to crisis is to increase public goods provisionﬁ.

First, voters anticipate a reference consumption c,+ lottery expecting no shock.
Then they observe a negative shock to future income, y, = y — s, before they go to
the polls. Thus, they modify their voting decision, so that, in general, ¢* = 7. (y) #
Ny« (y — s) and the later is the decision rule they use.

If the incumbent has already committed to the rents and public goods choice by
expecting 7, (y), then the agents can still infer the same 7 correctly. Furthermore,
incumbency disadvantage arises but there is no response to unanticipated crisis.

If the incumbent has enough time to change his choice of r; (n° not yet realized),
then by previous argument from Sec. , his rent r¥ = 7y — (R + 7)q is decreas-
ing linearly in probability of losing, ¢(s) = 1 — E[p;(s)]. Similarly, his public good
provision gf = n'8(R + T)q is increasing in his probability of losing ¢(s). Thus, the
model predicts that the government will “respond” to an unexpected crisis to the

extent that it loses its incumbency advantage. But this response is not rewarded

8Recall that voters’ are forward-looking and next period’s public goods are a corner solution
of maximal rent, so the incumbent’s response to crisis is via career-concern approach as a trade-
off between signals is linear in losing probability ¢. This raises citizen’s utility today but after
conditioning on politicians’ type, does not enter into their choice of tomorrow’s politician.
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directlyﬂ rather deviation to not responding would signal low competence and very
low chance of reelection. This is broadly consistent with the finding by (Cole, Healy,
and Werker] |2008)) that Indian administrations that responded to natural disasters
(as if 77 is high) did better than those who were less vigorous (as if 7 is low) but not
as well as administrations that did not have a disaster on their term (as if ¢(s) is
increasing in s at s = 0).

As s increases, the loss region begins to grow and the gain region shrinks. There
are two effects: a direct loss of disposable income to buy private goods, —s(1 — 7),
and a decrease in tax revenues available for producing public goods (magnitude of
loss depends on politician’s realized competence).

When picking the incumbent, the only source of uncertainty in U(c%|c,; s) stems
from the unknown challenger in the reference point. Suppose the voter observes 7
and s > 0. For small values of 7, the voter is entirely in the loss region because even if
the challenger draw is 0, the flat amount —s(1 — 7) dominates the realized gain from
7. For large values of 7, the voter is in the gains against low reference (challenger)
draws # and in the losses against high 6. Thus, Eq. derives f(1) = U(c|cy; s)
to be a piecewise-continuous, increasing function in two segments in terms of 7. As
the gain-loss function u(c —¢,) is integrated over 6 € [0, 1], there is a kink (A valued)
in at most one point, which moves towards # = 0 as 7 decreases to a low cutoff.

When picking the challenger, there is an additional source of uncertainty in
U(c®|cg; s) from comparing the actual (not-yet-realized) challenger draw against all
values of the reference point lottery. The gain-loss function pu(c$ — ¢,) is integrated
over 6 € [0,1] x n° € [0,1], with a kink (A valued) along a straight line in the [0, 1]
region that moves towards a corner as 7 increases. The shape of the gain-loss region

changes twice as the kink fold moves through the [0, 1]* space — the Eq. [B.1.36|derives

9In fact, losing incumbency advantage (increase in ¢) means the incumbent government is worse-
off.
10The equation is actually from the rational expectations model but setting p = 0 does not change
the result.
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g(n) = U(c|cy; s) to be a piecewise-continuous, decreasing function in three segments
in terms of 7.

Therefore, both f(77) = U(c‘|cy; )(7) and g(7) = U(ck|cy;8)(77) have analytical
expressions, each is monotonic (See Appendix [B|for details) and have a unique inter-
section. The optimal cutoff Q(¢; s) = n,(s) has to be determined numericallylﬂ

First, for fixed (o, y, T, 7, k,\), we get personal equilibrium ¢* in the no-shock
model using ¢"*! = n,, iteration. Convergence is fast, about 1 decimal place per
iteration. The fixed point is independent of s and arises as an endogenous reference
point.

Second, for a fixed a grid of s values, for each fixed s find 7(s) that makes the
voter indifferent between candidates, satisfying the piecewise-continuous, algebraic
equation U(c%|cg; s)(77) = U(c®|cyx; 8)(7) as explained above. This describes how the
optimal decision rule Q(¢*; s) varies with s such that ¢* = Q(q*;0).

At s = 0, we have Q(¢*;0) = ¢* < 1/2 by Theorem as before, but for s > 0
incumbency advantage starts to diminish ¢* < Q(¢*; s). If also k > 1, strict convexity
gives incumbency disadvantage in Figures [3.2]and 3.3} for s large enough, Q(g*;s) >
% > q*.

While this model violates rational expectations for large p, probability of crisis, the
model is a good approximation to rational expectations for small p, when inrepreted
correctly. Although we noted that in the no-shock model, whenever the reference
lottery anticipates elections in a matter inconsistent with the actual decision, given
that lottery, we said that g # n; showed the model violated rational expectations.
However, given s > 0, Q(¢*;s) + ¢*asp — 0.

In the next Sec. the rational expectations equilibrium is going to be a pair of
conditional decisions {¢,s(p), Qs(p)} — how often the voters pick the challenger when

observing no shock and shock, respectively. In the limit as p — 0, we can interpret

1 The thresholds for 7, where the functional form of each utility function changes, are non-linearly
depend on s, see Figures @ and @
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this Q(¢*; s) = lim,_,o Qs(p) as the probability of picking the challenger when shock of
s magnitude s observed along this sequence of rational-expectation models, with the
observed shock becoming less and less likely. The corresponding ¢* = lim, . gns(p)
that was derived as the equilibrium of the s = 0 model would match the probability
of the picking the challenger when the shock is not observed along this sequence of
the rational-expectations models, with the unobserved shock becoming less and less
likely. Therefore, there is no reason to expect these limits to be the same as they are
reached along entirely different sequences.

Figure shows, for various curvatures of the gain-loss function, the effect of
increasing negative shocks to future income(%) on incumbency advantage. The values
of the parameters used are as follows: (\,7v,«a,y,7,7) = (3,1, %,1, %,%). For k =
1 incumbency advantage diminishes as the magnitude of catastrophe increases (no
strict convexity in the loss region). For 2 < k < 5 (higher curves respectively) risk-
seeing in the losses allows for stronger effect as was predicted and even incumbency
disadvantage (peaking at s = 0.2y. For large s, ¢(s) is decreasing towards neutrality
because risk-seeking is predominant for “small” losses and not for “large” losses.

Figure [3.3]is the effect of highr loss-aversion as a sort of limiting guideline. The val-

5 2 1
7§a1757E)'

ues of the parameters used here are as follows: (A, v, «,y,7,7) = (100, 10
Note that v = 10 >> o = g > v = 1, A = 100 >> 3 = A;. The effects of losses and
gains has been exaggerated through increase in 7 and losses have higher weight than
gains (large \). For s — 0,k = 1, strong risk-aversion gives large incumbency advan-

tage as ¢ = 0.352 On the other end of the spectrum, s = 0.2,k = 5 gives ¢ = 0.646 -

a comparable incumbency disadvantage.
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Figure 3.2: Incumbency (dis)advantage as shock increases for moderate loss-aversion,
higher convexity upwards.
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Figure 3.3: Incumbency (dis)advantage as the shock increases for high loss-aversion,
higher convexity upwards
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3.4 Rational Expectations of Crisis

Suppose the voter observes whether a negative shock to next period’s income of s
magnitude happens or doesn’t happen before he votes. The shock is a Bernoulli event
with probability p, uncorrelated[r_zl with politician’s ability draw. We will also assume
the challenger’s unobserved ability € is fixed in secret before the crisis is (un)observed.
The voter’s decision function now depends on (7|s). Tomorrow’s income is either y or
Yy —s.

When the voter conceives of his reference point for voting, he takes into account

what information he will know at the timd™}

1. With probability pQ,, there is a crisis and the challenger is elected with unknown

ability #, which will be reveiled only in period 2,

2. With probability p(1 — @), there is a crisis and the incumbent is elected with

inferred ability 7,

3. With probability (1 — p)q, there is no crisis and the challenger is elected with

unknown ability 6,

4. With probability (1 —p)(1— Qs), there is no crisis and the incumbent is elected

with inferred ability 7.

The reference point is a stochastic lottery to the extent it maintains the residual
uncertainty about 6 that will remain unresolved in the voting booth when evaluating

next period’s consumption level.

12The shock is an earthquake, change of world price of oil etc, while the ability is personal
competence of converting private goods into public goods.

13This way the distinction between the incumbent and the challenger remains meaningful. It
would be pointless to ignore which information will be reveiled in the interim: the incumbent’s
ability is also unknown when making his reference point and a key tension would be lost. The
incumbent’s decision doesn’t influence the reference-point formation in the model for tractability,
and this is why the incumbent moves after the reference point is already formed.
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Let reference point be

¢p = P(Qscs + (1= Qu)c) + (1 =p)(ac + (1~ g)c") (3.4.1)

where with probability p the voter will learn there is s shock next period before
voting and with probability 1 — p he learns there will be no shock next period. @,
is the cutoff for incumbent, when the shock happens and ¢ the cutoff when no shock
happens. Here ability # emphasizes a hypothetical draw of the challenger in the
reference point, giving the corresponding stochastic consumption c? .7 € {ns,s}. For
more details calculations of the reference consumption in the rational expectations
model, see Sec. In contrast, when the challenger is elected the actual realization
of his ability is n°, with a corresponding consumption ¢f, j € {ns, s}. It is critical to
note that just like in the previous section, 7¢ is different and independent of 6 and
the gain-losses are calculated by a double integral over [0,1]? in Lemma .

There are two ways to treat the politician’s decision. (i) He observes the shock
before choosing the rent, which means he knows he’ll be losing election with either
g(no shock) or Q(shock) probability. This is equivalent to the original decision prob-
lem, conditional on the state: public goods vary proportionally to the corresponding
probability of losing. This assumption that the politician can respond to the shock
before choosing his rents in period 1 will be used throughout the rest of the paper.

(ii) He picks rent before he sees the shock. By similar derivation of first-order

conditions, get

g =7y —ri =BR+7)(pQs + (1 —p)q) (3.4.2)

In this case, the amount of public goods is proportional to the ex-ante expectation

of losing, E|q] = pQs + (1—p)q. Figure|3.4{shows that E[q] turns out to be relatively
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Figure 3.4: Ex-ante expected probability of picking the challenger, crisis probability
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flat for concave gain-loss function p because initially for small losseﬁ, q rises with
s at a similar rate as (), falls with s and the two effects balance out. In this case,
the incumbent maintains an ex-ante advantage, which is reasonable since most in-
cumbents do get reelected. However, in this case the politician cannot respond to the
crisis because he commits to the same decision in both states. The central empirical
analysis, however, looks at variation of disaster relief with respect to the shock, so it
cannot be that the incumbent does not respond.

This model (ii) with £ > 1 does not match the stylized fact of increased government
spending and when k£ = 1, it does not match incumbency disadvantage (merely has
decreased advantage) in s. For these reasons, we will assume the incumbent observes
s before choosing rent and public goods at least some of the time as per option (i)
above. As s increases, we find that ¢ falls and @, rises, so there will be fewer public

goods when a larger shock is averted and more public goods when a larger shock

4The expected loss is increasing in s for & = 1 with piecewise-linear gain-loss. Incumbency
advantage remains, though diminished.
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does happen. Voters’ behavioral utility leads to variation in incumbent’s reelection
chances as S grows and this leads to greater variation in the disaster relief across
states.

The rational-expectations equilibrium is two pairs {(q,n(q,@s)), (Qs,ns(q, QS))}

and satisfies the following 2 conditions:

1. Given any reference point (g, Q;), in state S the rational decision rule picks
the incumbent p;®(7; ¢, Qs) that equals 1 when U(ci|c,) = U(ctle,) and 0
when U(ctle,) < U(cf|cy). In state “not S” the rational decision rule picks
the incumbent pr(7; ¢, Q) that equals 1 when U(c'|c,) = U(cf|c,) and 0 when
U(c|ep) < U(cfley).

2. Fix refence point ¢, arising from (¢°, QY). Given any pair of rational decision
rules derived from c,, the ex-ante rational expectation of challenger losing in

each state is correct:

¢ = B[l = pi(:6,)] = 1 = Pr(U(cley) > U(¢|ey)) (3.4.3)

Q2 = Bl — (i )] = 1= Pr(U(clley) > U(clley)) (3.4.4)

Moreover, condition (1) above implies a generalization of Theorem to show
the existence of a unique pair of decision rules for every reference point ¢, that is
parametrized by (¢, Qs) per Eq. . Each of the unique decision rules is conditional
on the state and maximizes the reference-dependent utility, given the reference point

Cp.

Theorem 3.4 (Unique decision pair for each refence point ¢,). For any reference
point (q,Qs), there is a unique pair of cutoff decision rules (nk,,n*), that depend on

(q,Qs), so that in each state j € {s,ns},n; : [0,1]x[0,1] — (0,1) defines the following
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optimal voting rule as:

. L ifn=nj,
pr (i ¢, Qs) =
0 fn<nj.
Proof outline. 1. Fix state j € {s,ns} and define f;(7) = U(c|c,). Use the explicit
formulation in Appendix 1 to show that f is strictly increasing in 7. Apply the proof
of Lemma piecewise for each of the two segments in terms of 7 with cutoff H(s),
that only depends on parameters other than 7. Intuitively, the direct utility of picking
an incumbent rises faster in his ability than a reference point that has a p;(1 — ¢;)
weight on 7).

2. Define g;(77) = U(c§|cy). Use the explicit formulation in Appendix 1 to show
that g is weakly decreasing in 7. Apply the proof of Lemma piecewise for each
of the three segments in terms of 7j with cutoffs H’(s) and F;(s) These cutoffs only
depend on parameters other than 7. Intuitively, the utility of picking a challenger falls
in the incumbent’s ability as the reference point rises with p;(1 — g;) weight on 7.

3. (fj —gj)(1) > 0 and (f; —g;)(0) < 0. Each state fixes the after-tax income
for consumption of the private good, but consumer’s choice affects the variation of
the public goods next period (pinned-down by politician’s ability). Selecting the best
incumbent of highest ability 1 is strictly preferred to pulling an unknown challenger
and the worst incumbent is strictly worse than a random challenger draw, for any
reference point c,.

4. Then f; — g; has a unique root on (0, 1) by IVT. Denote this root as 7;. This
is the unique value solves U(c!|cy;nt) = U(cSlep;n?). It is the interior threshold in
state j € {s,ns} when the citizen is indifferent between a random challenger and an

incumbent of known ability 7%, while the reference point is fixed at (¢, Q). ]
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Let

F(q> Qs) = (77:5777:) : [Oa 1]2 - [07 1]2 (345)

Proposition 3.5 (Existence of personal equilibrium with shock). There exists a

personal equilibrium (fized point) such that F(q,Qs) = (¢, Q).

Proof. As before by (Henriksen and Isbell, 1953), roots of algebraic expressions with
continuous coefficients in (g, Qo) remain continuous in these parameters. Thus, F is

continuous. By Brouwer’s Fixed Point theorem, it has a fixed point on [0, 1]2. O

The Figure 3.5 showing comparative statics of Q)5 with respect to the size of shock
and convexity for p = % It is qualitatively similar to when p = 0 in Figure but

shifted to the right.

Figure 3.5: Probability of picking challenger during crisis, s as convexity increases,
when p = %
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In Figure |3.6, we can see that conditional on the shock, there is increase in in-
cumbency disadvantage but conditional on no shock, there is increase in incumbency
advantage. The first result shows that this finding in the ad hoc model was robust.
The second result is new information that wasn’t available in the ad hoc model. The
interpretation is as follows: the voter is pleasantly surprised to find himself in the gains
relative to the reference point that was putting positive weight on the shock. In the
gains, gain-loss function generates risk-aversion, so the incumbent gets reelected more
often. Thus, the presence of the shock event makes incumbency advantage stronger,
so the conditional change from ¢ to (), is greater under rational expectations of shock

than in the “surprise” model.
Figure 3.6: Conditional probabilities of picking the challenger (¢, Qs),p = %, k=5
e .
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In the previous section we’ve used an ad hoc model of “surprise” shock. It was
unreasonable in the sense that voters were sophisticated enough to calculate ¢* as a
rational expectations equilibrium in the no-shock model but were not sophisticated
enough to account for the true probability p of the shock. In particular, the incum-
bency disadvantage was not rationally anticipated, ever.

The purpose of that model was of convenience — it used existence results for the
simpler no-shock model and that simpler model only needed to be solved once for
the fixed point. Then taking that fixed point, the decision rule as a function of s
was a sequence of roots of piecewise-continuous expressions of utility differences in 7).
Qualitatively, the ad hoc model was successful in that it verified stylized facts from the
empirical literature about incumbency advantage switching to disadvantage during
crisis and about the incumbent increasing public goods expenditure with shock, while
losing more often.

The full-blown rational expectations model is a robustness check. Numerical cal-
culations show that the stylized results still hold even for arbitrary 0 < p < 1, though
the calculations become more intensive. After fixing the other parameters, except
for the shock magnitude s, the RE model is solved for a fixed-point pair (¢, Q) for
each s on a grid as follows. Taking an arbitrary pair (¢°, Q%) and the corresponding
02 with those weights, we solve for the optimal decision rule in each state, given cg.
Then the new pair (¢!, Q!) corresponds to cll, and the process is re-iterate to get the
new decision pair etc, until convergence is attained to arbitrary precision. The con-
vergence is still fast, on the order of 1 decimal place per iteration for any starting
condition. This iterative process is then repeated for each value of s on a grid, to get
a grid of fixed points {s, (¢, Qs)}. In contrast, in the ad hoc model there was only one
calculation per s because the refence point ¢* was iterated only for s = 0 and then

reused.
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The following Proposion [3.6| is an analytic result that leverages continuity and
monotonicity of the algebraic functional forms for utility functions from SecB] to
get continuity of the resulting fixed points. This Proposition highlights the general
connections between the fixed-point maps of the rational expectations and the ad hoc

models.

Proposition 3.6 (Surprise model as a limit under RE). Take the personal equilibrium
qo from the no-shock model and the corresponding decision rule Q(qo; S) as a function
of shock S in the “surprise model,” satisfying qo = Q(qo;0). Now fix p and pick a
personal equilibrium pair (q, Qs) for each S in the rational-expectations model with the
corresponding decision-pair map F(x,y; S,p) = (F™(z,y;S,p), F*(z,y;S,p)), whose
components depend on S and p, satisfying F(q,Qs; S,p) = (¢, Qs).

Then

F™(a,a;0,p) = F*(a,a;0,p) = Q(a;0) =a equality along S = 0 (3.4.6)
F™(b,B;S,0) = Q(b;0) =b equality along p =0 (3.4.7)

F*(d,D;S,0) = Q(d; 5) equality along p = 0 (3.4.8)

Proof. By previous Theorems and [3.4], all decision rules are continuous in param-
eters (because the utilities are and gain-loss functions are, from which the decision
rules are derived as roots of algebraic expressions). Thus, the decision rule in the
limit model equals to the limit of the decision rules.

Recall that,

¢ = P(Qscs + (1= Qu)c) + (1 =p)(gc + (1 — g)c") (3.4.9)

cg = qc” + (1 —q)c (3.4.10)
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1. When s = 0, we have

o= (pQs + (1 —p)g) + ¢ (p(1 — Qs) + (1 — p)(1 — q))

If also Qs = ¢ = a, then ¢, = ¢,. The rational expectations reference point of
0 shock with probability p is equal to the no-shock reference point by construction,
whenever ¢ = ()g, which are both equal to a here. Thus, the RE decision in the
shock state with S = 0, given the same reference point, coincides with the ad hoc
decision when S = 0: F*(a,a;0,p) = Q(a;0). The decision rule in the model without
shocks is the same as the decision rule in the RE model of shock s — 0 along the
q = Qs path. When s = 0, moreover, the utilities of the RE model are equal in each
state for arbitrary reference-point pair: U(c‘|cp; S = 0,p) = U(c*|¢p; S = 0,p) and
U(c'lep; S = 0,p) = U(c*|cp; S = 0,p) Thus, the corresponding decisions are equal in
each state: F™(q',Q%0,p) = F*(¢*, Q% 0,p) and take ¢ = Q' = a.

2. When p = 0, we have an identity for the reference points in the RE and the ad

hoc models, independent of Q),,
¢, =b +(1-b)c =¢

Conditional on observing no shock, when shocks occurs with p = 0 the decision is the
same as being always surprised by observing a shock of S = 0, when not anticipating
any shock, F™*(b, B;S,0) = Q(b;0) because utilities coincide as U(c’|c,;p = 0) =
U(clep; S =0) and U(c|cp;p = 0) = U(ck|er; S = 0).

3. When p = 0, then ¢; = ¢,(d,Qs;p = 0) for any Qs as above. The utilities
in the “surprise” model are equal to the rational expectations utilities when the
shock is observed under reference point ¢4 : U(cS|cy; S,p = 0) = U(c|cq; S) and

U(ctlep; S,p = 0) = U(c|cq; S). Equivalently, the reference point is ¢, restricted to
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p = 0. Surprise of shock S produces the same decision rule as under RE of probability

p = 0 shock, conditional on the shock being observed: F*(d, D;S,0) = Q(d;S). O

As a special case of Proposion [3.6], the following Corollary shows that the
personal equilibrium in the model with no shocks from [3.2.2]is the same as the rational
expectations equilibrium in the model with vanishing shocks s. Secondly, the ad
hoc model with shock s is the rational expectations equilibrium with shock s with

vanishingly probability p.

Corollary 3.7. (qo,q0) is a RE personal equilibrium when S = 0 or the limit of
models as s — 0, for any p € [0,1]. (g0, Q(q0; S)) is a RE personal equilibrium when

S =0 for p=0 or the limit of models as p — 0.

Proof. Take a =b=c=qyand B = C = Q(qp; 5) in and it follows immediately

that

(F" (g0, 9050, p), F*(q0, 90: 0,9)) = (¢o, o) (3.4.11)

(F™ (g0, Q(q0; S); 5, 0), F*(g0, Q(q0; 5); 5, 0)) = (g0, Q(q0; 5)) (3.4.12)

Also note that as S — 0, the second line becomes a special case of the first line with
p = 0. The baseline no-shock model’s rational equilibrium can be approached along
the ad hoc models (take p — 0 first) with S — 0 or along the RE models as S — 0

for arbitrary p. m

Observe that we emphasized how ¢y # @Q(qo, 0) violated rational expectations in a
model with no shocks but ¢* # Q(¢*; S) satisfying ¢* = Q(¢*,0), and p ~ 0, does not
violate rational expectations in the ad hoc model. This is because the ad hoc model
has a one-dimensional decision rule — its reference point is a personal equilibrium
when S = 0 always and its decision rule Q(qo; S) is conditioned on always observing
S > 0. The shock drives a wedge between the initial expectation of incumbent’s loss
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(¢ less than 1) and the actual (Q(g; S) > 3 for moderate s). But taking the personal
equilibrium from the rational expectations model, the fixed-point is now with respect

to a different map F with two components that evaluates this wedge correctly and

parametrized by p = 0: F(qo, Q(q0; 5); S,0) = (g0, Q(qo; S))-

3.5 Conclusion

This paper takes a new look at the studied problem of incumbency advantage using
behavioral loss-averse, reference-dependent preferences to explain recent behavioral-
like empirical findings. Personal equilibrium of [Koszegi and Rabin| (2007) is applied
to voters who rationally expect their own reference point formed by their future
rational voting decision. This gives analytical precision to the suggestive intuition
found in|Quattrone and Tversky| (1988). The explanation does not depend on specific
features of legislature politics and can be applied to explain the pervasive incumbency
advantage found in any kind of elections (state and federal legislatures, gubernatorial
and state executives) as/Ansolabehere and Snyder Jr| (2002)) has found. Wolfers| (2007))
and Achen and Bartels (2004) both find that challengers do better in bad times
after an exogenous shock (economic and natural shocks, respectively), unrelated to
the government’s actions, and incumbents during normal/good times is consistent
with ¢(s) increasing in s for small s. These authors suspect some sort of behavioral
mechanism but do not construct one. Reference-dependent risk preferences offer just
such a mechanism.

A model that only has politicians with career concerns and rational voters will have
the incumbent exert some effort in the first period as well but because his probability
of winning wont be related to irrelevant signals (exogenous shock to income), he won’t

alter the public goods spending as the shock varies. In fact, v = 0 gives ¢ = Qs = %
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for all parameter values — judging politicians solely on their innate talent makes
incumbents and challengers interchangeable ex-ante.

This paper finds that the analytical incumbency advantage requires only a feasi-
ble reference point, which need not be endogenous, and a weakly concave gain-loss
function. To generate incumbency disadvantage (numerically) and the corresponding
disaster relief through the “career-concerns” channel, the endogeneous reference point
is used as a selection device to make the model’s prediction tighter for the purposes
of the comparative statics as s increases. Incumbency disadvantage is first illustrated
in a simpler ad hoc model with where the voters are surprise by anticipated crisis
that always happens. Then, that model is nested within a consistent rational ex-
pectations model where crisis happens with known probability p, which enters (and
complicates) the reference point of a voter. Finally, a limiting continuty argument
connects all three models together.

Cole, Healy, and Werker| (2008)’s finding about electoral performance of Indian
administrations during terms with and without earthquakes is consistent with the
story of politicians showing their competence i’ (or lack-of-thereof) through govern-
ment responses (public good provision, g;(q), yet doing worse-off ex-post: both value
function of the incumbent v;(g) and probability of winning p; decrease when incum-
bency advantage falls at the same time as rents 7 (q) fall and public outlays increase
91 ().

Another avenue for loss aversion would be politicians’ preferences. A challenger
may be unwilling to fight as hard to gain the position in question, compared to
incumbent determined to avoid losing. This could explain the powerful deterrence
phenomenon where a fraction of incumbent house races goes uncontested (Diermeier,
Keane, and Merlo| 2005 |Stone, Maisel, and Maestas, [2004)). If this was one important
reason for deterrence of entry and if deterrence was causing the upward trend for

incumbency advantage, it is unclear why effects of loss aversion would increase over
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time. Reference-dependent preferences may give reasonable explanation for cross-
sectional data but less plausible to explain temporal drift found by |Gelman and King

(1990).
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Chapter 4

Fault-Tolerant Bayesian
Implementation in (General

Environments

Classical implementation theory uses Nash equilibrium as its solution concept, which
assumes that each agent is fully rational and can choose his most preferred strategy.
In this case, player i expects all other players will follow their equilibrium strategy.
If some other players deviated by a mistake, then ¢ may want to deviate as well.
The concept of fault-tolerant implementation was introduced by [Eliaz (2002) for
environments of complete information. The idea is to consider a stronger equilibrium
notion than Nash equilibrium, so that players have no incentive to deviate from the
equilibrium strategy for any private belief about the identity and behavior of up to
k faulty players. Perhaps, a minority of players are making mistakes, malicious, be-
havioral or did not understand instructions. The 0O-fault-tolerant equilibrium reduces

to Nash equilibrium and (N — 1)-fault-tolerant equilibrium is weak dominance.
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A stronger statement of full implementation]'| for social choice correspondences in-
cludes a new requirement that all k-deviations from k-FTNE equilibria are desirable.
This is because even when all rational players adhere to their equilibrium strategies,
the outcome of the mechanism may change because of deviations by k faulty play-
ers. In some sense, these k-deviations near the equilibrium come bundled with the
equilibrium. Since we want each equilibrium to be desirable, it is reasonable that the
bundle of k-deviations is also desirable.

Eliaz (2002) showed that k—monotonicityﬂ of the social-choice correspondence and
standard no-veto powerﬂ are sufficient for full implementation. Furthermore, weak
k-monotonicity is necessary for full implementation.

The current paper extends fault-tolerant implementation from Eliaz (2002)’s com-
plete information setting to an incomplete information setting, similar to |Jackson
(1991). Here, agents have private information about the state of the world and ex-
clusivel] information is allowed. Exclusive information is relevant for the study of
auctions, public goods provision, delegation games, partnership arrangements, etc.

There is no objective measure of faultiness that is revealed to the social planner or
any of the players. It is a key assumption that players are allowed to have arbitrary
specific beliefsﬂ about who (if any) is faulty and what state-dependent strategy they
play. These beliefs are degenerate lotteries as there is no uncertainty about faultiness
for any fixed belief. A different analysis may allow for subjective and arbitrary non-

degenerate lotteries over faultiness of others.

!Every equilibrium of a mechanism is desirable and every desirable outcome can be supported
by an equilibrium.

2Reduces to Maskin monotonicity for k& = 0

3No single player can be a dictator in the senes that if everyone but that player find an outcome
most preferred, it must be desirable in the social choice set.

4Non-exclusive information means any N — 1, or possibly any N —k — 1, players collectively have
complete information.

5But even under the most favorable beliefs, there is no profitable deviation for any non-faulty
player as long as upper bound of & is not violated.
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Similar to [Jackson| (1991)), the environment in the current paper is a general one.

It is not necessarily economicﬂ best and worst allocations across all states sometimes

may not exist and full support is relaxed.

Figure 4.1: Relevant Literature on Implementation
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There are different ways we can model faulty players under incomplete information
and it ties-in to the choice of the equilibrium and implementation concepts. For
example, allowing only pure or also mixed strategies, assuming players have some
specific or arbitrary beliefs about the faultiness of others, requiring (or not) that k-
deviations from the equilibrium need to be desirable. Consider combining exclusive

information setting with faulty players in the way that reproduces the approach from

6An economic environment has at least two players that aren’t satiated at any social choice
function and each prefers some other social choice function. An exchange economy with N >
3 players is an economic environment because there are always 2 players who don’t get the full
endowment. For an example of a non-economic environment consider an economy where in some
state everyone is indifferent between every feasible social choice function.
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Eliaz| (2002)) with a single state when each player has exactly one type and reproduces
the approach from |Jackson| (1991)) when no faulty players are allowed (k = 0). Even
this straightforward extension develops some novel difficulties.

Non-exclusive information settings, such as complete information structure, are
not sensitive to deceptions by a minority because the correct state can be correctly
inferred if the majority is truthful. This covers both a rational agent considering
a unilateral deception and a group of faulty players deceiving by a mistake. The
exclusive information setting means that individual players’ reports of their state are
unverifiable and the mechanism takes them at face value. The incentive compatibility
condition keeps rational agents honest when everyone else is truthful. The added
complication is in considering deceptions by a minority of faulty players because
they are not constrained by incentives and their reports are unverifiable. Therefore,
the mechanism cannot decipher the types of faulty players directly in an exclusive
information setting.

The equilibrium requirement has N — k players continuing to play their prescribed
strategies, even when k players deviate. To get partial implementation, the incentive
compatibility condition is strengthened to be insensitive to deceptions that are in the
k-ball around the truth. That is, as long as the other N — k — 1 players are truthful,
the individual player ¢ prefers to tell the truth. This sustains any desirable outcomes
as an equilibrium.

The second complication arises when going in the other direction to get full im-
plementation. The mechanism and a monotonicity condition work together to ensure
deceptions of the majoritym that lead to undesirable outcomes are broken up by a
“whistleblowing” minority. The mechanism designer is concerned that a malicious
minority may deviate to break a desirable equilibrium when no deception is taking

place. The key ingredient of the mechanism is to block any minority objection that

"Incentive compatibility doesn’t apply when other players are not truthful.
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is preferred for some type of some player in the minority when no deception is taking
place and the majority proposes some x that is desirable. Similarly, the key ingredient
of the monotonicity condition is, for each non-desirable majority deception, generat-
ing a state s and an objection y less preferable than x for “whistleblowers” when
the majority is truthful, for all types of the objecting players, while preferring the
objection in that specific state only if the majority is deceptive.

This second complication is that a minority of £ + 1 players under exclusive in-
formation setting have different information sets. In |Jackson (1991), the objecting
minority consists of exactly one player and his information set is trivially constant
across the minority (equal to itself). In |Eliaz (2002), the objecting minority consists
of k + 1 players but their information set is the same singleton because information
is complete. If the information set is commonﬂ, then the faulty players’ types are
constant along the rational player’s information set. Thus, the faulty players have a
constant message under arbitrary deceptions along the rational player’s information
set. Since the planner doesn’t block the faulty players’ message at s (by construction),
he doesn’t block their message at all states in rational player j’s information set. This
was the case in the previous literature — in Doghmi and Ziad| (2007)) faulty deceptions
did not matter because the planner knew the true state in every k—deviation of every
equilibrium and the special structure of the environment allowed punishments to stay
within a single rule of the mechanism.

On the other hand, when the faulty players’ types may vary across the rational
player j’s information set, the mechanism will allow the “whistleblowing” coalition
to replace x with y on a neighborhood of a true state s and potentially block it on a
disjoint subset of the rational player j’s information set at s7. This block is to prevent
potential “conflict of interest” by one of the coalition members, had they been rational

and had a type that strictly preferred y to x when the majority was, in fact, truthful.

8 As Observation in Section notes, it is enough that the rational player’s information set
is weakly coarser than the common intersection of the coalition’s information sets.
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The condition k-monotonicity-no-veto (k-MNV) has to track these subsets when it is
describing the outcomes of the mechanism for j’s deviation and non-deviation along
his information set at s/, so that j is ready to form a k -+ 1 minority coalition to break
the equilibria with non-desirable outcome when a majority coalition asks for x with
a majority deception.

This paper defines a central condition called k-incentive compatibility (k-IC), a
direct generalization from [Jackson (1991))’s incentive compatibility. k-IC is both nec-
essary and sufficient for partial implementationﬂ in k-FTBE of social choice sets that
satisfy closure. The usual incentive compatibility requires that whenever everyone
is telling the truth, the agent also prefers to tell the truth about his type, for any
type realization. This condition is important because under exclusive information
the planner has to rely on each agent to report their private state to determine the
appropriate allocation. On the other hand, under non-exclusive information (includ-
ing symmetric complete information), the planner can rely on a consensus of reports,
so he doesn’t have to rely on individual person’s report. Secondly, the planner can
enforce consensus by punishing obvious deviators who report information that is in-
consistent with the consensus. The complication of k faulty players under exclusive
information allows for “hidden” lies. Even when the correct social choice function
is picked, a given player is allowed to have arbitrary beliefs about k faulty players
lying about their type. When the social choice set satisfies k-IC, as long as the other
N — k—1 players tell the truth, this given player finds it optimal to also tell the truth.

When the social choice set also satisfies k—monotonicity—no—vetﬂ, full implemen-
tation in k-FTBE is achieved. The downside is that £-MNV is a fairly complicated
statement that generalizes |Jackson| (1991)’s MNV to k faulty players. Originally,

MNV was a combination of no-veto power and Bayesian monotonicity where in some

9For any desirable social choice function, there is an equilibrium whose outcome agrees with the
function.
10L-MNV combines k-no-veto-hypothesis and k-Bayesian monotonicity
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states no-veto-hypothesis is satisﬁedﬂ and in other states, Bayesian monotonicity
generates a profitable deviation to kill equilibria with non-desirable outcomes. The
states when NVH holds are precisely the states when the integer game is played
and outcomes in those states are indifferent (else someone could deviate their integer
strategy to win a better outcome for those states). Under symmetric information in
Eliaz (2002), the information set is a singleton and either the integer game is played
in equilibrium or not. In contrast, in a Bayesian equilibrium with incomplete in-
formation, on a subset of the information set, some states lead to the integer game
and for other subsets the integer game is not played. This means the constructed
deviation is more involved under incomplete information as it has to identify what
outcomes result from different rules of the mechanism under different subsets of a
given information set.

In Jackson| (1991)), monotonicity-no-veto gives the second condition of full imple-
mentation: for each equilibrium, there is a social choice function that matches that
equilibrium’s outcome. Here, k-MNV goes further and considers the whole ball of
k-deviation around each equilibrium and finds a desirable function for each element
in the ball[?]

Weak k-Bayesian monotonicity is necessary for full implementation. When players
try to play a deception that leads to a non-desirable outcome by manipulating their
reports of the state, full implementation cannot admit such an equilibrium and so
it generates a group of k£ + 1 “whistleblowers.” They offer a minority objection as

a deviation that is less preferable under the truth for each player, relative to some

UWhen N — 1 players reach a consensus and the N-th player does something else, he cannot
trigger the integer game alone. However, any of the N — 1 players, when deviating, may trigger
the integer game and win any prize. Since they don’t find it profitable to break equilibrium in
those situations, they must prefer the equilibrium outcome to anything else they could’ve asked for.
Perhaps, there are many ties in that state. No-veto hypothesis maintains the desirability of the
equilibrium because N — 1 players find it most preferred.

12 Any equilibrium with a non-desirable k-deviation is eliminated by construction in k-MNV.
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other desirable outcomem Moreover, this objection is strictly better under the pro-
posed deception for one of the “whistleblowers,” who finds it a profitable deviation
under the belief that the other k “whistleblowers” are faulty and play the speci-
fied minority objection. Doghmi and Ziad (2007) have a corresponding result for
an exchange economy, restricting attention to compatible deception{'’] In general
economies, the statement is a bit stronger by not requiring compatible deceptions.
Using the special structure of an exchange economy, their mechanism punishes every-
one for non-compatible deceptions by giving everyone the 0 allocation, which is the
worst outcome for all states. Since more general environments need not have such an
outcome, non-compatible deceptions are also allowed.

In the previous work of |Doghmi and Ziad| (2007)), they extended k-fault imple-
mentation to incomplete information in a more specific environment: an exchange
economy with non-exclusive information as in Palfrey and Srivastava (1989)). [Doghmi
and Ziad| (2007) use k-non-exclusive information, which becomes more restrictive as
k increases because the smaller remaining group knows everything. While allow-
ing robust implementation despite the presence of faulty players, the informational
requirement becomes more restrictive and takes a step back towards symmetric infor-
mation. More recently, Doghmi and Ziad (2009) re-examines k-FTNE implementation
of social-choice correspondences in exchange economies with complete information.
In some specific environments (e.g. single-peaked preferences with unanimity), their
strict k-monotonicity is a sufficient condition for full implementation because the set-
ting provides a weak form of NVP “for free.” In other words, this line of work on
robust implementation is trying to tighten the gap between sufficient and necessary

conditions in Eliaz (2002) by weakening or dropping the no-veto-power. This setting

BBt is a weak k-BM because this preferred outcome can be different for each member of the
group.

4 Compatible refers to deceptions satisfying s € T implies a(s) € T, where T is the set of states
occurring with non-zero probability.
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also does not allow for exclusive information or environments more general than an
exchange economy.

Doghmi and Ziad (2007) find that when a social choice set satisfies k-Bayesian
monotonicity and assuming non-exclusive information (roughly, every group of at least
k players collectively pins down the state of nature to a singleton), full implementation
is achieved. The corresponding necessary condition is weak k-Bayesian monotonicity.
The authors observe that Bayesian monotonicity neither implies nor is implied by
weak k-Bayesian monotonicity under incomplete information, similar to the result in
Eliaz (2002) that weak k-monotonicity is distinct from Maskin monotonicity.

An exchange economy is a special case of an economic environment, has a worst
and a best element independent of the state[T_SI, which allows to restrict attention only
to compatible deceptions. The social planner observing non-compatible deception
knows that someone has deviated, not necessarily whom. Mechanisms in exchange
economies following Palfrey and Srivastava, (1989) give collective punishment of 0 to
everyone in such cases to rule them out. They also assume full support and that there
is an objective conditional distribution of faultiness over players that is independent
of state realization. The special environment structure implies a special result is
used to prove sufficiency of k-Bayesian monotonicity and k-non-exclusive information
to achieve full implementation. The result states that in all states, the equilibrium
outcomes come from the first rule of their mechanism: at least N — k non-faulty
players agree on the state, agree on the allocation rule and don’t initiate the integer
game.

An exchange economy is unlike a more general environment that allows outcomes
of equilibria to satisfy NVH for the subset of the information set where the integer
game is played. In contrast, there are equilibria in general environments that trigger

multiple rules of the mechanism across an information set of some fixed player’s

15Tn any state, receiving the full endowment E is ideal. In any state, receiving 0 endowment is
the worst outcome.
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type because players with exclusive information find it harder to coordinate: on a
subset of his information set others coordinate on the same desirable z, on a disjoint
subset others coordinate on some other T, on another disjoint subset coordination fails
and the integer game rule is triggered but they cannot improve on the equilibrium

outcome.

4.1 Environment

Notation and definitions are borrowed or adapted from Jackson| (1991), Eliaz (2002),
Saglam| (2007, and |Doghmi and Ziad| (2007)).

An environment is a collection of {N, S, A, {¢"(s)},{U*}} : N is the finite number
of playerd'®} S is the set of states describing agents’ information and preference:
s = (st,---,sV) € S, where |S| is finite; A is the set of feasible allocations or
consequences, fixed across states; ¢* is the prior of agent i on S; U? : A x S — R,
is the state-dependent utility function. The set of all social choice functions is X =
{z]x: S — A}

Agents agree on which states occur with positive probability: whenever ¢‘(s) > 0
then ¢/(s) > 0 for all j # i. The common support of their priors is denoted by
T = {s € S|q'(s) > 0}, which is equal for all 7. The priors ¢’ define partitions of T,

IT°, with elements referenced by 7’. For a given information signal (type) s’ € S°, let

m'(s") = {te S|t' = s" and ¢'(t) > 0} e IT'

be the plausible true states given agent ¢’s information. Without loss of generality,

each type has a non-empty information set: Vi € N,Vs' € S% 7wi(s!) # . Agents’

16With slight abuse of notation, N will subsequently refer to both the set of all players and the
cardinality of that set.
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preferences (complete and transitive) over social choice functions have a conditional

expected utility representation. For fixed z,y € X, s' € S,

RNy = 3 GO e(s),s] = Y ()0 y(s), 5]
)

semi (st semi(st)
A social choice set F' < X is a collection of “desirable” social choice functions.
Out of N players, at most k£ players are faulty who do not act according to
incentives. Non-faulty players know they are not faulty but do not know who (if any)
faulty players are, except that there are between 0 and k (inclusive) faulty players.
A mechanism consists of an action space M = M! x .- x MY and a func-
tion g : M — A. A (pure) strategy for i is a map from information sets to mes-

sages, o' : S' — M- Denote vector of strategies o = (ol, -+, o™); (07, 7% =

4.2 Definitions

By relaxing the full-support assumption, the objects of interest are the outcomes of

social choice functions along the (plausible) states of non-zero measure.

Definition 4.1. The social choice functions x and y are equivalent if Vs € T, x(s) =
y(s). The social choice sets F and F are equivalent if Yo € F,3& € F which is

equivalent to x, and V1 € F, dx € F' which is equivalent to =.A

The following notation of splicing will be useful to give meaning to one social

choice function z being preferred to Z over a subset of states C, e.g. 2R7(s7)Z/cz.

Definition 4.2. Let x/cz be a splicing of two social choice functions x and z along
a set C < S. The social choice function x/cz is defined as Vs € C,[x/cz](s) = x(s)

and [x/cz](s) = z(s) otherwise.l
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When the social planner faces incomplete and exclusive information, he relies
on citizen’s incentives to report their type as he has no other way of learning the
aggregate state, which is simply a collection of realized types of players. When citizens
try to cheat by asking for a desirable social choice function x € F' but manipulate
their reporting to get wrong allocations in various states, we say they are playing
a deception x o . When this deception leads to a non-desirable outcome, a form of
Bayesian monotonicity will be later used to eliminate the underlying equilibrium with

deception a.

Definition 4.3. A deception for i € N is a mapping o' : S* — S'. Let A* = {a']a’ :
St — S} be the set of all deceptions of player i, A = At x A2... x AN and A_; are
defined accordingly. Let o = (a',---  a™V) € A and a(s) = [a'(s), -+ ,a™(sN)]. The
notation x o « represents the social-choice function, which results in x[a(s)] for each

sesShh

Jackson| (1991)) points out that closure is a basic requirement for implementation
of social choice sets. Suppose that the common knowledge concatenation II has two
elements. Pick any two equilibrium strategies of a specific mechanism. Construct a
third strategy as follows: players use the first strategy on the first element of IT and
the second strategy on the second element of I, must also be an equilibrium of the
mechanism (otherwise, any deviation against the third option would eliminate one of
the two original equilibria, based on which element of II the deviation was in). By

full implementation, the outcome of the third equilibrium is desirable.

Definition 4.4 (Closure). Let B and D be any disjoint sets of states such that
BuD =T and Vr € 11, either 1 ¢ B or m < D. A social choice set F satisfies

closure (C) if Vx,y € F,3z€ F s.t. Vs € B, z(s) = x(s) and Vs € D, z(s) = y(s).1

The stronger notion of full implementation requires that any outcome in a k-ball

of an equilibrium to be desirable. Likewise, beliefs about arbitrary “hidden lies” can
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be translated into a k-ball of deceptions around the non-faulty deception « (or the

identity map, id, when planning to tell the truth).

Definition 4.5 (k-neighborhood). Given vector profile v* € V' and an upper bound
for faulty players k, B(v*,k;V) = {v e V : {i € N : vf # v} < k} is a k-

neighborhood of v* (with respect to V), is the set of profiles that are different from v*

by not more than k entries.l

The complication of k faulty players under exclusive information allows for “hid-
den” lies. Even when the correct social choice function is picked, a given player is
allowed to have arbitrary beliefs about k faulty players lying about their type. When
the social choice set satisfies k-1C, whenever the other N —k —1 players tell the truth,

this given player finds it optimal to tell the truth also.

Definition 4.6 (k-IC). Given i € N, define id : S — S to be the identity map and
B~ € B(id, k; A_;) is a profile of deceptions for players N\{i} in the k-neighborhood

of the truth. A social choice set F satisfies k-incentive compatibility (k-1C) if

Vre F,\VYie N,YB~" e B(id, k; A_;),Vt',s' € S, x o (37", id)R'(s)x o (87", ¢').1

When players try to play a deception that leads to a non-desirable outcome by
manipulating their reports of the state, full implementation cannot admit such an
equilibrium and so it generates a group of k+1 “whistleblowers.” They offer a minority
objection as a deviation that is less preferable under the truth for each player, relative
to some other desirable outcome. It is a weak k-BM because this preferred outcome
can be different for each member of the group. Moreover, this objection is strictly
better under the proposed deception for one of the “whistleblowers,” 7, who finds it
a profitable deviation under the belief that the other k£ “whistleblowers” are faulty

and play the specified minority objection.
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Definition 4.7 (weak k-Bayesian monotonicity). Given deception o and x € F,
a social choice set F' is weak k-Bayesian monotonic (wk-BM) if whenever there is no

social choice function in F' which is equivalent to x o «,

1. FEach “whistleblower” i in M offers a minority objection y that is less preferable

than some other desirable outcome x° whenever the rest are telling the truth.

IMcN:|M|>k+1:3seS,3ye X,Vie M,
Qi = M\{i}, 32" € F,V¥B9 e B(id, k; Ap,),Vt' € S* :

z'o (B9, idN\Qi)Ri(ti)y o (B9, idN\M a'(s"))

2. There is a rational objector j in M who strictly prefers to deviate together with

k faulty players, when the majority is using deception c.

3j € M,38;7 € Bla,k; A_;) ry o (857,07 )P (s7)2? o (By7,0). 1

Condition k-no-veto-hypothesis is a generalization of no-veto-hypothesis from
Jackson| (1991)), where instead of one player not being a dictator over the rest, here
there is a group of k£ + 1 players that are not dictators over the majority. For z choice
function to satisfy NVH for a set of (plausible) states and a deception o means that
no player in the majority can improve on z by only altering his integer-game play.
It is not a profitable deviation to pick any replacement Z (under the a deception)
from winning the integer game on a subset C' of D and getting z as before when the
integer game is not played (outside C'). The meaning of the state D is that includes
all states where at least one non-faulty person, i, is not playing the first “consensus”
rule of the mechanism. This allows j players of the majority to reach the integer
game under the corresponding belief of k faulty players playing along with ¢. Here
it could be that ¢ cannot reach the integer game along the equilibrium since he is
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already outside the consensus in D and his deviation doesn’t increase the size of the
minority (when NV —k —1 players are in consensus, i’s beliefs about the faulty players
are not sufficient to reach the integer game because the size of the minority is less
than k£ + 2). Thus, ¢ doesn’t necessarily prefer z more than all other social choice

functions z on states where the integer game is reached.

Definition 4.8 (k-NVH). Given deception «, a set of faulty players P < N, |P| < k
and a subset of plausible states D < T, a social choice function z € X satisfies the
k-no-veto hypothesis (k-NVH) for o and D, if ¥s € D,3i (non-faulty) € N\P : Vj €
N\(P v {i}), a majority of players = n —k —1¥z € X,3C < D : C 3 s and
2RI(szoa/cz. M

The following are three differences between MNV and k-MNV conditions. First,
k-MNV uses k-NVH, whereas [Eliaz (2002) used no-veto power that did not depend
on k. In a world of symmetric information, N — 1 players preferred z to anything
arising from the integer game because every player, except for the one ¢ who broke
the consensus, could reach (and win) the integer game. That argument showed that
N —1 players are indifferent between all outcomes when the integer game is reachable
(so z must be desirable when N — 1 find it optimal). Even the faulty players leading
to z, which is a k-deviation of a given equilibrium, could reproduce z in [Eliaz (2002)
when they are playing their equilibrium strategy because the state was a singleton.
But in a world of exclusive information, the faulty players leading to z, when they
individually turn out to be rational may not (necessarily) be able to trigger the
integer game on a neighborhood of every point in D and still get z outside of the
neighborhood because D was defined relative to the initial faulty players P.

Monotonicity-no-veto of |Jackson (1991) and /{;—MNVIE highlight a signal s’ when

the player 7 has a profitable deviation as a “whistleblower” on his information set

1"These conditions are used, in part, to establish Bayesian full implementation and full imple-
mentation in k-FTBE, respectively.
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7 (87 )E The construction states that the proposed deviator j strictly prefers the
outcome of his deviation Z, spelled-out for different subsets of his information set
leading to different rules of the mechanism, compared to the outcome z of non-
deviating. Thus, MNV only needs to construct the deviation z because the given
non-deviation z is given “for free” by the hypothesis. When the non-faulty devia-
tor j makes his deviation, he requires particular beliefs about k faulty players also
deviating as “whistleblowers.” The second difference between MNV and k-MNV is
the construction of the 2z’ k-deviation in the later definition that results from player
j deciding to abandon his coalition of k faulty players and not deviation from his
prescribed strategy. This means they are deviating regardless of his action and the
status-quo of j sticking to equilibrium entails the same k-deviation by the faulty
players as along j’s personal deviation, so £-MNV needs to construct not only the
outcome of j’s deviation z (under “whistleblower” beliefs about k faulty players) but
also the outcome 2’ when j sticks to the equilibrium under beliefs that the k faulty
players are forming a “whistleblower” coalition with j.

MNYV states player j prefers not to deviate when others play the truth instead
of the deception o and j’s utility is computed over j’s information set, given all
possible types t'. He does not want to falsely announce that his type is a’(s") when
the majority is truthful. Here s’ is the “whistleblowing” type when he does prefer
to deviate against majority that pays deception a. However, in &-MNV we have a

Y

coalition of k£ + 1 “whistleblowers,” any one of whom could potentially be non-faulty

and strategic as far as the social planner is concerned. Thus, none of them may prefer

%

to deviate along their information sets, which is why R, .

Statesiﬂ are imported into

the definition from the proof.

18He deviates against the alternative of an undesirable equilibrium z and undesirable k-deviation
7' in the two cases, respectively.

19R37m$y are types s’ of player ilsuch that when the majority is truthful and k faulty players play
an arbitrary deception, all types ¢* of player i prefer announcing x to announcing y o a*(s") on the

information set 7¢(t%).
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The primary function of the mechanism (defined in section 4) is to allow players
pick desirable outcomes and to incentivize a “whistleblower” coalition of k£ + 1 players
to break undesirable deceptions. Furthermore, the designer cannot distinguish the
rational pivotal player from those k faulty players, so he has to check incentives
of every one of these k£ + 1 players individually as if any particular player could
be the rational one. The mechanism designer is cautious in allowing a coalition to
break the underlying equilibrium (with undesirable k-deviations) only if there was
no circumstance when some player type would strictly benefit to create a malicious
coalition to break an equilibrium leading to a desirable x with no deception taking
place. This is a generalization of the requirement from |Jackson| (1991)) that all types
of the single “whistleblower” do not benefit from breaking up desirable x when no
deception takes place.

k-MNV makes sure that the particular coalition containing the rational “whistle-
blower” does not include faulty players with preferences that would get the whole
coalition blocked by the mechanism rule 2b in every state of the information set of
the pivotal rational “whistleblower.” This is a simple requirement when k£ = 0 or the
information set is a singleton (complete information setting) because the coalition
shares the same information set.

The preferences of faulty player@ need to be considered on 7/ because their
information isn’t held constant by rational player j’s information set 77/(s?), which
is why R}, sets are introduced in addition to B}, setsiﬂ t as per |Jackson (1991)in
kE-MNV.

R, . ={s'eS VB8 e B(id,k; A_;),Vt' € S", x o (B~ id)R (t")y o (87", a'(s"))}

a7‘/1:7y

20The desirable = € F needs to be preferred to y by all possible types of members of the “whistle-
blowing” coalition as long as the majority that is asking for x is truthful. Otherwise, y will be
blocked by the mechanism.

21Bi is the set of types of player i when he asks for z, while playing deception a'.
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Definition 4.9 (k-monotonicity-no-veto). Given deception «, a set of faulty play-
ers Pc N :|P| <k andVx e F,Vy e X,Vie N, given sets of types BL, B, , R}, ., ©
Si. Let BM = {t e S|Vl e M,t' € BL}, a set of states when M players find their
type in Bi. Suppose 3z € X :VYx € FYR< N : P < R,|R| = k,z(t) = o a(t)
when t € BY'E. That 18, z 18 such that x o a 1s played whenever at least N — k
non-faulty players have signal in Bt. Also, suppose z satisfies (k-NVH) for a, P
and for D = T\ (uxep U PcR,|R|=k BiV\R), the set of states when at least one of the
non-faulty player’s type is not in B.. Then F satisfies k-monotonicity-no-veto (k-
MNYV) if, whenever there is no social choice function in F which is equivalent to z,
1Q <« N : P c Q,|Q| = k,3j € N\Q, denote M = Q u {j} (k+ 1 whistleblowers),
Jre F,3se BY'9. 3y e X (reward), Z € X (integer-game prize), Z € X (deviation
outcome), z' € X (no-deviation outcome). 337 € B(a, k; A_;) |

If j deviates on 7 (s?), the mechanism produces:

-

yo (B7,a9)(t) whentie BL,Vie N\Q, andt?e R%,_ Vqe Q,

Byz,y”

zo(B7,al)(t) whent' e BLVie N\Q, and t' ¢ R}, g€ Q,
To(B77,al)(t) whent' € BL, (T # x),Yie N\M, and t/ € B,

Zo(B7,al)(t) otherwise.

\

22Rational players continue to play o deception but faulty players @) have arbitrary deceptions:
Vie N\M, 3" = o and Vq € Q, 57 is an arbitrary deception.
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Otherwise, if j does not deviate on i (s?), the mechanism produces:

-

zo(B7,a?)(t) whent' e B Yie N\Q,

yo(B77,a9)(t) whent"e B, AR, .IneN\M,

a7w?y )

and t' € BL,Vie N\{Q un}, andt?e R} VqeQ,

Byz,y”

() =1xo (B77,a7)(t) whent™¢ By, nRE, ,,3ne N\M,

a7x?y ?

orti¢ RY Jqe Q, and t' € B, Vie N\{Q un},

B,y

To(B7,al)(t) whent' € BL (T # x),Yie N\M, and t/ € B,

Zo(B77,al)(t) otherwise.

\

satisfying

1. s € R and Yq € @Q,s! € R i.e. x o (-,id)) is preferred to y o

T,y B,x,y?

(+, deception(s?)) for all types of player q.
2. ZPI(s9)2, i.e. j has profitable deviation at s'. W

Consider a special information structure when the information set of the rational
player is (weakly) coarser than the common intersection of the information sets of the
coalition. The following observation holds for the setting in |Jackson (1991)) because
k = 0 and for the setting in [Eliaz| (2002)) because the state space S = II is a singleton.
In general, it does not hold and the faulty players’ types may vary across rational
player j’s information set. Therefore, this is a novel complication in k-fault-tolerant
implementation with exclusive information.

When this observation is true, k-MNV can be slightly simplified because in con-
struction of Z the mechanism never blocks the coalition by rule 2b on a suspicion that
one of the faulty coalition members is a rational player trying to falsify a majority

deception. In that case, t? € R% 2y always holds.
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Observation 4.10. Given a coalition M = {j} U Q, a set of states R, and state

s e S satisfying Vie M : s' € R if

’y?m7y ’

7 (s7) < Mienr' ('), then

Vien (), VieM:t'=s'€e R, .

Proof. In k-MNV notation the deception was (377,a7) = (a™\?, 39) = ~. Consider
an arbitrary set ¢ in the rational player j’s information set 7/(s?). It is contained
in the common intersection of the information sets of the coalition by hypothesis:

Vteni(s?),Vie M : t e n'(s'). Then player i’s type t' = s'. O

4.3 Implementation

Every player i of arbitrary type s’ considers every deviation by at most k other (faulty)
players 0. The resulting outcome, on his information set 7¢(s?), from playing o*! is

preferred to outcome of him deviating to any ¢¢, assuming the faulty players play the

same way o™,

Definition 4.11 (k-FTBE). A profile of strategies o* = (o*!,---  0*N) € ¥ is a k-
fault-tolerant Bayesian equilibrium (k-FTBE), if Vi € N,Vs' € S*", V' e X', VM < N :

(M| < kYoM : SM — MM have g(o*, o*N\Ml oMYRI(s1) g (67, o*N\MATE M),

Let B¥(M,g) be the set of all k-fault-tolerant Bayesian Nash equilibria in the

game (M, g).

Definition 4.12 (k-FTBNE implementation). Given environment

{N. S, AA{d ()} AU,

119



a social choice set F' is (fully) implementable if a mechanism (M, g) (fully) imple-

ments it:
1. Va* e F,30* € B¥(M, g) : Vs e T, glo*(s)] = z*(s).
2. Yo* € B¥(M,g),3x* € F : Vs e T, g[o*(s)] = 2*(s).
3. Yo* e B¥(M, g),V¥6 € B(o*,k),3t € F : Vs e T,g[5(s)] = @(s).

In other words, the mechanism (M, g) implements F if (1,2) the set of equilibrium
outcomes of the mechanism is equivalent to F and (3) if every strategy from k-
neighborhood of every equilibrium leads to an outcome that is equivalent to one of

the (desirable) outcomes in F'.

The first requirement of k-fault-tolerant Bayesian Nash equilibrium implementa-
tion is also called partial implementation and it is tied to k-IC. It is equilibrium for
everyone to tell the truth and ask for 2* because any personal deviation in reporting
from truth-telling would violate k-IC when other players tell the truth. Deviating
along other dimensions of the message won’t matter because minorities of k + 1 play-
ers by construction of the mechanism are ignored if they stand to gain from their
message along truthtelling by others. If they don’t stand to gain, the deviation would
not be profitable.

The second requirement, in addition to partial implementation, gives classical full
implementation. It is a special case of the third requirement where & = 0, no faulty
players deviated from the equilibrium outcome.

The third requirement comes from Eliaz| (2002)) and does not appear in [Jackson
(1991). £-MNYV is going to be sufficient to kill equilibria with undesirable k-deviations,
though not necessary. Starting from a given social choice set that is fault-tolerant

implementable, the necessary condition is the weak k-Bayesian monotonicity.
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4.4 Mechanism

The mechanism is adapted from |Jackson (1991) but minorities are now k + 1 and
a simpler integer game is played in the last step, instead of the more complicated
vector-matching gamﬂ.

Denote player i’s message as M = S* x F' x {J U N} x X x {¢ U X}. In this
notation, M = M! x --- x M¥ is an action space.

M is partitioned into sets:

dy={me MMy N : [My| =n—k, 3z e F st. Vje My,m? = (-,a, &, -, &)}
dy = {me M\{d}|3IM, € N : |My| =n —k—1,3z € F st. ¥je M,
m! = (- x,F,, &), and Vie N\M;,m" = (-,x,-,-,9)}
dy = {me M\{dyud}|3My = N : |My| =n—k —1,3x € F s.t. Vj e My,
m! = (., 2., )}
dz = {m e M\{dy U dy U dy}}

The consequence function, g : M — A, defined as:
Rule 1: If m € dy, g(m) = z(m;)
At least N — k players agree on x € F' and do not play the integer game.

Rule 2a: If m e d; and

Vie N\M,,VYB~ " e B(id, k; A_;),Vt' € S" :

o (B id)R (t)y o (B7,my), g(m) = y(ma)

23Vector-matching has the aesthetic advantage of keeping the message space of finite dimension
when there are finite number of states.
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Exactly N — k — 1 players as per rule 1 and the remaining k + 1 players protest
x with suggested y choice function that is (weakly) inferior for all of them, in every
state - protest approved.

Rule 2b: If m e d; and
Jie N\My,38 "€ B(id, k; A_;),3t" € S":

yo (B, my)P'(t)z o (57, id), g(m) = x(m)

Take the same groups as in rule 3a but one of the protestors strictly benefits from
the objection in some state and the protest is denied.

Rule 3: If m € dy, g(m) = x(my)

As in rule 2, except there is no group of k + 1 protestors with a consistent message
that contains a replacement choice function.

Rule 4: If m € ds, g(m) = my (m;)

i* is the proposer with the largest integer (if no integers were submitted, take
i* = 1) gets to pick an arbitrary choice rule in X (fourth field is mandatory in the

message).

4.5 New Results

Theorem 4.13 (Necessity). If a social choice set F' is implementable in k-FTBE,

then there exists equivalent F' that satisfies (k-1C) and (wk-BM).
Proof. See Appendix. n

Theorem 4.14 (Sufficiency). If |[N| = 3,k < @ — 1. A social choice set F' that

satisfies (C), (k-IC) and (k-MNV), is implementable (in k-FTBE).

1. If F satisfies (k-IC), then: Va* € F,30* € B¥(M, g) : Vs € T, g[o*(s)] = z*(s).

122



Proof. See Appendix. m
2. Yo* € B¥(M, g),3x* e F : V¥s e T, glo*(s)] = 2*(s).
Proof. Follows from part (3) and P = . O

3. Vo* € B¥(M, g),V6 € B(o*,k),3x € F : Vs e T, z(s) = g[a(s)] = @(s).

Proof outline (details are in the Appendix): Want to show that outcome of every
k-deviation of FTBE is still desirable. Here Eliaz (2002) used no-veto power that was
independent of k (near unanimity for N — 1 players). In the complete information
case, even the faulty players (i € P) that lead to a deviation (&) find the outcome
(z) weakly best if they were non-faulty in states when i is pivotal: it was possible to
reconstruct the outcome (2) when i is non-faulty playing equilibrium (¢**) by having
some other group of faulty players deviate, then the weak superiority of outcome
follows from fault-tolerant equilibrium (¢ pivotal, so can deviate from z but chooses
not to).

But in a world of exclusive information, the faulty players leading to z, when they
individually turn out to be rational may not be able to trigger the integer game on a
neighborhood of every point in D and still get z outside of the neighborhood because
D was defined relative to the initial P faulty players.

The idea here is to show z satisfies k-NVH for non-faulty players where players find
themselves pivotal with the integer game. Then if z has no equivalent = € F, k-MVN
creates a profitable deviation z for j under appropriate belief about faulty players
where not deviating for j leads to z’. Here Jackson (1991) has to construct only
the outcome of deviation (Z) because z is given. Also, player j’s interim preference
assumption (2R (¢ )ya(s)Vt! € S7) covers all s € S containing s'. However, now ¢
requires k faulty players Q = M\{i} to support his deviation, so the status quo is not
z but 2’ (only Q deviate from ¢*) and so 2’ needs to be constructed from scratch just

like Z, making the definition of k&-MNV even longer. The preferences of faulty players
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(z vs. y) need to be considered because their information isn’t held constant by s,

which is why R . are introduced in addition to B’ in k-MNV.

a,T,y

R .. ={s'eS" :V3"eBlid k;A_;),Vt' € S", x 0o (B id)R'(t")y o (B, a'(s"))}.

T,y

4.6 Conclusion

This paper studies implementation under incomplete information in general environ-
ments of |Jackson| (1991) but with a robust notion of k-fault-tolerant equilibrium of
Eliaz (2002)). The environment may be non-economic and allows for exclusive in-
formation and up to k players could be making mistakes. Assuming closure on the
socially desirable set, a new condition, called, k-incentive compatibility is found to
be both necessary and sufficient for partial implementation. When the desirable set
also satisfies k-monotonicity-no-veto, which is a combination of k-no-veto hypothesis
and k-Bayesian monotonicity, then the desired set can be fully implemented.
Several novel challenges arise when faulty players have exclusive information.
While the mechanism can safely disregard a minority of k£ or fewer players asking
for the wrong social choice function, their stated information is non-verifiable. Thus,
the mechanism cannot filter out any minority deceptions and the social planner un-
derstands that these minority deceptions are going to persist in k deviations from
desirable equilibria and the corresponding outcomes need to be desirable to achieve
full implementation in k-FTBE. The k-IC is strengthened that as long as the other
N — k—1 players tell the truth, this given player finds it optimal to also tell the truth,
while a minority of k players are engaged in arbitrary deceptions (the same deceptions
whether the given player deviates or not). In contrast, |Jackson| (1991)) fully reveals

the true state of the world for every outcome of Bayesian equilibrium because & = 0
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and, similarly, [Doghmi and Ziad (2007) and [Eliaz (2002) observe the true state in
every k-deviation from k—FTBE because their information is non-exclusive.

Second, in general, the coalition of k + 1 “whistleblowers” with exclusive infor-
mation does not share the same information set. Thus, the faulty players generally
do not have a constant message along the rational player’s information set when he
is expected to lead a “whistleblowing” coalition. When the planner does not block
the faulty players’ messages at s (by construction), he cannot block their messages
across states in rational player j’s information set 7(s’). The planner cannot identify
which of the coalition members is rational, and thus he has to give each of the players
benefit of the doubt that they may be a rational player and also make sure they do
not have a type who would want to lead a false coalition to break a truthful majority
playing desirable z.

In Eliaz (2002), a particular state of the world only triggers some rules of the
mechanism because information sets are singletons. In some states the integer game
is reached, in some it is not. In [Doghmi and Ziad (2007) only the first rule of
the mechanism is reached in all states of the world because of the specific interplay
between exchange economy setting and non-exlusive information. In|Jackson| (1991),
potentially all rules of the mechanism can trigger along a rational player’s information
set because others’ play varies along his information set. However, his own preferences
are constant along his information set, and thus the “conflict of interest” condition
from the mechanism@ that needs to hold at a specific state s, will also extend over
the whole information set at s/ and does not need to be re-verified in the statement of
the Monotonicity-no-Veto that spells out the result of his deviation to 2z’ on different
subsets of his information set. In contrast, because this paper uses faulty players with
private information in the “whistleblowing” coalition, they may fail the “conflict of

interest” condition on a subset of the rational player’s information set. Therefore,

24That the rational player has no type to pretend to be a whistleblower when the rest is truthful.

125



whether the whistleblowers are successful in changing the outcome from a majority
deception on x to y on some set depends not only on the majority’s play but also on
the faulty players’ preferences, which need to be reverified when the outcome of the
rational player’s deviation is recorded in kK — M NV.

Thirdly, the no-veto power condition has been extended to account for k£ faulty
players which was not necessary in [Eliaz| (2002). Doghmi and Ziad (2007) do not
use no-veto power because their mechanism never reaches integer games in any k-
deviation of any equilibrium because of the special structure of their model.

The price of the generality in this paper is that it is difficult to contruct examples
describing which of the standard sets and correspondences are still implementable

and which are not.
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Appendix A

Protest Dynamics Details

A.1 Proofs of Results

Proof of Proposition [2.2. Fix any SPE (p*(0), c}). In the following arguments, we

will frequently utilize assumption 1 that v > 2a. Pick

0 = %(< ), 00 = 7,05 >+ a.
Then by BR equation (2.1.7)), ¢, € [0 — @, 0] and thus (0 <)252* < ¢y, < 1. From

the optimal choice of p*(#) in equation , because the citizen cutoff satisfies
co, <7y, weget 0 <p*(0L) =cy, <7v/2<7vy—au

Secondly, by BR equation , ¢y, < v = Oy From the optimal choice of p*(0)
in equation (2.1.10), because the citizen cutoff satisfies ¢y, < 7y, we get p*(0y) =
Cop =7 — > p(0L).

Thirdly, by BR equation (2.1.7), ¢, € [0z —a, 0] and thus (v <)0g—a < ¢y, < 0.
From the optimal choice of p*(f) in equation (2.1.10), because the citizen cutoff

satisfies ¢g,, > 7, we get p*(0g) = 0.
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Combining,

+ «
0= () < p"(6,) < "5 <7 — 0 < p"(0)
and
9L=7;a<eM:7<y+aeH.

]

Proof of Proposition [2.3 Statement 1: Suppose 0 < § < v. Then by BR equa-
tion (2.1.7), ¢§ € [# — ., 0] and thus ¢ < 7. From the optimal choice of p*(6) in
equation (2.1.10)), because the citizen cutoff satisfies ¢y < 7, we get p*(6) = c.
Therefore, the equilibrium labor force is 1 and every equilibrium has Never Revolt
(NR) at 6 that satisfies the hypothesis.

Statement 2: Suppose § > v + a. Then by BR equation (2.1.7), ¢} € [§ — a, 6]
and thus ¢§ > 6 — a > 7. From the optimal choice of p*(f) in equation (2.1.10),
because the citizen cutoff satisfies ¢y > 7y, we get p*(0) = 0 < v < ¢j. Therefore, the
equilibrium labor force is 0 and every equilibrium has Always Revolt (AR) at 6 that
satisfies the hypothesis.

Statement 3: Suppose v < 6 < v + «a. Case (i): Take an equilibrium where
citizen cutoff satisfies

0 —a<cy<v<9,

then p*(0) = ¢y, the equilibrium labor force is 1 and NR is attained at 6. Otherwise,

case (ii): Take an equilibrium where citizen cutoff satisfies

0—a<v<cy<b,

then p*(0) = 0 < v < ¢y, the equilibrium labor force is 0 and AR is attained at 6. [
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The following lemma describes the set of (¢j, ¢f) that is a “half” BR to an arbitrary
government strategy p* in the sense that ([2.2.21]) holds. Specifically, it starts with
Eq. ( m that ¢ > pl,a ap) and evaluates the term a; = Liprsery for arbitrary
fixed pj, whether tomorrow’s Young are expected to protest or work after observing
that today’s Young (tomorrow’s Old) worked, given some government strategy p*

(not necessarily optimal one for this analysis).

Lemma A.1. Suppose (p§,p}) is a given government strategy and (cf, c}) is a citizen

cutoff strategy.

1. If 0 < pf < B — q, then cf satisfies (2.2.21) if and only if ¢f = p(p7, 1,0)

2.If B—a <p} < B - 2;;65)04 then cf satisfies (2.2.21)) if and only if cf €

[p(p1,1,1), pi] v [p(p1, 1, 0), 0)
3. Ifpf = B (2;;5 a, then cf satisfies ((2.2.21)) if and only if ¢ = p(pf,1,1)
4. ¢y satisfies (2.2.21) if and only if c§ = p(p7, 0, Lprscxy)

Proof of Lemma [A.1] Simple arithmetic shows that

pi <B—a <= py <ppi,1,1) = (1+B)B - ppi — (1 + P)a. (A.L1)
Similarly,
2+ 1+8+1
1>B———— 1, 1,0)=(1 B-ppi—| —— A1.2
pl = 2(1 +6)a A pl p(p17 70) ( +6> ﬁpl < 2 )Oj ( )

Statement 1: In this region, pf < B — a which by (A.1.1)) is equivalent to

p1 <p(py,1,1) < p(pi, 1,0), (A.1.3)

where the second inequality follows by monotonicity (2.2.42)).
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“=—:" Suppose

CT = ]_)(pikv L, IL{pi“?c’f})
Then by monotonicity ([2.2.42)),
i =2 plp1,1,1) > pi,

where the second inequality follows from (A.1.3). Thus, 1> = 0.

“e==:" Suppose c¢i = p(p},1,0). Then by monotonicity (2.2.42)),
cf > p(pi, 1,1) > py,

where the second inequality follows from (A.1.3). Thus, 1> = 0.

Statement 2: In this region,

2+ 0
B-—a<p<B-——1"7_
T

which by (A.1.1)) and (A.1.2)) is equivalent to
p(py;1,1) < pi < p(pi, 1, 0).

“=:" Case (i): ¢f <p(p},1,1),thena; = 1. Takep: ¢f <p < p(pj,1,a1 = 1), 50
(2.2.21)) fails by construction of p(p}, 1,a; = 1) (protest dominant, work prescribed).

Case (ii): otherwise, have
cpy < <p(pi,1,0),

then a; = 0. Take p : ¢f < p < p(p{,1,a1 = 0), so (2.2.21)) fails by construction of

p(p,1,a1 = 0) (protest dominant, work prescribed).
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“e=:" Case (i):

ci € [p(pi, 1,1),pi],

then a; = 1. For all p > ¢f,p = p(pf,1,a1 = 1), so (2.2.21)) holds by construction of
Z_?(pT7 1,@1 = 1)

Case (ii): otherwise,

ci € [p(p1,1,0),0),

so ¢ > pf, and then a; = 0. For all p > cf,p = p(pf, 1,a1 = 1) > p(p},1,a1 = 0), so

(2.2.21)) holds by construction of p(pf,1,a; = 0).

Statement 3: In this region,

. 2+
ST E)

which means

py = p(p1,1,0) > p(pr,1,1)

by initial observation.

“==:" Suppose ¢f < p(p},1,1), so ¢f < p}, and then a; = 1. Like for Part 2,
take p: cf <p <p(pi,1,a1 = 1), so fails by construction of p(p},1,a; = 1)
(protest dominant, work prescribed).

“==:" Suppose ¢ = p(p},1,1). Case (i): cf € [p(p},1,1),pi], then a; = 1. For

all p = ¢f,p = p(p7, 1,1a; =), so (2.2.21)) holds by construction of p(pj,1,a; = 1).

Case (ii): otherwise, ¢ € (pf, ), so ¢ > pf, and then a; = 0. For all p = ¢f,p >
pi = p(pt, 1,01 = 0), so (2.2.21)) holds by construction of p(p},1,a; = 0).

Statement 4: Let a1 = Lroery. "= ¢ < p(pf,0,a1). Take p: ¢y <p <

p(p7,0,a1), so (2.2.21)fails by construction of p(pf,0,a:) (protest dominant, work

prescribed).
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13 7

=" ¢ = p(p},0,a1). For all p = c§,p = p(p},0,a1), so ([2.2.21) holds by

construction of p(p}, 0, a).

Observe that:

p(ps, 1,1) +

MIQ

(Po:l’o) <p0’171) <p(p07170) (A14)

The following lemma describes the set of (¢, ¢f) that is a “half” BR to an arbitrary
government strategy p* in the sense that holds. Specifically, it starts with
Eq. ( m that ¢} < p(p§, a,ap) and evaluates the term ag = 1 {pi=cry for arbitrary
fixed pf§, whether tomorrow’s Young are expected to protest or work after observing
that today’s Young (tomorrow’s Old) protested, given some government strategy p*

(not necessarily optimal one for this analysis).

Lemma A.2. Suppose (p§,p}) is a given government strategy and (c§, c}) is a citizen

cutoff strategy.

1. If0<p}{ < B— Q(fiﬁ)a then ¢ satisfies (2.2.26)) if and only if ¢ < p(pg,0,0)

2. If B — 1+6) < p§ < B, then ¢ satisfies ([2.2.26)) if and only if

e [0,2(pg,0,1)] v (py, P(pp, 0,0)]

3. If p§ = B, then ¢ satisfies ([2.2.26)) if and only if ¢§ < p(p§,0,1)
4. ¢ satisfies (2.2.26)) if and only if ¢f < Pp(pg, 1, Lpr=cry)

Proof of Lemma [A.2 Simple arithmetic shows that

0 — Pl <BEL0,1) = (1+8)B— B —Sa  (AL3)

2(1+p) 2
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Similarly,

pi =B < p; =p(p;,0,0) = (14 B)B — pp} (A.1.6)

Statement 1: In this region,

. Therefore,

Py < D(pg,0,1) < b(pg,0,0)

by (A.1.5)) and (A.1.6]).

“==:" Suppose c¢§ > p(p},0,0), so ¢ > pj, and then ao = 0. Take

p:cy >p>pp;,0,a0 =0),

SO fails by construction of p(pg,0,a9 = 0). At this p young citizen has
dominant strategy to work (p > p(p§, 0,0) designates the dominance region as ay = 0
for ¢ > p§) but the prescribed strategy is protest (p < cf).

‘=" ¢f < p(p,0,0), Case (i): ¢§ < p§, (@ = 1). Forallp:p < ¢f <
py < P(ps,0,a0 = 1), so p < p(p§,0,a9 = 1) and holds by construction of
p(ps. 0, a0 = 1).

Case (ii): otherwise, ¢ : p§ < ¢ (so ag = 0) then for all p: p < ¢ < D(p§,0,a0 =
0), so p < p(p§,0,a0 = 0) and holds by construction of p(pg, 0, ay = 0).

Statement 2: In this region,

and thus

p(p;,0,1) < p < p(p§,0,0).
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“—:" Case (i): ¢§ > p(p§,0,0), then ¢§ > p§, so ap = 0. Takep : ¢§ > p >
p(pg,0,a0 = 0), so ([2.2.26) fails by construction of p(pg,0,ap = 0) (work dominant,
protest prescribed).

Case (ii): otherwise, have ¢ € (p(p§,0,1), p5], then ag = 1. Take

p:cy>p>pp;,0,a =1),

so  (12.2.26) fails by construction of p(p§,0,a9 = 1) (work dominant, protest pre-
scribed).

“e==" Case (i): ¢f € [0,p(p§,0,1)], then

¢ < P(pg,0,1) < pp,

and so ap = 1. For all p:p < ¢ <P(p§,0,a0 = 1), so (2.2.26]) holds by construction

of p(p,0,1).

Case (ii): otherwise, ¢ € (pg,p(p§,0,0)], so ¢§ > p§, and then ap = 0. For all

p:p <cy <pps,0,a0 =0),s0 (2.2.26) holds by construction of p(p§, 0, ag = 0).

Statement 3: In this region, p§ > B which means

Py = D(pg,0,0) > b(pg,0,1)

by initial observation.

“—:" Suppose ¢ > p(p§,0,1), Case (i):

cs € (P(po,0,1), p5],

then ag = 1. Take p: ¢ > p > B(p§,0,a0 = 1), so (2.2.26) fails by construction of

p(ps,0,a0 = 1) (work dominant, protest prescribed).
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Case (ii): otherwise, ¢} € (p§, ), so

¢y > py = P(pg, 0,0),
and then ag = 0 and ¢ > p(pg,0,0). Take

p:cy>p>pps0,a =0),

SO fails by construction of p(p§,0,a9 = 0) (work dominant, protest pre-
scribed)

“«=:" Suppose ¢ < D(pg,0,1), so ¢§ < pf, and then ay = 1. For all p: p < ¢§ <
p(ps,0,a0 = 1), so holds by construction of p(p§, 0, a9 = 1).

Statement 4: Let ag = Lypsery. "= ¢f > p(p§,1,a0). Take p: cf > p >
p(ps, 1, a0), so fails by construction of p(p, 1, a0) (work dominant, protest
prescribed).

(13 )

<" ¢ <Dp(pi, 1, a). For all p:

p< C>1k < ]_?(p?)(, L,ap = 1)7

so ([2.2.26)) holds by construction of p(p§, 1, a9 = 1). O]

Given (pg,p7), (c§,cf) cutoff is a best-response to itself and p*—strategy if and

only if ¢*—strategy satisfies [2.2.21| and [2.2.26| Lemmas (A.1)) and (A.2) considered

arbitrary government strategies but from Lemma 1, we only need to focus on four
classes of government strategies that partition government’s best-responses: NR, AR,

TR and CC. In all of these cases even when p* > 0, the citizen’s “half” best-response

will be an interval. Lemma is simply a special case of Lemmas (A.1)) and (A.2).

Lemma A.3. Suppose (p§, p}) is a given government strategy and (c§, cf) is a citizen

cutoff strategy.
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1. If ¢f = pi, then cf satisfies (2.2.21)) if and only if pi € [p(pi,1,1),0) =
[B -, OO)

2. If ¢ = p§, then ¢ satisfies if and only if p§ € [0,p(p§,0,1)] = [0, B —
w147

Proof of Lemma [A.3. Statement 1: Since ¢f = p} = py, so a; = 1. Combine part

1 of and part 3 of . First, suppose pi € [0, B — «) satisfying necessary

condition on pf in Lemma [A.T]1. When this happens, by Lemma [A.T]1, ¢} satisfies
(2.2.21]) if and only if

ci(=py) = ppi, 1,0)

- as-mt- (457

2
_p_ 2+8
=B T 6)04. (A.1.7)

This leads to a contradiciton that pj < B — a and

2+
p’f?B——ﬁa>B—a,

2(1+ 5)

hence for p} € [0, B — ), (2.2.21)) doesn’t hold.

Secondly, suppose
248
2(1+P)

satisfying necessary condition on p} in Lemma [A.T]2. When this happens, by Lemma

.2, c} satisfies ([2.2.21)) if and only if

pielB-a,B- @)

ci(=p7) € [p(pT, 1,1), pi] U [p(p], 1,0, 0).

Note that

pi € [p(py, 1, 1), pi]
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if and only if pf > B — «. Then (2.2.21)) holds

2
— p’l"e[B—a,B—ia)

2(1+p)

as every point for the initial hypothesis satisfied ([2.2.21]) in this case.

Finally, suppose

2
Y Ry

2(1+5)
satisfying necessary condition on p} in Lemma [A.T]3. When this happens, by Lemma

.2, cf satisfies (2.2.21) <= cj(=p}) = p(p},1,1) = B —a. Then (2.2.21) holds

if and only if

. 2+0
ZH>B—ZTIE®»

where again the initial hypothesis is the tighter condition.

Combining these three cases: ([2.2.21)) holds if and only if

2+ p 240

p’fe[B—a,B—ma)u[ —moz,oo)

= [B — «a, ).

So cf € [p(p}, 1,0),0) if and only if (2.2.21]) holds.

Statement 2: The second proof is analogous. Since ¢ = p§ = po, so ap = 1.

Combine results from parts Lemma[A.2]1{A.2]3. First, consider

po € [0, B - a] = [0,p(pg, 0,1)]

2(1+p)

satisfying part 2.3.1 and have ([2.2.26) if and only if ¢f (= p§) € [0, p(pg, 0,0)] = [0, B],

and (2.2.26]) holds for every pf € [0, B — ﬁa] as the hypothesis was tighter.

Secondly, if

YN B) = (ﬁ(pgv 07 1)7]_9(1737 07 0))
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satisfying 2.3.2, have ([2.2.26|) if and only if

s

(= p8) < [0,25,0, 1] © (B0, 0.0)] = [0, B = 55

a] v (pg, B]

Since by hypothesis, p§ > B — a, it doesn’t belong to

1+,8)

B

SRR

a] v (pg, Bl

and ([2.2.26) fails for every such pg.
Finally,if pf > B satisfying Lemma .3, have (2.2.26) < (= p) €
[07]_)(1)3707 1)] [O B (1_,’_5) ] Since

B

po=DB¢ [OaB—ma],

(2.2.26]) fails for every such pg.

Combining the three cases,

€ [0,p(p5,0,1)] = [0, B — m

if and only if ([2.2.26)) holds.

]

Proof of Proposition [2.12, Statement 1: In the NR case policing strategy equals

the cutoff strategy and citizens always work. (cf,c}) satisfies BR(p§,pf) when

(2.2.21)) and ([2.2.26)) both hold if and only if

P € [ (pl,l,l) (p07171)]
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by combining Lemma [A.3]1 with Lemma [A.2]4, and

Do € [p(pTaoa 1)7]_7(133707 1)]

by comining Lemma [A.1]4 with Lemma [A.3]2.

Statement 2: In the AR case policing is always zero and citizens never work.

(c§, cf) satisfies BR(p§, pt) when (2.2.21)) and (2.2.26)) both hold if and only if

p1 € [ (pikv 1’0)72_7<p37 170)]

by combining Lemma [A1]1 and Lemma[A.2]4, and

po € [p(p,0,0),p(pg,0,0)]

by combining Lemma [A.1]4 with Lemma [A.3]1.
Statement 3: In the TR case labor is history-dependent as government only

polices if the old were working (if it policed last period). (cf, cf) satisfies BR(p§, p})
when ([2.2.21) and ([2.2.26]) both hold if and only if

p1 € [ (p>1kv 1’ 1)??(]7?)‘7 170)]

by combining Lemma 3.4.1 and Lemma 3.3.4, and

po € [p(p7,0,1),B(pg,0,0)]

by combining Lemma [A.1]4 with Lemma [A.3]1.
ES

Statement 4: Here (pf = ¢§,pf = 0) and a9 = 1l,a; = 0. (¢}, ) satisfies

BR(pg,p;) when
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P1 € [ (pikv 1a0)7ﬁ(p37 17 1)]

by combining Lemma 3.2.1 and Lemma 3.3.4. Secondly, from Lemmas 3.2.4 and 3.4.2,

¢ € [p(p1,0,0),5(p;,0,1)] =

V1+mB—(£%E)mCLH%B—&%—§4

V1+m(3_%)3_zuiﬁﬂ}

Proof of Proposition [2.13, When

citizens are patient and

BL+B)B> 2 ((1+8)-6),

rearranging to get

o s
ﬂB>§((1+ﬂ)—m)

implies
__B
2(1+0)

B+5B_u+m%>3 a

Thus,

“+m<3_%>>3_2uim“
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giving a contradiction. This means, arbitrary (cj,c}) are not in BR(p§,pt) = &

because (2.2.21)) and (2.2.26]) contradict each other in this case. O

Proof of Proposition [2.14) “—:" Will show that if (1+0)y > (14 3)B — %, then
there is no AR equilibrium. Suppose there is: from one-shot deviation results in
Proposition [2.11],

c’{>(1+5)7>(1+5)3—%,

so cf > (1 + B)B — 5. From BR(pj,p}) Proposition 3.2, ¢f < (1 + 3)B — 5], a
contradiction.

‘=" If (1 +6)y < (1+ B)B — 5, will verify

(e = (1+8)B.(1+ 8B -3)

is an equilibrium. No profitable deviation of Proposition holds for each a € {0, 1},
have

= (1+p8)B——==(1+0).

| e

BR(p§,pt) Proposition also holds:

G=(+BBel1+8)(B-3),0+0)B]

holds and

CT:UW)B—%G [<1+B)B—<1+§>a,(1+5>3_%]

also holds. n

Proof of Proposition [2.15 Statement 1. “=:" Case (i): Will show that if

(1+0)y> (1+8)B - 5%,
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then there is no TR equilibrium. Suppose there is. From BR(pf, p) Proposition 3.3:

ci <(1+p8)B—7% and ¢§ < (1 + §)B. Also, from government’s choice in Proposition

2114,

1+0 1-9 1 B 1
CT>( 2)7_ ; c§>( +55) _%_(5_1) (1+ﬁ)B=(1+5)B—%, (A.1.8)

Combining we get that ¢f > (1 + 3)B — 5, which is a contradiction.

Case (ii): Will show that if (1 + 0)y < B — «, then there is no TR equilibrium.
Suppose there is:from government’s choice in Proposition[2.11}4, ¢f < (146)y < B—a,
so ¢f < B — a. From BR(p§, pt) Proposition 2.12]3, ¢t > (1+ 8)B — c; — (1 + ).
Grouping and simplifying, this is equivalent to ¢f > B — «, which is a contradiction.

Y= If (14 6)y e [B— o, (1 + B)B — §%], then the set of TR equilibria is non-
empty. Consider a monotonic sequence of proposed equilibria parametrized by value

of police productivity (1 + ¢)7 as follows:

{p* —(0,¢t). ¢t = <1+5>B,c>f=max{(”f”— 1;5<1+ﬁ>3,3_a}}

(A.1.9)

Government’s choice in Proposition [2.104 for a = 0 requires that

. 1+0)y 1-=9
012( 5) B Co-

This is satisfied by construction of ¢* in (A.1.9). Next, we're going to expand the

maximum operator in ¢} = max{% — 1775( 1+ ) B, B—a} as the police-productivity

parameter varies over the region of interest (14 d)y € [B —a, (1 + 8)B —§5]
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First, note that

df=B—-a < (1+0)y=8B—-a)+(1-9)(1+p)B=7.

Since ¢ is weakly increasing in (1+6)7, for all (14 6)y < 7, we also have ¢f = B—a

On the other hand, for all (1 + )y =7, we have

Sy 16
c;—(lts )7—15 (1+8)B.

Next we will show that

e (B—a,(1+8)B-67),

so that the constructed cf is a step function at 7. First check that 7 is smaller than
(1+B)B —4d%5).

—_ B—« (1+ﬁ)B_3 o o
¥y=0B—-a)+(1-90)(1+p5)B< 5 T 5 —§B—§<(1+5)B—5§

(A.1.10)
Secondly, check that 7 is greater than B — a.

F=0B-a)+(1-0)1+pB>§B—-a)+(1-0)(B—a)=B—-a (A.l1l)
Now we can write ¢ as a step function over the region of interest:
B—-a« if (1+9)ye[B—a,7],
cf = (A.1.12)
(+0)y

71— A1+ B)B i (1+68)y e (7, (1+5)B — 85].
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Case (i): Suppose
(14+0)ye[B—a,0(B—a)+(1—-0)(1+p)B].

Here ¢f = B — a < (1 + ¢)7, thus Proposition [2.10[4 for a = 1 holds.

Case (ii): Suppose
(1+0)y € (8(B—a)+ (1=0)(1+8)B,(1+ 6B — i)

Here
(1+®7<(L+@B—6%<(L+@B.

therefore

. (1+d0)y 1-96

o=t (14 5)B (A.1.13)
(1;®7—1;5u+5w (A.1.14)
1+ 5)71%” — (14 6)y (A.1.15)

Once again, ¢f < (1 4 6)y satisfies [2.10/4 a = 1.

BR(p§,pt) at a = 0, requires that

€ [p(p1,0,1),p(pg,0,0)]

It should be clear the following is true:

1+ 28
2

(1+8)B =cye[(1+8)B—ppi —( a,(1+p)B].
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It remains to check BR(pg,p}) at a = 1, which requires that:

¢t e[(1+B)B —fci — (1+ B, (1+8)B - 3],

The lower bound holds if and only if

&tz (1+8)B—pcf—(1+pB)a <= c¢f =B ~—aq,

which is true by construction of the second argument of the maximum in

P = rnax((1 25)7 — 155(1 + 8)B, B — «)

Checking upper-bound: Case (i): if ¢f = B —a < (14 8)B — § holds.

Case (ii): otherwise,

CT:(125)7_1;5(1+5>B (A.1.16)
<(1+5>5B_5%_155(1+ﬁ)3=(1+6)3—% (A.1.17)

Simplifying, we confirm that ¢f < (1 + 3)B — § holds as well.
Statement 2. There is no robust equilibrium that holds over the whole range

where the TR set is non-empty.

).

& = Oely(TR)FTR)E

Suppose there was, then no one-shot deviation [2.10}4 for a = 1 at the lowest produc-

tivity it gives ¢f < (1 +6)y = B — a. From BR(p{,p}) ¢ < (1 + f)B and at the
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highest productivity Proposition 2.4 for a = 0 gives

. (L+0)y 1-0

I o (A.1.18)
1+ 8)B —6% —
> ( m(s z 1 5 5(1+6)B (A.1.19)
=(1+ﬁ)B—%>B—a:>c’f>B—a, (A.1.20)
reaching a contradiction. O]

Proof of Proposition [2.17. Statement 1: “=:" Will show that if (1 + d)y <
B — (1 4 6)%, then there is no NR equilibrium. Suppose there was, then from

BR(p§, p¥) Proposition 3.1 (¢* € [p(p},a,1),p(p§,a,1)]) at a = 1, get ¢f = B — a.

From BR(py, pf) at a = 0, we have ¢ = (1 + 3)B — pci — %a. From Proposition

2.11)2 for a = 0 get ¢ < (11—~_+s),y — 2¢t. Combining,

(I+0)y &
1-9 1-9

1+ 2
Gz s (14 B)B - pe - 5, (A.1.21)

Rearranging and grouping terms gives:
(0 =B =0)cf <(6-p(1-6)B—(0—-p(1-9)a
When government patience ¢ is not high enough,
5= e (5 p1-8) =0
1+ 5

This gives 0 < 0 contradiction. Otherwise, for

i<5<1 — 0—-pB(1—-9)>0

1+
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and dividing both sides of inequality by it, ¢f < B — «, a contradiction to BR(p§, p})
for a = 1.

“—=:" If the following inequality is satisfied,

<1+®V>B—my+®%

will verify {p* = (cf,cf) = (B — §, B — ) is an equilibrium. 2.11}2 (a = 0) requires

(L+d)y 0 o
1-6 1-67VY

k
CO\

B—(1+8)%

Substituting ¢f = B — «, and restriction on productivty, RHS > ———2* — 1%6(3 —

a) = B — 5 = ¢j holds. 2.11}2 (a = 1) requires
ci(140) <y(1+9)+ doc.

Expanding similarly,

Q%QE+MB—%:U+®B—%>

(1+®B—%1+®%:UAWXB—Q%:U+®q.

RHS > B —

Next we will check that (¢, cf) € BR(p§, py). Proposition requires

ca € [p(p},a,1),p(p5, a,1)]

Evaluating the expression for a = 0 and a = 1,
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holds and

holds as well.

Statement 2: We have

B

and

(1+5)7=B—(1+5)%

Will show that every NR equilibrium is the same and equal to
(" = (ch.ch) = (B—5.B —a}
From similar calculations as above for ,
(6= B(1—8))t < (5— B —0)B—(0—B(1—d))a «— ¢ <B-a

and from BR(p§,p}) Proposition at a = 1,¢f = B — « as above. Thus, p} =
i =B —a.

Substitute ¢f = B —a and (1+0)y = B — (1 +6)§ into (A.1.21]):

B—(1+0)5 §

N . 1428

. —1_6(B—a)>co>(1+ﬁ)B—ﬁcl— «
1-0 af14+6—-26 o o)
- (—Y——=)=B-Z=2¢&=>B-—.

P15 2( 1-6 ) B=5za=b-75

Thus, p§ =cf =B — 5%

5
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Proof of Proposition [2.27. From definition of A" we get A* > 0 if and only if

p(Pi™, a,a1) < B(PST, a,ao)

for each a € {0,1}. Suppose A’ = 0, then take ¢ = p(pi*', a, 1), which will satisfy
BRt(pS’t—H pT’Hl).

Suppose 3{(c", cf")} satisfying BR!(pi'™, pi'*), and thus

PPt a,ar) < ¢t <B(PE, a, ag).

This implies A! == 0.

Finally,

if and only if

s,04+1 s,t+1 _g

Py — Do = % (1 + 0+ ﬁ(ﬂ{pik,t#—lzcik,t-%—l} -1 p*,t+1>cak,t+1}))

0

]

Proof of Proposition [2.29, Statement 1. First, observe Government’s continu-
ation utility in every equilibrium p* is bounded by 1 in every state when it re-
ceives full employment (maximum benefit) and pays for no policing (minimum cost):
Va € {0,1} : G(a|p*) < 1. Since the payoffs are bounded, the following least-upper
bound on government payoffs exists and it’s taken across all future periods and all
Markov Perfect Equilibria: G, = sup,s oy G (alp*) < 1.

(i) Suppose the state is a = 1. From definition of G as supremum we can identify
an equilibrium with a state in this region where the government receives a similar

payoff:
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Ve >0,3p*, 3T > N : G, < GT(1|p*) + ¢ (A.1.22)

We are going to show that the dominant action at ¢ = 1 is no policing and

corresponding protest. First, take

a4 (-38)

Re-arranging Assumption 4 implies € is positive.

(1-0) (%_%&) g 5(12—5)

Adding 12;5 + € to both sides gives:

(1—96) (1—%&) te=—c— 5(12_5> + 1;5 = —c+ (1_25>2 (A.1.23)

Suppose instead the government’s optimal action is policing p’f’T > 0 to induce

work a*(1,p*T) = 1.

G < GT(1p*) + e < (1-9) <1 — %Bl) +e+0G, (A.1.24)

— 5?2 _ 52
- e < U

+0G, (A.1.25)

The first inequality comes from and the second inequality comes from
[A.1.23
Simplifying, G; < 1—55, which is a contradiction because government can always

guarantee itself a payoff of 1—;5 in state a = 1 by playing no policing forever. Thus,
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p*T =0 and

_ 1— _
G1<T5+5G0

(ii) Suppose the state is a = 0. Now by a similar argument, using the same ¢,
there exists time S and equilibrium p’ satisfying Gy < G°(0|¢’) + €. Suppose to the

. o . o . S
contrary that there is positive policing, p> > 0,

_ 1 — ) —

Combining with G < 1—;5 + 0Gy, we get:

Ey<u—ﬁ)C;>+5<£§é)+ﬁeozﬁeo

This implies Gy < 0, which is a contradiction because a payoff of zero is attainable
by playing no policing forever. The only other option is that p{’ = 0, and thus protest
is optimal in that state. In this case, Gy < §Gy if and only if G = 0.

Finally, G| >

%@0 + 12;5, giving

1—-6 — 1-96
— <G < —
2 ! 9

Under Assumption 4, the payoffs of Gy = 0 and G = 1—;5 are attained in every
period of all MPE by never policing forever. It follows that pj = pf = 0 for all ¢ > N.
Statement 2. Continuation game has AR in every period from part 1. From the
first column of Table 1, playing p = ¢ gives strictly smaller payoff than playing
p = 0if and only if ¢ > (146)7yx. This is true because ¢ > (1+)B—a (1 + g) >

(1+ )k n

Proof of Theorem [2.31 L = max;{(1 + ¢)y > (1 + B)B}, the last period in the

upper dominance region.
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Using Prop. [2.28, going long enough back into the past, gives policing in state
a = 1 that is close to the boundary of the fixed-point set, “FP”. In the worst case, p;
is slightly larger than its maximal boundary.

Formally, Ve > 0,3M < L :

a(l—2p%)

*, M
Mop_-—— 4
V2 < 2(1_52) + €

Let
265(1+6)B—0‘<1+§)_(3+2(%5252))

By Asmp.4 (second argument), € > 0, hence pi'=" < p®71,

When government gives up power, the previous period has a greater policing level.

3T pP" =0 and

Pl > (1+8)B—-a (1 + g) .

By Asmp 5, pT’T_l > p’f’T = 0. O

IThis is the historical policing awhile before crisis is small.
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Appendix B

Incumbency Advantage Detalils

B.1 Deriving Utilities

B.1.1 General case: rational expectations (q,Qs)
Characterizing Challenger’s utility, given no shock

Let reference point be

¢ = p(Qscd + (1= Qu)cl) + (1= p)(gc” + (1 = g)c')

where with probability p the voter will learn there is s shock next period before voting
and with probability 1 — p he learns there will be no shock next period. @)y is the
cutoff for incumbent, when shock happens and ¢ the cutoff when no shock happens.
Here the reference point ¢, depends on ¢ ability of a reference draw for the challenger,
distinct from n° which would be an actual draw (different and independent of 6).

For brevity of notation define, G = a(ry — T) is the coefficient of the ability in
making the public good.

The corresponding consumptions (next period) are:

1. & = (y—s)(1—7)+60G. Reference consumption under challenger type 6 : s > 0
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2. ¢ =y(1 — 1) + 0G. Reference consumption under challenger type 6 : s = 0
3. ¢l = (y—s)(1 — 1)+ 7G. Consumption under incumbent type 7 : under s
4. ¢ = y(1 — 1) + 7G. Consumption under incumbent type 7 : s = 0

5. ¢¢ = (y —s)(1 — 1)+ n°G. Consumption under challenger type 7 : s = 0
6. ¢ =y(1 —7) + n°G. Consumption under challenger type n°: s =0

Lemma B.1 (Expanding Sé S(l) w(.)dncdd). Given differentiable x(0,n°) with constant

g—‘g < 0, and constant g;c > 0, and % € (0,1) let
ho = sup{{0) © {7 € [0,1] - 2(6, ) < O}}.
Then

1. x(0,n°) <0 a.e. forn®e|[0,hy] (losses) and x(0,n°) = 0 a.e. for n° € [hg,1].

(gains)

| @ = A[ (100, )|~ Njo(6,0)¥)

0

+UMQDW—mwmmﬂ]:

Alz(0,1)% — 2(6,0)¥] if hg = 0,

where &) (2) and
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3. Let

O =sup{{0} u {# €[0,1] : hy = 0}}

O =inf{{1} U {0 e[0,1]: hy = 1}}.

Then hyg = 0 a.e. for § € [0,8],hg € (0,1) a.e. for 0 €[0,0] and hyg =1 a.e.
for 0 € [O,1].

L f J )) drdt =

—2(0,0) —2(1,1)F + 2(0,1)F ifO =0 =1,
~A(=xz(1,0))E — 2(0,0)L — 2(1, 1)L + 2(0, 1) if0el0,1),0 =1,
~A(=z(1,0)E + A (=z(0,0)" —z(1,)F + 2(0,1)F fO=0,0=1,

§ =A(=z(1,0)E + A (=z(0,0))" + X (—z(1,1))" +(0,1)F

—M(=z(1,0))% + A (=z(0,0))" + A (—z(1,1))" )\ (—2(©,1))"

B = 7,62 L = M
Where ) (2 = )’ &

Proof. 1. If x(0,0) = 0, then z(0,1°) > 0 for all n° € (0, 1] because aa; > 0. Thus,
hy = 0 by construction and z(6,n¢) = 0 for all n° € [hy, 1] = [0, 1]. Since [0, hy] = [0, 0]

is measure 0, z(0,n°) < 0 a.e. on [0, hg].

If 2(0,1) < 0, then z(0,1°) < 0 for all n° € [0,1) because aa,ﬁ > 0. Thus, hy = 1
by construction and x(6,7¢) < 0 for all n° € [0, hg] = [0, 1]. Since [hg, 1] = [1,1] is

measure 0, z(0,1°) = 0 a.e. on [hy, 1].
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Otherwise, x(0,0) < 0 and z(f,1) > 0. Since x(6,.) is continuous (it’s differ-

entiable), then by IVT 0 < hy < 1 satisfies x(6,hy) = 0. Since (f; > 0, we get
x(6,n°) > 0 for all n° € (hy, 1] and x(0,7n°) < 0 for all n° € [0, hy).

2. Using the above results, we can evaluate the inner gain-loss integral of p(z) on

n¢e[0,1]:
1 1 he
J p(x(0,n%)) dn® =~ (J | *dn® — AJ le”’“dnc>
0 ho 0
(
—A So x)Vkdne if hg =1,
=9 7529 z*dne — 7/\8 z)Vedne if hy € (0,1),
fygé a Mk dne if hy = 0.
\
Because g;c is a constant, we can sum the gains for cases when hy € [0, 1):

1 oz 1
< 1 0
f G A= f o l::‘dnc =
hg one ane hg (977

[:C(@, 1)(1+k)/k ((9 h )(1+k /k]

(k+1)§—;i

Similarly, sum the losses for cases when hy € (0, 1]:

he oz "
J (—x)"* (_ ) dn® = T [(—az(@,hg))(”k)/’“ _ (_x(970))(1+k)/k]

(%)

k

= m [(—13(07 0))(1+k:)/k — (—x(6, hg))(1+k)/k]

Combining, this evaluates the integral as stated.

3. Observe that hy is weakly increasing in  because 2 < 0. It is strictly increasing

69

along x(6, hg) = 0 with slope d” € (0,1) by assumption.
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Case I: hy = hg = 0= hy =0 for all # € [0,1], and © = © = 1. Then hy = 0 on

[0,0©] = [0,1], while [©,0] = [1,1] and [©, 1] = [1, 1] are measure 0.
Case I1: hy € (0,1), while hg = 0. Then 0 < © < 1 and © = 1. This means hy = 0

on [0, 8], while hy € (0,1) on (©,0] = (©,1] and [6, 1] = [1, 1] is measure 0.
Case III: hy € (0,1), while hg € (0,1) = hg € (0,1) for all § € [0,1]. Then
© =0 and © = 1. This means hg € (0,1) on [0, 0] = [0, 1], while [0,8] = [0,0] and

[©,1] = [1,1] are measure 0.

Case IV: hy = 1, while hy € (0,1). Then © = 0 and 0 < © < 1. This means
hg € (0,1) on [©,0) = [0,0), while hg = 1 on [0, 1] and [0, 8] = [0, 0] is measure 0.

Case Vi hy =hg=1=hg=1forall § e [0,1], and © = © = 0. Then hy = 1 on
[©,1] = [0, 1], while [0,8] = [0,0] and [©, 8] = [0,0] are measure 0.

4. Using the values of the inner integral from part (2), 1(6, hy), can evaluate the

outer integral as follows:

1

- Jl 1(6, hy)df J@I(G, he)do + J@ 1(0, hy)d6 + J [0.h)d0  (B.1.1)

0 €] €}

hy = 0 a.e. for all 6 € [0,0]:

JGI(G, he)df — J@A [2(6, 1)K — 2(6,0)%] d6

= (“2/)1%%) ([#(©,0)F — 2(0,0)] — [#(©,1)* —2(0,1)"])  (B.1.2)

) M% ([=(©. 0 = [2(0,0)|"] = [l2(@, DI* ~ [2(0. V[*])  (B.1.3)
00

o _ 2k
because S5 was assumed to be constant and L = 2. Observe that Eq. (B.1.2)
expression is valid for © > 0 and equal to 0 for © = 0. In the later case, x under the
fractional power may be negative, so to keep the same expression valid for both cases

(for all ©), we can impose absolute values under the power.
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Similarly, hg € (0,1) a.e. for all 6 € [©, O]:

J@fijmezJ@AﬁaanK—A(ﬂmamyﬂdQ

€] O

- Wﬁ% (M- =@0)" = (|- 2@.0))"| - [ls®. DI - [z(©. I"])

(B.1.4)

Similarly, hy = 1 a.e. for all # € [O,1]:

—_

| 1010 = | AN[( = 206, ~ (| - 2(0,0))] a9
(C] ©

Ak}\ L — L —
= ——— v ([ =2 D) = (| =2(O, D))" = (| —2(1,0))" + (| = 2(8,0))*
%+2N—%)< )
(B.1.5)
= Ak _ vk? : ; . )
Let B = 5 = G EEY) I in Eq. (B.1.1) by adding equations (B.1.2)

(B.1.5) and simplifying 4 extra terms.

%L fo 1 (2(0,7°)) dnfdd = |2(0,0)|* — |z(0,0)]* + |z(0, D)|* + A (| — 2(©,0)|)"

—|2(@, D[F + A (| = 2(L D)D" = A (| = 2O, 1)) = M| — 2(1,0)))*
(B.1.6)

Eq. is valid for all © € [0,1] and for all © € [0,1]. The sum of 8 terms
always reduces to the values of the function x at the four corners of the unit square
when ©,0 are known. The following two facts are used: corner solutions (such
as © = 0) are substituted directly and interior solutions (such © e (0,1]) satisfy

x(+,-) = 0. The five cases from part (3) are:
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& J J )) didt =

—2(0,0)" — z(1,1)* 4+ (0, 1)* ifO@=0-=1,
—A(=x(1,0))% — 2(0,0)% — 2(1, 1) + (0, 1)~ ifO©ef0,1),0 =1,
~A(=z(1,0)E + A (=2(0,0)" — (1, 1) + z(0,1)* if©=0,0=1,

< ~M(=z(1,0)L + A (=2(0,0)" + X (—z(1, 1)) + z(0,1)F  if©=0,0¢€(0,1],
~A(=2(1,0)" + A (=2(0,0))" + A (—2(1,1))" = A (—2(8, 1)) "
ifO=0=0

In the first case, x is positive at four corners of the unit square. In the second case,
x(1,0) < 0 is the only negative corner. In the third case, x(0,0) < 0 and z(1,0) <0
(the slope 0 < % < 1 along = = 0 by assumption, and thus z(1,0) > 0 here). In

the fourth case, z(1,1) < 0 also. In the fifth case, all corners are negative. The

corresponding element is scaled by —A\ for each transition. O

The next corollary highlights the importance of the assumptions that dw # 0 and

dx

Corollary B.2. 1. Given differentiable x(0) with constant % = ;:C =0,

1l yx% if © >0,
| | ety aras = o) -
00 —AN—2)F  ifz <0.

159



> 0.

2. Constant 3—5 = 0 and constant d;i

d

Jl Jlu(x(ﬁ,nc))dncde =< A [ZE(I)K 1\ (—ZL‘(O))K] ifhe 1),

0 JO

= vk
where A = ()

First, consider the no-shock state. Let x5,(0,1° s,7) = ¢°—c, be the gain-loss input
of the p. The challenge is to consider the set of points where the argument switches
signs because of the A kink in . Observe that ¢¢ is independent of s, while ¢, depends
on s. This means as s goes up, reference point looks worse and worse relative to the

actual consumption and so the gains grow at any point in the parameter space.

Here we verify that %ﬁ satisfies |B.1| condition (constant and negative).

(hg %

och de?
;j -1 —p)qd—ce =-G(pQs+ (1—p)g) <0 (B.L.7)

o Vo T

Similarly, verify that % satisfies |B.1| condition (constant and positive).

oxt
P B.1.
P G=>0 (B.1.8)

ox
Thus, % = pQs+ (1 —p)g € (0, 1) also holds as long as both ¢, Qs are not equal
anc

to 0 or both equal to 1. That is, both the challenger and the incumbent have an

interior probability of being chosen in each state.
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ox
Furthermore, we calculate Fa

ox¢ oc
aﬁp =0- ag =G[-p1-Qs)—(1-p)(1-¢)] <0 (B.1.9)

If ¢ and @), are not both identically 0, then reference point is not identical to

picking incumbent for sure: % < 0. If ¢,Q, are not both equal to 1, then a;; > 0
Otherwise, when ¢ = 5, = 0, we have %2’ = 0 and when ¢ = Q, = 1, then a;g =0

(the reference point doesn’t depend on incumbent when challenger is always picked).

o oxs
Likewise, we calculate % forp>0:

oxc oc oc? oct
p _ o 4 - s o s -
5~V 5, = PR — (L= Q)5 =p(l—7) >0 (B.1.10)
Let
Bg(s,7) = sup{{0} U (i € [0,1] : (0, 7% 5,7) < O}} (B.1.11)

Given (s,17), hg describes the largest 7° until 5, hits gains or it’s equal to 0 if gains
happen for all n°.

Since

2,(0,158,1) > x7(1,1;5,1) =

=yl =7)+ G =p((y =)L =7) +G) = (1L =p)(y(L = 7) + G)

=ps(1—71) >0, (B.1.12)

then V7 € [0, 1], 25(1,1; s,77) > 0 and z5(1,1;s,7) > 0 because aaiﬁg > 0.

In words, we know that given a reference draw of the best challenger mixed with
the best incumbent and picking the best (actual) challenger, there will be maximal
G of public goods in both reference point and in the actual draw. The challenger is

better because no shock has happened but the shock has p > 0 weight in the reference
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point. This means any incumbent’s ability less than 1 will lead to even larger gains.
If the reference challenger was worse, # = 0, the gains grow. By continuity of payoffs
in n° and strict inequality (for p > 0,s > 0), we can choose 1° < 1 so that loss is still
strictly positive.

This shows:

V6 € [0,1],Vs > 0,7 € [0,1], hS(s,7) < 1. (B.1.13)

The cutoff boundary between gains and losses is strictly to below the top of the unit
square where ¢ = 1. As s goes up (%” > 0), hg moves further down.
As in part (3) of Lemma [B.1] the following cutoffs describe either the location of

the interior kink in hg or its corners:

©°(s,7) = sup{{0} u {0 € [0,1] : hg(s, 7) = 0}} (B.1.14)

O°(s,7) = inf{{1} U {A € [0,1] : hS(s,7) = 1}}. (B.1.15)

The restriction that ¢ imposes on h§ € [0, 1) corresponds to cases I-I1I of Lemma

B.1} In particular,
O (s,7) = 1. (B.1.16)

Meanwhile, there is no restriction on ©°(s,7) € [0,1]. This reduces to a one-
dimensional problem similar to the incumbent’s case without shock, except in that
case O is restricted to away from a corner, so the single remaining corner gave a single
condition H'(s) on 7 when that corner was attained. In contrast, the challenger’s
problem allows for both ©°(s,77) = 0 and ©°(s,7) = 1, which defines two separate

boundary cutoffs for 77 as follows:
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H(s) = sup{{0} v {1 € [0,1] : ©°(s,7) = 1}} (B.1.17)

H(s) = inf{{1} u {7 € [0,1] : ©%(s,7) = 0}} (B.1.18)

As 7 grows, ¢ decreases because %?’ < 0. Then H¢(s) is the cutoff for 7, be-
low which for all 7 € [0, H"(s)), get ©°(s,7) = 1, which says that zj, = 0 bound-
ary intersects the right edge of the unit square and through its bottom-left cor-
ner for 7 = H(s). Moreover, h§(s,7) = 0 for all § € [0,1]. Hence, for all n° €
[0,1],25(0,7° s,7) = 0. In other words, there are gains for all ¢, for all ¢ (every-
where on the unit square), whenever 7 is below the H¢(s) cutoff. This corresponds
to case I boundary from part (3) of Lemma [B.1]

Similarly, H'(s) is the cutoff for 77, above which for all 7j € (H (s), 1], 0(s,7) = 0,
which says that zj = 0 boundary intersects the left edge of the unit square and
through its bottom-left corner for 7 = H(s). Moreover, h§(s,7) > 0 for all § € [0, 1] |I|
Hence, for all n° € [h§(s,7), 1], there are gains zj, (6,7 s,7) = 0. In contrast, for all
n° € [0, hg(s,7)], there are losses x5 (60,1 s,7) < 0, whenever 7 is above the H(s)
cutoff. Thus, the top two corners of the unit square involve gains and the bottom
two corners involve losses. This corresponds to case III boundary from part (3) of
Lemma Bl

Otherwise, 77 € [H¢(s), H (s)]. This corresponds to a loss at bottom-right corner
22(1,0;s,7) < 0, and a gain for the other three corners. This is case II boundary

from part (3) of Lemma [B.1]

"When 6 € (0,1], h§(s,7) > 0 because ©°(s, 7)) = 0 directly. It’s also true for § = 0 by continuity
of 2, = 0 boundary in 7 (z§, is decreasing) and in 7° (xj, is increasing). Note that h(s, H (s)) = 0
means zj, (0, h(s, H (s));s, H (s)) = 0 implies h§(s,7) > 0 for all 77 > H (s).
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Let

S =sup{s: H(s) < 1} (B.1.19)

S° = sup{s: H (s) < 1} (B.1.20)

which are positive because H¢(0) = H (0) = 0. Note that H(s) < overlineH®(s) for
all s, so it’s enough to show that S is finite as that implies 1 = H®(S°) < v (S°) <1,

c

and S¢ is an upper bound for S°. S¢ is finite because a;—; = p(1 —7) > 0. Thus, we

get an upper boun for S¢ < S: for S large enough, x5 (1, 0; S,1) = 0. Then
he(5,1) = 0= O(5,1) = 1 — H*(S) = 1.

This S¢ is the cutoff when H(s) = 1 for all s > S°. Similarly, S° is the cutoff when
H(s)=1forall s> 5"

Figure shows the H°(s) and H'(s) boundaries in the s x 7 region of the
parameter space for a low probability of shock with p = ﬁ. The illustrated boundary
is similar to the “surprise” shock special case. In general, for fixed p, H¢(s) and H' (s)
split the s x 7 space into three sections.

The upper-left section, satisfying s < S° with H (s) > 0, is a set of points (s, 7)
that satisfy H (s) < 7 < 1. For these points, x5 (-, 8,7) = 0 forms a case I1l boundary
in the 6 x n° space from part (3) of Lemma with losses at the bottom two corners
of the unit square and gains at the top two. Since ©%(s,77) = 0 and for all 6 € [0, 1],
we have hj(s,7) € (0,1) meaning there are strict gains on (h§(s,7), 1] and strict losses
on [0, hG(s,n)).

The middle section, is a set of points (s,7) that satisfy H¢(s) < 77 < H (s). For

these points, z5(-, 5 s,7) = 0 forms a case II boundary in the 6 x 7° space from part

2This upper bound S requires that for s > S , there are gains everywhere on the unit square, in
particular at the bottom right corner for the worst challenger against the best incumbent.
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(3) of Lemma [B.1] with losses at the bottom right corner of the unit square and gains
at the other four corners. Since ©°(s,7) € (0,1), we locate the kink in the zf = 0
boundary to get h§(s,77) = 0 for all 6 € [0,0°(s,7)] and h§(s,7) € (0,1) for all
0 € (©°(s,n), 1] Meaning there are strict gains on n° € (h§, 1] for all 6 € [0, 1] and
strict losses on 7° € [0, h§) for all € (©°(s,7), 1], whenever 77 € (HS(s), H (s)).

The lower-right section, satisfying H(s) < 1, is a set of points (s,7) that satisfy
0 <17 < H(s). For these points, (-, -; s,7) = 0 forms a case I boundary in the 6 x n°
space from part (3) of Lemma with gains everywhere on the unit square. Since
©°(s,7) = 1 and for all 0 € [0, 1], we have hy(s,7) = 0 meaning there are strict gains
on (6,1n°) € [0,1] x [0,1] for n < H*(s).

Figure B.1: Boundaries for /) when x5(0 = 0,7° = 0;s,7) = 0,25(1,0;5,7) = 0,p = %

0.8 /
/
0.4 /

02 /
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Picking challenger’s lottery subject to reference compound lottery ¢, and shock

s = 0.

- 1
Ulcleyis,) = (1= 1)y =) + 56)
vk
I(s) (B.1.21)
oxs(0,m° oz (0,n° p
(k+1)(2k +1) <_ péen )> ( ;ncn ))

+

where the integral I7(s) on the right-hand side depends on the four values of the x{(, -)
at corners of the (0,7°) € {0,1} x {0,1}] and the functional form switches between
gains and losses at the two boundaries of the parameters: H (s), H%(s) where p(zs)

vanishes. Combining the boundary analysis in the Figure with get:

—A(=25(1,0))" + X(=z5(0,0))" — x6(1,1)%  +25(0,1)*

i —A(=x5(1,0))F — 25(0,0)" — 25(1,1)" +25(0,1)"
L;(s,7) = )
if H(s) <7 < H (s)
a:z‘j;(l, 0)L — :l?fo((), 0)L — :U]C)(l, 1)k -1—33;(0, 1)k
if 0 <7 < H(s)
where L = h]:l

Characterising Challenger’s Utility, given shock

Second, consider the shock state.

Let x5°(0; s,7) = ¢ — ¢,. Here we verify that % satisfies |B.1| condition (constant

and negative).
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0xc® oc oc? dc?
P -2 _ _ Zs (1 — _
0 % PQs =y (1-p)q -7~ —G(pQs + (1 —p)g) <0  (B.1.22)

Similarly, verify that p satisfies [B.1| condition (constant and positive).

L _G>0 (B.1.23)

azcs
Thus, =2 = pQs + (1 —p)g € (0,1) also holds as long as both ¢, () are not
on¢

equal to 0 or both equal to 1. That is, both the challenger and the incumbent have

an interior probability of being chosen in each state.

a cs
Furthermore, we calculate ;};

CS
&a:p 0 @cp

a7 0 ~CGlp=Q) =1 -p)(1=g)] <0 (B.1.24)

If ¢ and Qs are not both identically 0, then reference point is not identical to

picking incumbent for sure: %ZS < 0. If ¢, Qs are not both equal to 1, then a;%s > 0
Otherwise, when ¢ = Q, = = 0 and when ¢ = Q, = 1, then 2 _

o1

(the reference point doesn’t depend on incumbent when challenger is always picked).

a CcS a a 7
2:5 (1) acp _ —st —p(1-Q)) (; ——(1-p)(1—7) <0 (B.1.25)
Let
hg*(s,7) = inf{{1} U {n° € [0, 1] : 23°(0,7° 5,7) = O}} (B.1.26)

Given (s,7), hg® describes the smallest 7° until 27° hits losses or it’s equal to 1 if

losses happen for all n°.
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Since

2,°(1,0;5,0) < 2,°(0,0;5,0) =

=W=s)1-7)=p(ly—s)(1 =7)) = (L =p)(y(1 - 7))

=—s(l-7)+ps(1—7)=—-(1-p)(1—7) <0, (B.1.27)

cs
oz,

2 < 0.

then V7 € [0, 1], 25°(1,0;5,7) < 0 and 25°(0,0; 5,7) < 0 because

In words, we know that given a reference draw of the worst challenger mixed
with the the worst incumbent and picking the worst (actual) challenger, there will
be no public goods in both reference point and in the actual draw. The challenger
is a loss because the shock has happened but this shock has a smaller weight p < 1
in the reference point and the after-tax income is higher. This means any positive
incumbent’s ability will lead to even larger losses. If the reference challenger was
better, § = 1, the losses grow. By continuity of payoffs in n° and strict inequality (for
p > 0,s > 0), we can choose a slightly better challenger with n° > 0 so that there is
still a strict loss.

This shows:

V6 € [0,1],Vs > 0,V € [0,1], h* (s, ) > 0. (B.1.28)

The cutoff boundary between gains and losses is strictly to above the bottom of the

cS
oz,

0s

unit square where n¢ = 0. As s goes up ( < O), hg® moves further up.

As in part (3) of Lemma [B.1] the following cutoffs describe either the location of

the interior kink in hg® or its corners:
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(s, 1) = sup{{0} u {0 € [0, 1] : hg*(s,7) = 0}} (B.1.29)

—=CS

6% (s,7) = inf{{1} U {0 € [0,1] : RS(s, 7)) = 1} (B.1.30)

The restriction that 2 imposes on h§® € (0,1] corresponds to cases III-V of
Lemma [B.I] In particular,

0% (s,7) = 0. (B.1.31)

Meanwhile, there is no restriction on O (s,7) € [0,1]. This reduces to a one-
dimensional problem similar to the incumbent’s case with shock, except in that case
©% is restricted to away from a corner, so the single remaining corner gave a single
condition H*(s) on 77 when that corner was attained. In contrast, the challenger’s
problem allows for both ©”(s,7) = 0 and ©(s, 7)) = 1, as well as intermediate values.
The challenger’s problem with shock is a mirror of the challenger’s problem without
the shock in the sense that it covers boundary cases III-V, rather than I-ITI. With
shock, the z;* = 0 boundary is uniformly bounded away from 1° = 0, the bottom of
the unit square, while without the shock this boundary z;, = 0 is uniformly bounded
away from n° = 1, the top of the unit square. We define these two separate boundary

cutoffs for 7 as follows:

—=CS

H*(s) = sup{{0} U {ij € [0,1] : 8 (s, ) = 1}} (B.1.32)

H”(s) = inf{{1} u {77 € [0,1] : ©7(s,7) = 0}} (B.1.33)

As 7) grows, x5 decreases (losses grow) because a;c; < 0. Then, H®(s) is the
cutoff for 77, below which for all 7 € [0, H*(s)), get © (s,7) = 1, which says that

r,® = 0 boundary intersects the right edge of the unit square and through its top-right
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corner for 7j = H®(s). Moreover, hg*(s,7j) < 1 for all 6 € [0,1]F] Hence, for all n° €
[h§°(s,1), 1], there are gains x7° (6,1% s,7) = 0. In contrast, for all n° € [0, h§*(s,7)],
there are losses x5° (0,7° s,7) < 0, whenever 7} is below the H“(s) cutoff. Thus, the
top two corners of the unit square involve gains and the bottom two corners involve
losses. This corresponds to case III boundary from part (3) of Lemma

Similarly, H  (s) is the cutoff for 7, above which for all 7 € [0, H(s)), get
©%(s,7) = 0 which says that r,® = 0 boundary intersects the left edge of the unit
square and through its top-left corner for 7 = H' (s). Moreover, h$*(s,7) = 1 for all
0 € [0,1]. Hence, for all n° € [0, 1], 25°(0,7% s,7) < 0. In other words, there are losses
for all n¢, for all @ (everywhere on the unit square), whenever 7 is above the H' (s)
cutoff. This corresponds to case V boundary from part (3) of Lemma [B.1]

Otherwise, 77 € [H®(s),H (s)]. This corresponds to a gain at top-left corner
x2(0,1;s,7m) > 0, and a loss for the other three corners. This is case IV boundary

from part (3) of Lemma [B.1]

Let

S =sup{s: H*(s) > 0} (B.1.34)

S” =sup{s: H (s) >0} (B.1.35)

which are positive because H*(0) = H (0) = 1. Note that H(s) < overlineH®(s)

for all s, so it’s enough to show that S is finite as that implies 0 < H (5%) <

"” (gcs) =0, and S is an upper bound for §¢. S is finite because agfs =—(1-

p)(1 —7) < 0. Thus, we get an upper boun for S° < S as follows: for S large

3When 6 € [0,1), h§*(s,7) < 1 because O (s,7) = 1 directly. It’s also true for § = 1 by
continuity of z5® = 0 boundary in 7 (z;° is decreasing) and in n° (z3° is increasing). Note that
h&*(s, H*(s)) = 1 means x°(0, h§* (s, H(s)); s, H**(s)) = 0 implies h§*(s,7) < 1 for all ) < H*(s).
4This upper bound S requires that for s > S, there are losses everywhere on the unit square, in
particular at the top-left corner for the best (actual) challenger against the worst incumbent mixed

with the worst reference challenger.
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enough, z¢(0,1; 5,0) < 0. Then
hg'(S,0) =1=10(5,0) =0= H"(5) = 0.

This S° is the cutoff when H”(s) = 1 for all s > S°. Similarly, S is the cutoff
when H%(s) =1 for all s > S¢.

Figure shows the H®(s) and H  (s) boundaries in the s x 7 region of the
parameter space for a low probability of shock with p = ﬁ. The illustrated boundary
is similar to the “surprise” shock special case. In general, for fixed p, H%(s) and
H"(s) split the s x 7 space into three sections.

The lower-left section, satisfying s < §° with H*(s) > 0, is a set of points (s, 7)
that satisfy 0 < 77 < H®(s). For these points, x;°(-,-;s,7) = 0 forms a case III
boundary in the 6 x n° space from part (3) of Lemma with losses at the bottom
two corners of the unit square and gains at the top two. Since @CS(S, 7) = 1 and for
all 6 € [0,1], we have h§®(s,n) € (0,1) meaning there are strict gains on (h§*(s,7), 1]
and strict losses on [0, h§*(s, 7).

The middle section, is a set of points (s,7) that satisfy H(s) <7 < H' (s). For
these points, 75°(-, 5 s,7) = 0 forms a case IV boundary in the 6 x 7° space from part
(3) of Lemma with gains at the top-left corner of the unit square and losses at
the other four corners. Since O (s,7) € (0,1), we locate the kink in the z =0
boundary to get h§’(s,7) = 1 for all # € [0 (s,7),1] and hS(s,7) € (0,1) for all
0 € [0,07(s,7)). This means there are strict losses on 1° € [0, k) for all 8 € [0, 1]
and strict gains on 71° € (h§%, 1] for all € [0,07 (s, 7)), whenever 77 € (H®(s), H' (s)).
The upper-right section, is a set of points (s, 7) that satisfy H (s) < 7 < 1. For these

points, z7°(+, 3 8,7]) = 0 forms a case V boundary in the 6 x 7 space from part (3) of

Lemma with losses everywhere on the unit square. Since ©° (s,7) = 0 and for all
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0 € |0, 1], we have hy(s,7) = 1 meaning there are strict losses on (6, 7°) € [0, 1] x [0, 1]
for 7> H  (s).
Figure B.2: Boundaries for 7j when x7°(0 = 0,7° = 1;5,7) = 0,2;°(1,1;5,7) = 0,p =

L
100

T T 1
0.6 0.8 1

By Lemma and Figure [B.2] we can evaluate the utility function that cor-
responds to picking the challenger when the shock happens, subject to reference

compound lottery ¢, and shock s > 0. Recall that % (0;5,7) = ¢, — ¢,.

1
Ulclepis) = 1 =m)y + 5G

= 155 (.1.36)
(lf + 1)(2]{3 + 1) (_0155(9,1%)) <az§5(9ﬂ76)> p \S 1.
00

one

+

where the integral I5°(s) on the right-hand side depends on the four values of the
x5°(+,-) at corners of the (6,7°) € {0,1} x {0,1}] and the functional form switches

between gains and losses at the two boundaries of the parameters: H  (s), H*(s)

CS 3
where pu(z’) vanishes.
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-

20, 1)F — 2°(1, 1)F + A(=2(0,0))" — M(—z(1,0))*
if 0 << HY(s).

(0, 1)L + A=z (1, 1)) + A(—2°(0,0))* — A(—z(1,0))*

12(s,1) = |
if H*(s) << H (s)
=A(=2(0,1))" + AM—2(1,1))" + A(=2%(0,0))" — A(—2*(1,0))*
it H (s) < <1
\
where L = Lk“

Characterising Incumbent’s Utility, given no shock

Let reference point be

¢p = P(Qscd + (1= Qo)) + (1 = p)(ac” + (1 = g)c')

where with probability p the voter will learn there is s shock next period before voting
and with probability 1 — p he learns there will be no shock next period. @ is the
cutoff for incumbent, when shock happens and ¢ the cutoff when no shock happens.
Here 6 ability emphasizes a hypothetical draw of the challenger in the reference point,
distinct from ¢ which would be an actual draw (different and independent of 6).

For brevity of notation define, G = a(ry — 7) is the coefficient of the ability in
making the public good.

The corresponding consumptions are:
1. ¢ = (y—s)(1—7)+0G. Reference consumption under challenger type 0 : s = 0

2. ¢ = y(1 —7) + 0G. Reference consumption under challenger type 6 : s = 0
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3. ¢t = (y—s)(1 — 1)+ nG. Consumption under incumbent type 7 : s > 0
4. ¢¢ = y(1 — 1) + fG. Consumption under incumbent type 77 : s = 0
5. ¢& = (y—s)(1 —7)+n°G. Consumption under challenger type n°: s >0

6. ¢ =y(1 —7) + n°G. Consumption under challenger type n°: s =0

Recall that

Wx% if x>0,

==

—YA(—z)x  if 2 <0.

Lemma B.3 (Expanding Sé p1(.)d). Given differentiable x(0) with constant %% < 0,
let

© =sup{{0} u{# e [0,1]: z(0) = 0}}.

Then

1. z(0) = 0 a.e. for 6 €0,0] (gains) and x(0) <0 a.e. for § € [©,1]. (losses) 2.

| na@) a8 = €~ (@) = [s0)[<) = A (o) - [2(©)/¥)]) -

-

O | (=) = (=2(0))*] o =0,

< [:C(O)K )\ (—x(l))K] ifee(0,1),

C [z(0)K — z(1)¥] if © = 1.
— vk = k+1
where C' = (-2 and K = %
.
0 ifa<0,
3. Letb=|fl—"g|,thenx(@)=a—b8and@={% if0<a<b,
1 ifa=b,

174



Proof. 1. If 2(0) < 0, then z(f) < 0 for all § € (0,1] because % < 0. Thus, © = 0 by
construction and x(f) < 0 for all § € [©, 1]. Since [0, 0] = [0, 0] is measure 0, x2(6) = 0
a.e. on [0,0].

If z(1) = 0, then x(f) > 0 for all § € [0,1) because % < 0. Thus, © = 1 by
construction and () = 0 for all # € [0, ©]. Since [O, 1] = [1, 1] is measure 0, z(0) < 0
a.e. on [©, 1].

Otherwise, £(0) > 0 and x(1) < 0. Since z is continuous (it’s differentiable), then
by IVT 0 < © < 1 satisfies 2(©) = 0. Since % < 0, we get z(6) > 0 for all 6 € [0, ©)
and z(0) < 0 for all # € (©,1].

2. Using the above results, we can evaluate the gain-loss integral of u(z) on

6el0,1]:
1 e 1
f 1 (z(0)) do =~ (f 2|k d — /\J |x|1/kd9>
0 0 e
YA (—a) VRl if © =0,
= 1750 @ *dh — 4\ S (—x) ke if © € (0,1),
v §, a'/*de ife=1.
Because Z—g is a constant, we can sum the gains:
(C] dx ©
- 1 dx —k
pYR A9 gp _f g = T (@) AR )Rk
g =g ), E - w | ]

Similarly, sum the losses:

! )V __le_g _ k ()RR (1+k)/k
| =2 (d_x>d9 e (e e

T do

Combining, this evaluates the integral as stated.
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3. Let a = x(0). Then

d d
I(9>:Jd_gd6:d_ze+a

]

The Lemma shows that the value of the integral depends only on the value of
the function at the end-points, where the functional form changes based on whether ©
(the split between the gains and losses) is at a corner © € {0, 1} or interior © € (0, 1).
It does not depend on the specific value of © explicitly. However, because x was
assumed to be a linear function of €, the situations when © is higher are precisely
when z(0) is higher.

. . . . dx
The next corollary highlights the importance of the assumption that 2z # 0.

; : ; ; dx
Corollary B.4. Given differentiable 2(0) with constant 5 =0,

e

1 v if x> 0,
jummw=mw=

—AN—2)F  ifz <0.

First, consider the no-shock state. Let :17;(9; s,7) = ¢ — ¢, be the gain-loss input

i
oz},

of the p. Here we calculate —p :

o, ag, oc! dc®

5 — 0= 5p = Pz —(L=plagy = G Qs + (1 -p)g) <0 (B.1.37)

Furthermore, we calculate —6;% :
oxt o de
P 2 Gl -p(1—-0Q,)—(1—-p)(1— 0 B.1.38
o7 on o [1-p(1-Qs)—(1—-p)(L—-q)]> ( )
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If ¢ and @, are not both identically 0, then reference point is not identical to picking

. ox? ox? .

incumbent for sure: —2 < 0 and > 0 Otherwise, when ¢ = @), = 0, we have
ox? ox?

9Tp _ P _

o7 a6 = V-

. . ox?
Likewise, we calculate = for p > 0 :

ox! oc oc? oct
p_n_Y% _ Yes _ s _ _
Fn 0 s pQs s p(1 —Qs) s p(1—7)>0 (B.1.39)

The challenge is to consider the set of points where the argument switches signs
because of the A kink in p. Observe that ¢’ is independent of s, while ¢, depends on s.
This means as s goes up, reference point looks worse and worse relative to the actual
consumption and so the gains grow at any point in the parameter space.
Let
©'(s,7) = sup{{0} U {# € [0,1] : x}(0;s,7) = 0}} (B.1.40)

Given (s,7), ©" describes the largest 6 until z, hits losses or it’s equal to 1 if gains
happen for all 6.

Since

7,(055,0) =y(1 = 7) = p((y = s)(1 = 7)) = (L =p)(y(1 = 7)) = ps(1 = 7) > 0,

then V7, 27,(0; s,7) > 0 because a&inp > 0.

In words, we know that given a reference draw of the worst challenger and picking
the worst incumbent, there will be no public goods in both reference point and in
the actual draw. The incumbent is still better because no shock has happened but
the shock has a positive weight in the reference point and the after-tax income is
higher. This means any positive incumbent’s ability will lead to even larger gains.
By continuity of payoffs in 6 and strict inequality, we can choose 6 > 0 so that gain

is still strictly positive.
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This shows:

Vs > 0,Y7 e [0,1] : ©'(s,7) > 0. (B.1.41)

The cutoff boundary between gains and losses is strictly to the right of 8 = 0. As s

goes up (aaij’ > O), ©! moves further right.
Hi(s) = inf{{1} U {7 €[0,1] : ©'(s,7) = 1}} (B.1.42)

This is the cutoff for 7, above which gains are achieved for any 0 < 6 < 1 because

ozt
p
7 > 0.

Let

S" = sup{s : H'(s) > 0} (B.1.43)

i

which is positive because H(0) = 1. S is finite because %’7 = p(1 —7) > 0. Thus,

we get an upper bound: for S large enough, x;(l;g, 0) = 0. Then
0'(S,0) = 1= H'(S) = 0.

This S* is the cutoff when H'(s) = 0 for all s > S°.

Figure shows the H'(s) boundary in the s x 7] region of the parameter space

99

o5} For fixed p, H'(s) splits s x 7 space into two

for three values of p € {155, 3.
sections. The lower-left section, satisfying s < S* and H'(s) > 0, is a set of points
(s,7) that satisfy 0 < 7) < H(s). For these points, ©%(s,7) < 1, meaning there are
strict gains on [0, ©'(s, 7)) and strict losses on (©%(s, ), 1].

The upper-right section, satisfying H(s) < 1, is a set of points (s,7) that satisfy
Hi(s) <1 < 1. For these points, ©(s,7) = 1, and a:jj(l; s,m) > 0, meaning there are

strict gains on [0, 1].

Recall that ©%(s,7) > 0 by Eq. (B.1.41).
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Figure B.3: Boundary H'(s) for 7 when 24 (0 = 1;5,7) = 0 for p € {155, 5. 155

N
0.8 \
0.6 \
’_ \\ — L
n \ — - %
0.4+ \\ ..... b= %
N
0.2 \
\

Along the boundary, ©(s, H'(s)) = 1 and z}(1;s, H'(s)) = 0, meaning there are
strict gains on 6 € [0, 1).

Recall that x;(e; 5,7) = ¢ — ¢,. We can evaluate the utility function that corre-
sponds to picking incumbent’s degenerate lottery when no shock happens, subject to

reference compound lottery ¢, and shock s > 0.

U(cp; s,7) = ((1 —T)y+ ﬁG)
k

mg(s, 7) (B.1.44)

+7

By Lemma [B.3| and Figure[B.3| 0 < 7 < Hi(s) = ©' € (0,1). Similarly, H'(s) <

< 1= ©"=1. Thus,

a0 ) = Mg (Ls, ) i 0 <7 < Hi(s)
I(s,7) =
i 14k i N\ 1tk i -
2, (0;8,7) % — (13 8,7) % Hi(s)<n<1



Characterizing Incumbent’s Utility, given shock

Second, consider the shock state.

Let xif(@; s,7) = " — ¢, be the gain-loss input of the u. Here we calculate 6;58 :

ox's oc oxt
P _n_ P _ _ _ p
= = G (pQs + (1 —p)q) ~ <0 (B.1.45)
Furthermore, we calculate a;:_;l']; :
ax;‘)s acis B % 51‘;

Fraly P =Gl-p(1-Q,)—(1-p(—-q)]= P >0 (B.1.46)

If ¢ and Qs are not both identically 0, then reference point is not identical to

. g . o0xts ox’s .
picking incumbent for sure: —2- < 0 and 0—7’7’ > (0 Otherwise, when ¢ = Qs = 0, we
axis azis
p r
have &= o = 0.

is

While the derivatives with respect to 6,7 were equal for x; and :13;3, consider a;;,

forp<1:
ox's oc
P _ _(1_ _ P _ _(1_ _ - (1 — _
- = (1-7) o 1—7)+p(1-71) (1-p)(1-7)<0. (B.1.47)
Let

©%(s,7) = inf{{1} U {0 € [0,1] : 22°(0; 5,7) < 0}} (B.1.48)

Given (s,7), ©% describes the smallest § until 2% hits gains or it’s equal to 1 if
losses happen for all 6.

Since

(15, 1) = (y—s)1—=1)+G—p(ly—s)1—7)+G)— (1 —p)(y(1 —7) + G)

:-3(1—7’)—}—])3(1—7‘)=—(1—p)8(1—7')<0,
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6125
on

then V7 € [0, 1], 23°(1;5,9) < 0 because > 0.

In words, we know that given a reference draw of the best challenger and picking
the best incumbent, there will be maximal G of public goods in both reference point
and in the actual draw. The incumbent is worse because the shock has happened
but the shock has p < 1 weight in the reference point. This means any incumbent’s
ability less than 1 will lead to even larger losses. By continuity of payoffs in 6 and
strict inequality, we can choose 6 < 1 so that loss is still strictly positive.

This shows:
Vs > 0,Vije [0,1] : ©%(s,7) < 1. (B.1.49)

The cutoff boundary between gains and losses is strictly to the left of 8 = 1. As s

ox

goes up ( af < O>, ©% moves further left.

Let
H*(s) = sup{{0} U {7 € [0,1] : ©%(s,7) = 0}} (B.1.50)

This is the cutoff for 7, below which losses are achieved for any 0 < 6 < 1 because

&= >0
Let
S* = sup{s : H*(s) < 1} (B.1.51)
which is positive because H**(0) = 0. S* is finite because a;f =—(1-p)(1—7)<0.

Thus, we get an upper bound: for S large enough, x;‘g(O;g, 0) < 0. Then
0%(S,1) = 0= H"*(S) = 1.

This S is the cutoff when H*(s) = 1 for s > S°.

Figure shows the H%(s) boundary in the s x 7} region of the parameter space

1 99

for three values of p € {ﬁ, 5: 165} For fixed p, H*(s) splits s x 7 space into two

sections. The upper-left section, satisfying s < S* and H®*(s) < 1, is a set of points
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Figure B.4: Boundary H'(s) for 7 when z}*(# = 0;5,7) = 0 for p € 05 3> e

1+

0.8 /
0.6 /

0.4+

0.2 /

(s,7) that satisfy H*(s) < ) < 1. For these points, ©*(s,7) > 0, meaning there are
strict gains on [0, 0% (s, 7)) and strict losses on (0% (s, 7), 1].

The lower-right section, satisfying H*(s) > 0, is a set of points (s,7) that satisfy
0 < 1) < H®™(s). For these points, ©%(s,7) = 0, and x 5(0;s,77) < 0, meaning there
are strict losses on [0, 1].

Along the boundary, ©(s, H*(s)) = 0 and z3°(0; s, H**(s)) = 0, meaning there are
strict losses on 6 € (0, 1].

Recall that z7(6;s,7) = ¢, — c,. We can evaluate the utility function that cor-
responds to picking incumbent’s degenerate lottery when shock happens, subject to

reference compound lottery ¢, and shock s > 0 :

Ulcileyis.ii) = ((1=m)(y = s) +7G)

+ 7 (s, 1) (B.1.52)

6Recall that ©%(s,7) < 1 by Eq. (B.1.49).
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By Lemma and Figure 0 <7< H*(s) = 0" = 0. Similarly, H*(s) <
n<1== 0%=(0,1). Thus,

2i2(05,7) F = A(—ai(1;8,7) F it Hi*(s) <7< 1

LI (s,1) =

=

1+

M= (035,7)) = M=y (1,0)'H 0 <77 < H(s)

B.1.2 Rational Expectation q with no shock

Let reference point be

cg=qc + (1 —¢q)c

where with probability 1 the voters learns there will be no shock next period. ¢
is the cutoff for incumbent, when no shock happens. Here 6 ability emphasizes a
hypothetical draw of the challenger in the reference point, distinct from ¢¢ which
would be an actual draw (different and independent of 6).

For brevity of notation define, G = a(ry — 7) is the coefficient of the ability in
making the public good.

The corresponding consumptions are:
1. ¢ = y(1 —7) + 0G. Reference consumption under challenger type 6 : s = 0
2. ¢ = y(1 — 1) + 7G. Consumption under incumbent type 77 : s = 0

3. ¢ =y(1 —7) + n°G. Consumption under challenger type n°: s =0

Characterizing Challenger’s Utility under q

Recall that

2e(0,n%n) = —cg=(n°—q0 — (1 —q)7)G (B.1.53)
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hg(0,77) = sup{{0} U {n° e [0, 1] : 25 (0,7 7) < 0}}
= sup{{0} u {n°€ [0,1] : (n° — ¢f — (1 — ¢)7)G < 0}}
=sup{{0} u {n°€[0,1] : n° < b + (1 — ¢)7}}}

=q0+(1—q)7 (B.1.54)

©°(0,7) = sup{{0} v {6 € [0, 1] : hy(0,7) = O}}

=sup{{0} u{0e[0,1]: g0+ (1 —¢q)7=0}} =0 (B.1.55)
because V0 > 0,¢0 + (1 — q)i > 0 for all 77 € [0, 1].

H(0) = sup{{0} v {7 € [0,1] : ©°(0,7) = 1}}

=sup{{0} u{Re[0,1]:0=1}} =sup{{0} U T} =0 (B.1.56)

H(0) = inf{{1} U {77 € [0,1] : ©°(0,7) = 0}}

=inf{{1} U {ne[0,1] : 0 =0}} =inf{{1} U [0,1]} =0 (B.1.57)

C

Thus, H°(0) = H (0) = 0, which is consitent with Figure .
For g € (0,1],

0x5 (0, 1% 1)
00

0x5(60,m% 1)

=—qG <0 paw:

=G>0 (B.1.58)
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26(0,1) = (1 — (1 —¢)7)G (B.1.59) ro(1,1) = (1-¢q)(1 - 7)G (B.1.61)

—25(0,0) = (1 = ¢)nG  (B.1.60)  —z;(1,0) = (¢ + (1 —¢)n)G (B.1.62)

1
U(c%leg;0,m) = (1 —71)y + 3¢

N vk (= A(=2&(1,0))F + A(=2£(0,0))F — 2(1, 1)F + 25(0,1)F)
(k+1)(2k + 1)G%q

(B.1.63)

2k+1

where L = 3

axg;g;ﬁ) = 0 and Corollary |B.2| applies where h € (0,1):

Otherwise, if ¢ = 0 then

U@Wmﬁﬁ%=O—TM+%G+?;:%%ES[Mnk—prm»k]
e

k+1 k+1

vk (1) —A(=2(0) * )

1
= (-7 +5G+

where z(n°) = (n° — )G
Lemma B.5. Utility of challenger is decreasing in 1 for all reference points q € 0, 1]

Proof. Note that for all ¢ € [0,1], the derivative of challenger’s gain-loss w.r.t. to

incumbent’s ability, 7, is independent of challenger’s ability, 1

ox¢
1 - _(1-—¢)G <0 B.1.65
- —(-q) (B.1.6)

If ¢ = 0, differentiating U(c|co; 0,7) w.r.t. to 7 gives:

U(c“eo; 0,7) _ N —(1 = q)Gy (z(1)VF + X(—z(0))"*)
on G
= —([(1 =G + A[7G]"*) <0 (B.1.66)
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If ¢ € (0, 1], differentiating U(c®|cy; 0,7) w.r.t. to 7 gives:

OU (cfleg; 0,7)  —(1— @)yk(AM(—25(1,0))% — A(—=z5(0,0))" — 2£(1, 1)K + 25(0,1)%)

on (k+1)Gyq

(B.1.67)

Note that —zg(1,0) > —z(0,0) and z{(0,1) > z{(1,1) because x{ is decreasing

in its first argument, 6. Thus,

aU(CC’CQ; Oa ﬁ)

pr = —(1-¢)D (B.1.68)

where D > 0.
Thus, utility of challenger strictly decreases in incumbent’s ability, 7, for ¢ € [0, 1)

and weakly decreases for ¢ = 0. ]

Characterizing Incumbent’s Utility under q

Recall that

— q(7—0)G (B.1.69)

©'(0,7) = sup{{0} U {0 € [0,1] : 2 (0;77) > 0}}

= sup{{0} v {0 € [0,1] : ¢() — )G = 0}

sup{{0} U {# € [0,1]: 6 <n}}

=1 (B.1.70)
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HY(0) = inf{{1} {5 € [0,1] : ©/(0,7) = 1}

=inf{{l1} u{nel0,1]:7=1}} =inf{{1} U {1}} =1 (B.1.71)
Thus, H*(0) = 1, which is consistent with Figure [B.3] For ¢ € (0, 1],
0y (0;7)
Y
= 4G <0 (B.1.72)
2 (0;7) = 719G (B.1.73) —a(1;7) = (1—7)¢G  (B.1.74)
By Lemma [B.3| and Figure B.3, 0 <7 < H'(0) — ©" € (0,1).
Similarly, H(0) <7< 1= 0" = 1.
Ucle ) = (1= 1)y +7G)
L R(0:0,0) T — M—wy(1;0,7)F) (B.175)
1+ k)qG .
Otherwise, if ¢ = 0 then azga(g ) — () and Corollary |B.4] applies:
U(c'|cos) = (1= 7)y + 7G + (007 — 0)G)
=(1-7y+nG (B.1.76)

Lemma B.6. Utility of incumbent is strictly increasing in 1 for all reference points

qe[0,1]

Proof. Note that for all ¢ € [0,1], the derivative of incumbent’s gain-loss w.r.t. to

incumbent’s ability, 7, is independent of his ability:

(B.1.77)



If ¢ = 0, differentiating U(c’|co; 0,7) w.r.t. to 7 gives:

oU(c'|co; 0, 7)

_ B.1.
= G >0 (B.1.78)

If g € (0, 1], differentiating U(c’|c,; 0,7) w.r.t. to 7 gives:

U (c'|cg; 0, 1)
on

Eall
el

= G+ (2, (0;0,7)F + A(—2}(1;0,7))%) >0 (B.1.79)

Thus, utility of incumbent strictly decreases in his ability, 7, for all g € [0,1]. O

B.2 Proofs of Results

The following Lemma will be used in a key step in the following proposition to show

that incumbent of ability 1/2 is strictly preferred to an unknown challenger.

Lemma B.7. For all g€ (0,1], for all k € N,

2k+1 2k+1

SEk(l-l-q)T—k’(l—q) %

Proof. Note that the power series expansion of (1 + y)% converges aboslutely for

- 2k+1
ly| < 1 for any exponent and also for [y| = 1 because == > 0.
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Using binomial-series expansion around g = 0,

g ki<2+1/k¢) k2<2+1/k:)( )"
mi (2 i Uk) (¢" = (=1)"q"™)
23 (G 1 )

2+1/k) 4 (24 1/k) (1 + 1/k) (1/l~<:)q3

2]{;—1! + 2k 30

I
PTA

+O0(¢°) (B.2.1)

because if m is odd, then ¢ — (—1)"¢™ = 2¢"™. If m is even, then ¢ — (—1)"¢™ = 0.
Note that the first term equals to 2(2k + 1)g and dominates 2(2k + 1)q% because

it has smaller exponent and ¢ < 1.

(B.2.2)

Next we will show that the remainder term is strictly positive for all g € (0, 1] and
all k£ € N and this will complete the proof.

Suppose n > 2 and let t, = Qk(éji/f)q?”“ be the n-th term of the binomial
expansion and let r, = t’;—“ We will use the ratio test to bound the remainder by

two geometric series.

(QH/k) [(2+1/k)(1+1/k)(l/k)(171/k)(271/k)(371/k)---(2(n71)71/k)(2n7171/k)(anl/k)]
~ \op43 _ (2n+3)! 2
T'n = (2+1/k:) 7 = [(2+1/k)(1+1/k)(l/k)(1—1/k)(2—1/k)(3—1/k)-~~(2(n—1)—1/k)] q
2n+1 (2n+1)!
_@n-1-1/k)@2n—1/k) _ 4n? 4% 204 b 44, (B.23)
(2n + 2)(2n + 3) (2n +2)(2n + 3) o
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Next to show that r, is strictly increasing for n > 2, differentiate it with respect to
n and then observing that the numerator is increasing in n, bound the derivative, for

n = 2, from below, by substituting n = 2 into the numerator:

dr,  (1+ 3k)(8n*k + (8k —4)n — 2k —5) ,

dn 2k2(n + 1)2(2n + 3)2
(L+3k)(32k + (8k —4)2 -2k —5) , _ (1+3k)46k —13) ,
— 2k2(n + 1)2(2n + 3)2 T T ok2(n + 1)2(2n + 3)27
nz
(B.2.4)

Since 7, is strictly increasing and r, — ¢*, we will bound the remainder by two
geometric series. Since all terms of the remainder are positive, a geometric series
starting with the same first term and a ratio that is smaller than all r, will correspond
to a sum of smaller terms and form a lower bound. Vice-versa with ratio exceeding

all r,, to form an upper bound.

¥n > 2, r, increasing: ro <7, < ¢ <1 (B.2.5)
ta = <2 +51/k) ¢ = %qf’ (B.2.6)
R RV

: i2r2 < 2]4;;1012 <22;i/f) 2 < 1i_2(]2 (B.23)

Thus,

- (2+ 1/k) (1 + 1/k) (1/k)q3 L b

S —22k+1)g* > 2k 0
( + )Qk = 3' 1—7'2>

]

Theorem 1: Incumbency Advantage. First will show tha every rational decision rule

pr(7; q) is a step function with some cutoff 7 = Q(g; A\, v; o, 7, k, 7).
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This is equivalent to showing: for all 77 € [0, @), the challenger is strictly preferred
to the incumbent, U(c'|c,) < U(c%|¢,), while for all 7 € (Q, 1], the incumbent is strictly
preferred to the challenger, U(c'|c,) > U(cf|c,), with indifference at 77 = Q.

Define incumbent’s utility as a function f of parameter 7, challenger’s utility as a

function g of parameter 7 and the difference utility of picking incumbent as d :

F(i7) = U(c'leg; 1) (B.2.9)
9(n) = U(c[eg;n) (B.2.10)
d(n) = () = 9(n) (B.2.11)

For all g € [0, 1], we found f is strictly increasing by Lemma and ¢ is weakly
decreasing by Lemma [B.5] Thus, d is strictly increasing, so it has at most one root
on [0, 1].

Next, we will show d has exactly one root on (0,1/2) by establishing that d(0) <
0 < d(1/2) for all ¢ € [0, 1].

Case 1. For ¢ = 0, because \ > 1,

i 1\ kG =)' - () )
d(0) = —% - V:flik <0 (B.2.12)
1\ _ T
d <§> —0+ (X )(k T 0 (B.2.13)

Note that if A = 1 (no loss-aversion), then the unique root is 7 = % because d (%) = 0.

Case II. For ¢q € (0,1] :
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For any 0 < ¢ < 1, for L = 255

d(ﬁ)=G(ﬁ_1)+ k( (0 77) i — AM—=x (1 77))7)

2 (1+ k)qG
7k2( - )‘<_$2(17 0))L + )‘<_ q(Oa O)) - 372(17 1)L + :EZ(Oa 1)L) (B 9 14)
(k+1)(2k + 1)G?%q o
Evaluating d(0) :
22(0;0) =0 (B.2.15) —2}(1;0) = ¢G (B.2.18)
25(0,1;0) = G (B.2.16) 26(1,1;0) = (1 - q)G  (B.2.19)
—2(0,0;0) =0 (B.2.17) —2(1,0;0) = ¢G (B.2.20)
Substituting,
_ G k(gG)M
R
’}/k‘2G1/k(*)\(q)2k+l+>\( ) (1 )2k+1+(1)2kk+1)
(k+ 1)(2k + 1)q
1/k kZZGl/k 2k 1— 2k+l 1
_ G kG (Mo +(1-g 7 —1) (B.2.21)

2 1+k (k+1)(2k+ 1)q

Factoring, d (0) get:

G G
d(0) = =5 - M2k + 1) — Mkg® ™ +1 — (1 — q)*TVF] < —5 <0
(B.2.22)
_ kGL/k
where M = —q(lzk)(2k+1) >0

because for all natural numbers k and for all ¢ € (0, 1], raising ¢ to a larger power

makes it (weakly) smaller. Therefore,

(2k + 1)g* ™% > kg*V* and (1 — ¢)**VF < 1. (B.2.23)
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Evaluating d (3) :

) <0; %) = % (B.2.24) — (1; %) = % (B.2.27)
¢ 1 (1+4q)G ¢ 1 (1-q)G
T, (0, 1; 5) = (B.2.25) T, (1, ,§> = 5 (B.2.28)
—af (0,0, 5) = (B.2.26)  —af (1,0, 5) = (B.2.29)
Substituting,
1/k
(1) =0 Hae
2 (1+k)27%
WG MEDTE AT - () + (59
(k+1)(2k+1)q
k(qG)VE VEEGYR((1+ ¢) 7 — (1 —¢) ™%
SR W VR0 S ( -0 ")
(14 k)27 (k+1)(2k +1)g27F
(B.2.30)
Factoring, d (%) get:
d (%) — (A — 1)2%(/{(1 + ) —k(1—g)"F —202k+ )¢+ ) (B2:31)

_ EG1/k
where M = m >0

By Lemma , d (%) > 0.
By intermediate value theorem and d continuous, InF € (0,3) : d(n*) = 0 Thus,

U(c|eq;mi) = U(ctleg;mi) (unique 7 by strict monotonicity of d in 7 for fixed ¢). [
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Appendix C

FTBE Details

C.1 Proofs of Results

Theorem (Necessity). If a social choice set F' is implementable in k-FTBE, then
there exists equivalent F that satisfies (k-IC) and (wk-BM).

Proof. 1. Let (M, g) implement F and define F' = {z|3o € B¥(M, g) : Vs € S, z(s) =
glo(s)]}. By construction, F and F' are equivalent.

Vo e F 3o e B5(M,g) : Vs € S,x(s) = g[o(s)]. Fix arbitrary i € N, t € S‘. Define
o' as follows: Vs’ € S% 5%(s') = o'(t'). Furthermore, consider arbitrary deceptions of
up to k other players: V3~ € B(id, k; A_;), let 8 = (7%, id) and Q = {q € N\{i}|? #
id}. By construction, |Q| < k. Define Vj € N\{i},a’ as follows: Vs’ € 57, 57(s/) =
o?(7(s?)). Thus, Vj € N\Q,5?(s’) = 07(s’). Combining these we get the outcome as
follows: g[a(s)] = g[(c(s)] 0B =z o (7%, id), where T is in k-neighborhood of o with
player ¢ playing according to o*. Now define 6—% = ¢, so ¢ furthermore has player
i make a deviation from o’: g[d(s)] = z o (87, t%).

Since o is FTBE: g[a(s)|R!(s")g[d(s)], that is z o (87", id)R!(s")x o (87", ") as
required, so F' satisfies (k-IC).

2. Now will show that F' satisfies (wk-BM).

194



Vo e F,30 € B5(M, g) : Vs € S,2(s) = g[o(s)]. By hypothesis of (wk-BM), sup-
pose for deception o, iz € F': Vs € T, 2(s) = z 0 a(s). Then o o a ¢ B*(M, g) because
k

F is implementable. Thus, 3s€ 7,3Q = N : |Q| = k < k,3j € N\Q,3(¢7,09 0 p9) :

’ -

glo?,0"Moa™ 590 gPI(s))g(c? 0 a0 M o a™ 590 59) (C.1.1)
where M = {Q U j} and V#/ € S7,07(t)) = m"7 € M; (j's constant message).
Thus, V37 € Aj, 07 0 7 = o7,
If k < k, expand the set of faulty players to k as follows: Q@ < N\{j} : Q ¢
R,|R| = k. The strategy and deception for the expanded group R are:
'R __ ’i %1
0" = ((0")icq: (0™)ier @),

BR = ((Bi)ieQa (ai)ieR\Q)7

where 3! is an arbitrary deception and the “whistleblowing” coalition becomes M =
R U {j}. Thus, without loss of generality we can take |@Q| = k in the following argu-
ments.

Denote Q; = M\{i}. Since o* is k-FTBE, Vi € Q,Vt' € S° : define 2° =
gl(e’,0'%, o* M M)] and y = g[(o™, o*NM)].

Next, V3% € B(id, k; Ag,) :

2o(B%,idV\) = g[(0*, 0%, o*N\M)o(id, B, idN\M)] = g(o*, o' Qo pQ:, *N\M)

is a k-fault deviation from o* equilibrium, so by implementation of F, 2t € F
and o (8%, idV\?) e F'. Secondly, it is not profitable for i to deviate from o*i
to o given Q; are k faulty players: y o (89, idV\V a'(s')) = g[(c'?, o*"\M o) o
(8%, 1™ 0f(5)] = g(0'® o %, VWM g)

Meaning, V¢; € S*, 2% o (89, idV\@)RI(t")yo (B9, idN\M, oi(s%)), satisfying part (1)
of (wk-BM) for F.

7o (id, BV GdN\MY) = g[ (g%, o/ MV g*N\MY 6 (54, M\ gN\M)]
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Since g(a7,a*N\M o oMM 5'Q o B) = g(07 0 of, VWM o N WM '@ o p%),
equation (4.1) can be rewritten as:
gl(e”, oMM @) o (ol , MW, B9 PI(s7)g[(07, a*M\M, 6'%) o (0, oMM, 59)]
Letting 57 = (™M, §%) € B(a, k; A_;) gives y o (8,7, a?)PI(s7)a? o (6,7, o),
which satisfies part (2) of (wk-BM) for F.
[

Theorem (Sufficiency). If |[N| > 3,k < @ — 1. A social choice set F' satisfies (C),
(k-1C) and (k-MNYV), is implementable (in k-FTBE).
1. If F satisfies (k-IC), then: Va* € F,30* € B¥(M,g) : Vs € T, g[o*(s)] = z*(s).

Proof. (similar to Lemma 1 in Jackson (1991)) Pick any x € F. We will construct

k-FTBE equilibrium using the following strategy:
Vie N,Vs'e S o' (s') = (s', 2, F, -, ).

Consider player i’s deviation m’ in state s’, having freedom over beliefs for faulty
deviations by arbitrary k other players. Observe that d; and the corresponding rule
4 (the integer game) are unreachable by construction of the strategy o as there are
always at least N — k — 1 players agreeing on (-, x, &, -, &). A belief about &k faulty

players defines deception for the other N — 1 players:
VM < N,|M| < k,3" e B(id, k; A_;).
Vsie S, if m' = (8, z,-,-, &) or m' = (5,7, ), then

*N\Mu{i}’ gM] edyud udy

[, o
with the outcome z o (37, 5"), which is weakly worse than the expected equilibrium

outcome of x o (57, id) by (k-IC).
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Second, if m! = (8%, x,-,-,y) and 3j € M : |M| = k,07 # (-,x,-,-,y) (where M is
the set of k faulty players, according to 4’s belief), then [, o*N\MY# M) e dy and
the outcome is still z o (877, 5). The same logic applies if | M| < k.

Third, if m* = (8%, 2,,-,y) and Vj € M : |[M| = k,07 = (-,x,-,-,y), then this
message belongs to rule 1 of the mechanism: [m?, o*N\MVt M) e d, .

IfVje Mu{i},V8~7 € B(id,k; A_;),Yt/ € S7 : w o (B, id)RI(t)y o (677, m}),
then the outcome is y o (57, §%), which is not improving for 7 by the mechanism
construction.

Fourth, messages as before but now if 3j € M u{i}, 3877 € B(id, k; A_;), 3t/ € S7 :

yo (B9, m])PI(t/)xo (877, id), then the outcome is zo(57%, 5), which is non-improving

by (k-1C).
[
2. Vo* e B¥(M, g),3x* e F : V¥s e T, g[o*(s)] = 2*(s).
Proof. Follows from part (3) and P = . O

3. Vo* € B¥(M, g),V5 € B(o*,k),3x € F : Vs e T,z(s) = g[a(s)] = @(s).

Proof. Fix o* € B¥(M, g) with corresponding k-deviation 2z = g(o*~F 67),|P| < k

(we will show z is desirable) and let a(s) = my(s).Vi e N,Vz,y € F, let

B, ={s'e 8" :0"(s') = (a'(s"),2, T, -, &)} (C.12)
B, ={s'e S :0"(s") = (a'(s"). 2, &, )}, (C.1.3)

Rl ,,={s'€S VB e B(id k; A_;),Vt' € S' w0 (B id)R'(t")y o (B7",a'(s"))}.
(C.1.4)
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Part I: First, we will show that k&-NVH holds for z and a on
D =T\(Uger U PcR,|R|=k Biv\R)- (C.1.5)

Suppose not. Since k-NVH requires a certain statement to hold for all but one
rational player among N\P, the negated statement holds for at least two of these

rational players.

Ise D :Jiy,ipe N\P,2",22e X :YO < D(se C): ¥ne {1,2}, (C.1.6)

2" o a2 P (s™)z. (C.1.7)

Enlarge the set P to contain exactly k£ elements without drawing on the two labelled
rational players. Call this enlarged set @ < N\{iy,i2} : P < Q,|Q]| = kﬂ
Since

S € T\ (Uxep UPcR,|R|=k BN\R) s (C18)

T

then Vo € F,s ¢ BY'F. That is, 3 € N\Q : s' € S\BL. Let i € {iy, in}\LF Now will
construct profitable deviation for ¢, who is a rational player and not contained in
P. Therefore, this deviation would be relative to i’s equilibrium strategy o} under a
particular belief about (). Denote M = {@) U i} as the minority consensus.

Since z is the outcome of (M, g) under o,32 € X : z = Zo . Let

Vge P67 = (69,69, 2, N* 67 (C.1.9)

!Negation of k-NVH gave us 2 rational players and the superset of faulty players Q with k
elements does not contain those rational players.
2] is the rational player who didn’t play B! at s'
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where

N* RERY, GR (). C.1.10
- max (o1 (),6509) (€110

Also define
Vge Q\P,5% = (077,051, 2, N*, 0:7). (C.1.11)

Combining these we get the no-deviation as follows:

z if (0%79,69) ¢ ds,
g(0*79,69) = =2 (C.1.12)

Zoa if (0*79,69) € ds.

Let 6" = (o}, 04", 2", N* + 1, 0").

The deviation outcome is:
gloe*™M,5",69) = (C.1.13)

*,—M ~i
Y

By construction, (o 5%, 69)(s) € d3 (Rule 4 of the mechanism, the integer game).

Let
C'={sen'(s): (c* M, &,69(s) € ds}, (C.1.14)

thus s' € C%. If t € 7%(s")\C" (in other words, ¢ triggers one of Rules 1-3), the outcome
is unaffected (remains z). Otherwise, if t € C* then g(o*~M,5%,6%) = 2 o a. This

deviation is profitable for i at s* from negation of (k-NVH):

Zoa/cizP(s)z <=
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a contradiction.

Part II: Second, now can apply (k-MVN) hypothesis to construct: 3Q < N : P <
@, and |Q| = k. The set of k players @) contains the original faulty players P (k or
fewer) that generated the k-deviation z from the original hypothesis. Next, we are
given a rational player j who will form a “whistleblowing” coalition with players () :
Jj € N\Q. There is a state s in which all other rational players are asking for x o «
in the original equilibrium ¢* but the rational player j has a profitable deviation by
asking for y at s/. When player j deviates in a coalition with @, the resulting outcome
is Z but when he does not deviate under the same beliefs about players () protesting,
the outcome of this k-deviation from o* is z’. Whenever the integer game is reached,

the coalition wins Z outcome.

dre F,3se BN\9 3y, 2,2, 2 € X : ZP’(s7) 7 (C.1.15)

As before, denote M = {@ v j} as the minority consensus. We also have the
corresponding deception from k-MNV: 3377 € B(a, k; A_;).

Consider the following deviation from o* : Vi € M,5" = (o', x, N*, Z,y). k-MNV
will ensure that if z ¢ F, then player j at information s7, under the belief of Q playing
79 = (B', 2, N*, z,y, will deviate from o* to 67, which is a different strategy from
that prescribed by equilibrium ¢* because 0*/(s?) = (a/, z, &, -, &).

The lengthy construction for 2/,Z in k-MNV ensures that these outcomes are
derived from the mechanism, finding

*—M ~R
Y

7 =glo¥, o '),
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and

z=g(e!, 0", 6")

with the later strictly preferred, violating o* as k-FTBE.

C.2 Related Definitions

Definition C.1. An environment is said to be economic (E) if

Vze X,Vse S,qi,je N(i # j),qx,ye X

such that x and y are constant, x/czP'(s')z and

y/czPi(si)z,VC 53s(C < S).

An environment is called noneconomic if it is not economic.

Definition C.2 (Incentive compatibility). Given v € X,ie N and t' € S?, define

Vs € S,xu by xu(s) = x(s7,t"). A social choice F satisfies incentive compatibility

(IC) ifVx € F\Vie N,Vt', s' € S* xR (s")xy.

Definition C.3 (Bayesian monotonicity). Given deception o and x € F, a social

choice set F' is Bayesian monotonic if whenever there is no social choice function in

F which is equivalent to z o, € N,3s" € S",Fy € X : Vt' € S aR (t")yqi(si) and

yoaPi(s")z o a.

Definition C.4 (k-Bayesian monotonicity). Given deception o and x € F, a social

choice set F' is k-Bayesian monotonic if whenever there is no social choice function

i F which is equivalent to x o «,
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L.IMcN:|M >k+1,3seSyeX:Vie MVB e B(idk;A_,;),Vt e
Shwo (B~ id)R(t)y o (B, a'(s"))

2. 3j€ M, 367 € Bla,k; Aj) sy o (By7,a0)PI(s))z o (87, o).

Definition C.5 (No-veto hypothesis). Given deception a and a subset of plausible
states D < T, a social choice function z € X satisfies the no-veto hypothesis (NVH)
fora and D, ifVse D,3ie N:Vje N\{i},Vze X,3C = D :se€ C and 2R’(s?)zoa/

Cc<.

Definition C.6 (Monotonicity-no-veto). Given deception o, and Vx € F,Vi € N,
given a set Bi < S°. Let B, = Bl x---x BY. Suppose 3z € X : Vx € F,Vs € B,, 2(s) =
x o als). Also, suppose z satisfies (NVH) for a and for D = T\(UzerB:). Then F
satisfies monotonicity-no-veto (MNV) if, whenever there is no social choice function

in F' which is equivalent to z, 3i € N,dv € F,dse B,,qy, 2,z X :
1. Yte B,,z(t) = y o aft),
2. YT e F\{z},Vj e N\{i} : t/ € BL Z(t) = 2(t)
3. Z(t) = Z o a(t) otherwise.

satisfying Vt' € S*, xR (t)y o (id~1,a’(s%)), and ZP(s%)z.
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