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���� ������� ��7����� joint conditions on the utility function and discount weights for

continuous consumption rules in the three period cake eating problem.

To explain these sufficient conditions, consider the two parameter class of discount
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2. Three Period Model
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Linear absolute risk tolerance is equivalent to the assumption that � ��� has hyperbolic

absolute risk aversion (HARA). HARA utility functions imply linear consumption func-

tions in cake eating problems.�� #��� �� �� ��� �
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Recall that  
 � incorporates the “intergenerational altruism” case and  	 � is

the hyperbolic discounting case.

3. Extensions

���� ������ �	���	�

"
� 9���������� 0 �� �%������ ������ ��� ����� ������ �
��F C�� ���
���� ��
� 	����

��� ��� ����� � 
 � �� �� ��� �� �
��
�� ��������� �������� ��
� ��� �������
����

�
��
���� ��������� 
� �
�� �
�� ������� ��� 
�������
�� ������ �����
���� �����������

#��� ���
���� 
���
�� ��7���� ��� ����
�� ��� �	���������

������� ���
���� �� �� �%����� ��� ��
����
���� �� ��� ������� ����(�� ������	� *���

���� ��
� �� ��� ������� ����(�� 
 ��
����
�� ��&������
��� �����	����� ���� � ��� ��

������� 
� 
�� �
���� � ������
�� ��������� ��� 
 ��&������
��� ����������	 �� ��
�

�
� �� ���� � �

� ��� � ����
	
δ  �α� δ� c� �w � c �w��



�

#��� 
� ���� ��� ��� ���� �����
� �
�� ���� � � � �� <������� �+,;.�� )� 
�

���� ��� ��� �
�� �� ���������� ����������� �� 	  	 �� �� �
���� 
�� /
����� �011+
��

:



<������� �+,;.� ����� ��
� ���� ���
���� �
� �� ������� �� 
� 
 ���	����
���� ��&������
�

���
����3 ������ � ��� ��� ��� ������� �� ��
��� � �
��

� ��� � �
(
�

� (�� � (�))
[
� + (� �) �� (� � � (�))

])
.

If one could find fourth derivative properties on � that were sufficient for the differential

equation to have a solution and verify second order conditions, one would have a proof

of existence of a continuous stationary solution.

���� �	����� ������ ����� �	������ ���	�� ��� �������� �	�������

More realistic models should incorporate positive interest rates, stochastic income and

liquidity constraints. Each is discussed in turn.

Suppose we added a positive rate of return � to the three period cake eating problem.

If � 	 �, the analysis will be qualitatively unchanged. If � 
 �, then period 3 con-

sumption will exceed period 2 consumption. So Lemma 1 is reversed: concave absolute

risk tolerance implies increasing marginal propensity to consume and convex absolute

risk tolerance implies decreasing marginal propensity to consume. Proposition 2 is also

reversed: sufficient conditions for continuous consumption are (1)  
 � and convex

absolute risk tolerance; (2)  � �; and (3)  	 � and concave absolute risk tolerance.

Carroll and Kimball (1996) have shown that adding uncertainty tends to concavify

the consumption function. Thus in the intergenerational altruism case and whenever

 
 �, the sufficient conditions for continuous consumption will continue to hold when

uncertainty is added. However, in the hyperbolic discounting case, when  	 �, adding

uncertainty goes in the wrong direction and we no longer have a sufficient condition.��
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