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Abstract
The Supplementary Appendix contains proofs of some results stated in the paper, “One-
dimensional inference in autoregressive models with the potential presence of a unit root,”
by Anna Mikusheva. In particular, the proofs of the generalization of the results robust to
conditional heteroskedasticity can be found in Section 1 of the Supplementary Appendix.
Proofs of the results for multi-dimensional VAR models appear in Section 2. A discussion
of the Wald statistic for an IRF at long horizons is placed in Section 3. Section 4 provides

a simplified formula for v in the AR(2) case.

1 Heteroskedasticity robust inference

In this section we generalize the results of the paper to allow for conditionally het-
eroskedastic processes. There are some challenges to obtaining full uniformity over
Rs, as Mikusheva (2007) uses conditional homoskedasticity extensively in employing
the Skorokhod representation. However, obtaining point-wise results in the local-to-
unity embedding is relatively straightforward. Andrews and Guggenberger (2010)
suggest that establishing asymptotic results for all local-to-unity sequences should be
enough to establish the uniformity.

Let us consider a sample from the process
Yo = N1+, B(L)uy = ey, yo =10 (1)

where B(L) = 1+ By L+...+ B, 1LP~! is a lag polynomial of order p— 1 with all roots
strictly inside the circle of radius 0 < 1,u; is the stationary realization of an AR(p-1)

process, and A\, = 1+ ¢/T is the local-to-unity root. The regression of interest is the



correctly-specified AR(p) regression in ADF form:

p—1

Yt = pYt—1 + Z @ Ay—j + €.
j=1

Assumption HS. Let e; be a stationary martingale-difference sequence, with
Ele;|?"*9 < oo for some 3 > 2, € > 0, and its mixing numbers o, satisfy >°°°_, o P <
00.

The important point here is that e; is allowed to be conditionally heteroskedastic.

Introduce the following notation 0 = (p,a’), zv = (Ay—1, ... Ay—pi1)’, Xy =
(yr—1,23)"s X = (Xps1, ..., Xp)' i (T'—p) x p regressor matrix, Yr = (Ypt1, ..., yr)". Let
Kr = diag(1/v/T,1...,1) be a p x p diagonal matrix, w? = E(u?)+23 22, E(uiug) =

_a?

. . 2 _ 2
BaE IS the long-run variance of u;, and 0 = Ee;.

Consider the GMM-based Distance-Metric statistic, which is asymptotically equiv-

alent to the LR statistic under assumptions of conditional homoskedasticity:
DMz = Qr(6) — Qr(d),
where Qr(0) = e(0) XQ7p' X"e(), Qr = £ 370 X, Xje2(0), e(0) =Y — X0, 0 is the

OLS estimate, and 6 = arg ming, Qr(0) is the restricted estimate of 6.

Theorem 1 Let one have a sample from the process defined in equation (1) with

errors satisfying Assumptions HS. Consider the following two sequences of hypotheses:

KrAr  _
KA

(i) linear hypothesis Hy : AO = ~y with the coefficient A = Ar satisfying imp_ o

a, where a is a p X 1 vector;

(ii) hypothesis about the IRE at horizon h, i.e., Hy : fr(0) = ~o with h = hy :

lim7_, \};_:% =qc [07 OO] ;

For both of them we have DMy = (t(c,u))?, where

c 1J§(s)ds
e+ uy [ LG N (0, 1)

tc,u) = )
( ) [ J2(s)ds
1+ u20cr

g(c)



AFIFA — (i, FA)?
= 2
! \/ @ FA? @)
and A = £ f1(60) should be used in formula (2) for case (ii).

The proof uses Lemma 1 as established below.

Lemma 1 Let Assumption HS be satisfied. Then the following holds simultaneously:

(a) \/LTZE;TE(@,@? — Ee?) = (cWi(r), Wa(r)), where W = (cWy, W) is a two-

2

) . . ) . . ) B %]

dimensional Brownian motion with the covariance matriz >, = ,

M3 e
_ oo 2 o 2 2

U3 = Ek:O Eeej ., pa = D oo COU(etver)-

1
(b) 77

KrX'e = (wo fol J(6)dWy(t),&'), where & ~ N(0, E(elx,x})), and J.(r) =
Ji e dmwi (s);

2 1l 72
w JZ(t)dt 0
(¢) xKrX'X Kr = Jo )

0 E(w}) |
o2w? [T J2(t)dt 0
(d) %KT Zz:p—i—l G%XtXtIKT = fO c( ) ;
0 E(eixa})

(¢) =3 (Kr X, X[Kr) ® (Kr X, X|Kr) = Oy(1);

(f) 25T (Kr X, X[Kr) ® (KrXie;) = O,(1).

Proof of Lemma 1 (a) Consider a vector v; = (ey, ug, €2 — o). According to Phillips

(1988):
— V¢ = W(T),
ﬁ t=1

where W(r) = (ecWi(r), 55

, 3y Wa(r), Wa(r))" is a Brownian motion with covariance
2 a?
g BI) M3
matrix > = 3(7(21) w? 79% . According to Lemma 3.1 in Phillips (1988), state-
H3 % Ha

ment (a) implies that y%] = wle(r) = 57 Jy e"=°dW, and statements (b) and (c)
hold.



For statement (d) notice that

1 7
ﬁzyg—lef ~ T2 Zyt Bel + T2 Zyt 1 Eet)

The first term converges to w?(Ee?) fo J?(s)ds, while the second term is negligible.
Indeed, according to direct generalization of Theorems 4.2 and 4.4 in Hansen (1992)
A S yE (¢ — Be?) = WP fo J2(s)dWo(s) + paw fo s)ds, and the last expres-
sion is bounded in probability. Let us now consider an off—dlagonal element in (d),
namely, the (p — 1) x 1 vector # 25:1 yi_17e; and show that it converges to zero
in probability. Indeed, the i-th component of it has the following form:
1 1 ¢ 1w
T2 Z Y1 Ay je} = T2 Z Y1ty e} + T a2 Z Yi Y167 (3)
t=1 t=1 t=1

Lemma 4(b) from Andrews and Guggenberger (2008) with v, ; = (u;, u;—;e?)" implies
that & Z e Yi—1U— ]et converges in distribution to a bounded in probability random
variable, and as a result, the first term in (3) is negligible. Following the same
reasoning as above, we also know that % ZtT:l Yi_1Y—j—1€; converges in distribution
to a bounded in probability random variable, and thus, the last term in (3) is also

negligible. This gives statement (d).

For statement (e) we have to show the following five statements:

T T
1 1
ﬁ Z yf—l = Op(1>7 T5/2 Z ytgflxt = Op(1)7

t=p+1 t=p+1
1 T 1 T
—2 Z yt 1[)’JtIt (].), m Z Y12+ ®Z)’Jtl'2 = Op(]-);
t=p+1
1 T
T D yea(mh) ® (wa) = O,(1).
t=p+1

First, notice that ||, ||z}, ||zi}z; || are uniformly integrable L'-mixingales, see
also Hamilton, chapter 7, for the reasoning. According to Andrews (1988)’s Law of
Large Numbers for L'- mixingales + > @, % > 242}, 7 Y 2;&,x;, satisfy the Law of
Large Numbers and thus converge in probability to constants. Since all statements

are proven in the same way, we show it for the second statement only:
T

1
T5/2 Z YT

t=p+1

< max

Zw = sup |J( WPE| 2.




The last expression is bounded in probability.
The proof of part (f) is analogous to that of part (e).
Proof of Theorem 1. First notice that

DMy = (0 — 0y X' XQ:' X'X (0 — 0), (4)
Notice that

sz Zm% 0-x,) =
:_ZXtX’ + = ZXt (0 6o) Xt> ZXt (0 00)’Xt>et. (5)

Let us first show that the second term in equation (5) is asymptotically negligible.
Indeed,

Ko ZXtX’ ((9 GO)Xt) Kp = Kp— ZXtX’ ((9 0o) K 1KTXt> Ky —

tl tl

T

N ! 17— 1 / / —1/p

— (1p @ (0 — 6o) KT1> = > (KrX,X{Kr) ® (KrX,X{Kr) (1,, @ K70 — 90)> .
t=1

According to statements (b), (c) and (e) of Lemma 1 the OLS estimator § satisfies
the following equation (f — 6p)'K7' = O,(1/+/T), while the middle term is bounded
in probability. One can prove in a similar way by using statement (f) of Lemma 1

that the third term on the right-hand side of equation (5) is negligible So,

T 2,2 2
1 o‘w? | Jidt 0
KrQrKr = =Ky > @EX\X[Kr+ 0,(1/VT) = /
t=p+1 0 Exx)e?

where the last convergence follows from Lemma 1 (d).

Let us now consider case (i) of the linear test with ”IIZ—Q;H — a and |la|| # 0. By

the usual logic we get

DM, — (A’(é — 90)>2 ) ((g;ﬁ;H)I(KTX/XKT)IKTX’@>2 |
A’(X’XQ;lX/X)*lA (llgi—ﬁ;\\)/(KTX/XKT)_1KTQTKT(KTX/XKT)_1%
Then 2
(tgm o)
e ~ (tw.0))",

al + abVasy

fﬂ



where V' = (Ex,z}) ' Ele?xx)|(Exry) ™ u =/ %VZ—?(C). The last expression asymp-
totically coincides with equation (2) for the local-to-unity case, as in such an embed-
ding the matrix I’ becomes diagonal.

Now consider case (ii) Hy : 0, = fi(0) = v where h = [¢v/T]. Denote Jp =
X'XO!'X'X and Jop = X'XQ7' X'e. Let us consider the first-order condition for
the conditional minimization problem, when the DM statistic defined in equation (4)

is minimized over # such that f,(6) = f(6o).

JT A é—eo JeT
A" 0 A 0

where A = %(5) and A* = %(9*), with 6* being a point between # and 6, such that

(5 —6p)A* = 0. Following the proof of Lemma 3 from the paper one gets that

(AT ) AT A (A (XX) 7 Xe) A(X'X) 7' (X X) 1A
_ et .

DMy = :
(A*'J;%) (A*’ (X’X)—IQT(X’X)—1A>

Repeating steps of the proofs of Lemmas 4 and 5 from the paper results in the needed

statement.

2 IRFs in VAR with a potential unit root

In this section some results of the paper are generalized to VAR systems in which at
most one root is local to unity.
Let us consider a k-dimensional process described by an unrestricted VAR(p)

regression:
Ye = Biye1 + ... + Bpye—p + €4, (6)

Imagine for simplicity that we know the co-integrating (near co-integrating) relation
and can locate the problematic root. That is, assume that the first component y; ,
has a local-to-unity root, while all other components y_1+ = (yay, ..., Yrt)" are strictly
stationary. Formally, let us assume that the VAR lag polynomial B(L) = I, — B, L —
...— B, L” can be factorized in the following way: B(L) = (I, —diag(),0, ...,0)L)B(L).

6



Assumption VAR1

(i) All roots of the characteristic polynomial B lie strictly inside and are bounded
away from the unit circle. In particular, the process x; given by B (L)x; = e
can be written as an MA (oo) process 7, = O(L)e; = 77 O;e,; with MA
coefficients satisfying the following condition: > 2 [|©;]| < oo, where ||©;| =

trace(0;07).

(ii) Assume that y; = Ays—1 + 24,50 = 0, where A = diag()\, ...,0), that is, y1; =
AY14—1+T14;Y—14 = T_14. The problematic root A is local to unity, in particular,

>\:>\T:1—C/T.

(iii) Errors e; are a martingale-difference sequence with respect to sigma-algebra F;,

with E (eie;|Fi—1) = £ and four finite moments.

The assumption above is a direct generalization of local-to-unity asymptotic embed-
ding to a multivariate setting. If Assumption VARI1 holds, the OLS estimator of
regression (6) demonstrates non-standard asymptotic behavior due to some linear
combination of coefficients being estimated super-consistently. A survey of local-to-
unity multivariate models can be found in Phillips (1988).

We are interested in testing a hypothesis about the coeflicients Hy : f(Bj, ..., By) =
0, where f is some function of coefficients. The following statistic is a generalization

of the LR statistic to a multi-dimensional case:
LR =T -trace(Q Q- Q)) (7)

with Q(B) = £ 3°0 (B(L)y) (B(L)y,)', © = Q(B),Q = QB), where B is the OLS
estimator of coefficients in regression (6), while

B = ar min Ttrace(Q (2 — Q(B
gB:(Blv“'aBp)lf(B):O ( ( ( )))

is the restricted estimate.
Consider the hypothesis about the impulse response of the nearly non-stationary

series y;; to j—th shock at the horizon h, call it 6, = 8%2—’?:”. We consider the
Js



horizon h = [¢v/T) as increasing proportionally to v/T. This embedding implies that
up converges to a constant in the AR(p) case and delivers the mixture of local-to-
unity and normal distributions as the limit distribution of LR* statistic. Lemma
4 below points out that the linearized hypothesis about such an impulse response
puts /T —increasing weight on the coefficients estimated super-consistently when

compared with weights on the asymptotically normal coefficients before stationary

0,

55 - Let the hypothesis Hy : A'B = ~, be the linearized version

regressors. Let A=

of hypothesis Hy : 05, = .

Theorem 2 Let y, be k x 1 VAR(p) process satisfying Assumptions VAR1. Assume

Y1 t+h

g, = 0 at the horizon hpy =

that the linearized version of hypothesis Hy : 0, =
qV'T is tested using the statistic defined in equation (7). Then LR = (t(u,c))? as

T — oo for some u.

Theorem 2 states that in multivariate VAR model with at most one local-to-
unity root the asymptotic behavior of the LR test statistic for IRF at the horizon
proportional to /T is of the same nature as the same statistic for an IRF in the
univariate AR(p).

The VAR regression (6) can be linearly transformed to a canonical form in which
the non-standard coefficients are separated. Rather than regressing all components
of y, on (y;_1,--,¥;_,)" as in (6), the canonical-form regression has the following

regressors:

Xy = (?szh Ayr -1, y/,Lt,g, Ayy -9, yi1,t737 ) Ayl,t—}?-ﬁ‘lvyll,tfp)/ = (yl,t—l,Xt{y'
Only the first regressor y; ;1 is a local-to-unity process, while X, is stationary. Let
Zy = X] ® I},. The model (6) can be written as y; = Z;® + ¢;, where ®, a k?p x 1
matrix of the coefficients, is a one-to-one linear transformation of VAR coefficients
By, ..., B,. The first £ components of ® correspond to the non-standard coefficients
on the non-stationary regressor y; 1. The OLS estimator d is equal to the linearly
transformed OLS estimator of B, and the same linear transformation applied to B

produces the restricted estimator ®. The linearized hypothesis described in Theorem



90,

5a- For the proof of Theorem 2 we

2 can be written as Hy : A/® = ~y, where A =

need the following three lemmas.

Lemma 2 The LR statistic for a linear hypothesis Hy : A'® = ~q defined in (7) is
equal to the Wald statistic defined as

(A (CXX)™ ® L) Y (X0 ® Le)’
A XX T )A '

Proof of Lemma 2. Let ¢, =y, — Zt(i) be the OLS residuals. We can notice that

LR(®) = trace (Q—l (2 Y e(®—-D)Z+ ) Zi(P—B)(D - @)’Z{)) .

According to the OLS moment condition ), &0 12, =0, so,

Wald =

LR(®) = (b — 8)(3" 2,07 2,)(® — ®)

OLR(®)
0P

=-2> Z/07'Z,(d - D).
t

The restricted estimator @ is the solution to a system of two equations: the first order

condition
(Z ZQQ%) (® — D) = pA,
t
where p is a Lagrange multiplier, and the restriction A’® = A’'®,. Plugging in the

solution, one gets
. -1 .
(A (2,207 2) 5,210 e

2 (S, 2601 2,) A

LR=(®-2)() Z0'Z)(® - ) =

Since the estimation is performed for the full VAR, that is, regression of all y;; on

the same set of regressors, then O drops out of the formula for the OLS estimate.

Indeed, 32, 2101 Z, = (X @ L)X, @ I) = 3,(X]X;) @ (071). As a result,
-1 -1
<Z Z;Q—lzt> Szt = (Z XtXt’> ® () (Z X ® (Q—let)> —
t t t t
-1
- (Z XtXt’> ® Iy (Xt ® Z(et)> =" 22)7' Y Zew.
t t

This completes the proof of Lemma 2. [J



Lemma 3 Let Assumptions VARI be satisfied. Let w, = y1+ be a one-dimensional
random process and X; = (2_,, o my )" be a kp x 1 vector process. Also let W)
be a k-dimensional standard Brownian motion, and let w?* = 4,0(1)Q0(1)'4; be the
long-run variance of the process x1 4.

Then the following convergences hold simultaneously:

(@) gz S (e ap) = (I, ©(1) Y QY2W (r);

(b) \/wa[TT] = wl(r fo (=W (r), where W(t) = 140(1)QV2W(t) is a

standard Brownian motion;
(c) th L Wi 1et$wf0 (r)dW (r)/QY2;
(d) 7 S0 wiy = w? [y J2(r)dr;
(6) =i > w1 Xy —P 0;
(f) F3im XeX{ =7 BIX.X{] = Qx:
(9) \/LT ST X, ®e= N0,Qg ®Q), and the limit is independent of W (-).

Proof of Lemma 3. Assumptions about error terms e; give us the FCLT for \/LT >oe
and \/LT > eie,_j with independent limits. Statements (a) and (g) are results of the
Beveridge and Nelson decomposition. The proof is a multi-dimensional analog of that
of Theorem 3.2 in Phillips and Solo (1992). Statements (b), (c¢), (d) and (e) can be
proved along the lines of Lemma 3.1 in Phillips (1988) which covers multi-dimensional
local-to-unity processes and quantities related to them. Statements (e) and (f) are

trivial extensions of Theorem 1 from the main paper to the multi-dimensional case.

O

Lemma 4 Assume that y, satisfies assumptions VARI. Assume that a VAR(p) re-
gression is written in the canonical form. Assume that 11 are a k x 1 vector of
coefficients on the regressor yi,—1 in the canonical VAR. Let ® be all coefficients O
other than 11, that is, ® = (II', ®'). Let ), = % denote the impulse response of
Y1+ to shock ej, at the horizon h. When h = gV'T and T increases to infinity, the

following two statements hold:

10



(a) A\~ hgzj converges to a finite constant (k*p — k) x 1 vector;

(b) \}/\ haH, converges to a constant k x 1 vector proportional to ©(1)iy, where

15 a k X 1 vector of zeros with 1 in j-th place.

Proof of Lemma 4. Let y, = ZZ‘;O (:)het,h, where éh is a matrix of impulse

responses of y; to e;_p. According to Lutkepohl (1990),

dvec(O},) B — ~,
Foce(B) n;@m @ Ohmi.

Given that the regressors X; of the canonical form are a linear transformation of the
regressors (Yi—i, ..., Yi—p) of the unrestricted VAR, the coefficients By, ..., B, are the
same linear transformation of the coefficients ® of the canonical form. It is easy to

see that
h—1

8vec ®h (é;nil) ® Opm1.-

m=0

Notice that ag"e’—;:h =041, = (1; ® 1)) vec(©y). As a result,

>

-1

00 dvec(© - -
o= () % =3 (1501 ) 11081

0

Since x; = Z; 0@ er—; and y; = Ayy_1 + x4, where A = diag(\,0,...,0), A\=1—¢/T,

3
]

we have ©; = 377 A*©; ;. Along the lines of Pesavento and Rossi (2006), we arrive
at 1,0,, = A", (0(1) + o(1)), as m — oo, and

1

aé = o /A . o/ o/ * \¢
= (lj @;nll) 0 m_1 = BAL((1/O(1)i)i10(1) + 0(1)),

m=0
as h = ¢v/T and T — o0o. At the same time, the derivative of the same impulse
response with respect to any other coefficient will be of order A\*. For example, let
us consider coefficients staying before the regressor y,;_1, call them for example, I'".

One can see that

a @ h—1 _ _
Quec(®n) (611i2) © Gn s,
m=0
and correspondingly
~ h—1 h—1
%n _ 3 (12’(1) i-) 10wt = Y (12'Oniy) N (10(1) + o(1)).
aF m=0 " : " m=0 "

11



Assume that g1, ..., py2,—1 are roots of the process x;, for large enough 7' they are
all smaller in absolute value than A = 1 — ¢/T. There exists a set of constants

(1, ..., Cy2p_q such that ig'@mij = k T ! C’l,u? for any horizon h. This gives us that

06
Ah alrj " converges to a constant as h — oo. [J

Proof of Theorem 2. Let A = Ar = )\_h% and the linearized version of

the hypothesis about impulse response be Hy : AL.® = AL.dy. We introduce the
following notation: Ay = \/TALT + Ay, where Ay p = (@) 4,0,...,0)", and Ayp =
(0,...,0,a5 7). According to Lemma 4, as T" — oo both vectors converge to some
constant vectors a; = limyp_,o a7 and ay = limgp_, aar, and a; = CO(1)i; for

0

some constant C. Let us introduce normalization matrix D* =

S N

%Ikp—l
and D = D* ® I, then

((VEDAY (D' S X(X,D") " © 1) S(D°X, @ ['e,)

= (VTDAY((D*Y XX, D*)~' @ Q)(VTDA)

Lemma 3 implies that

2 rl 12
w J2(r)Ydr 0
D*§ X, X,D* = Jo J2() ,
t 0 Q}Z

Obviously, vTDA — (d!,d,)". So, the denominator is:

1
VTDAY(DS "z ' Z,D)'VTDA = (d,Qay) ——————
VT Z P (e 1)w2 fol J2(r)dr

Given that a; = CO(1)i;, we have a}Qa; = C?w?.

+ aj <Q;~(I & Q) a2

As for the numerator, we have the following:

(VT DAY ( (D ZX XtD*) ® Ik> S (DX @ L) e =

124,
o uﬂ fo Jz N (03 @0) a2)
We notice that
wfo Ql/Qal _ Cw fo (r)dW (r)Q20(1)i
w2 fo Jc2 w? fo J2(t)dt
Cw2 fo dW( ) _ o 1

w? [y J2(E) N o

12



So,

2
(ﬁt + \/A; (05 @) 4, N (o, 1))
LR = -
T+ A (Q; ® Q) Ay

= (t(c,u))?,

ACREDE

where © = =

3 Wald statistic for IRF in AR(p)

The paper shows that while the LR statistic for highly non-linear IRFs is well ap-
proximated by the same family of distributions as the LR statistic for the linear
hypothesis, the same does not hold for the Wald statistic. The paper presented an
AR(1) example. The same idea can be applied to higher-order processes as well.

Let the data follow an AR(1) process y; = pyi—1 + €;, and we treat it as an AR(2)
process ¥y = O1y;—1 + Ooyr—o + e with ¢ = p, ¢ = 0. Assume that we estimate AR(2)
coefficients by OLS, and calculate the estimated AR(2) roots i and A. We abstract
from the unit root problem here, and assume that 0 < p < 1 fixed as T" — oo, then
=P p, A P 0, and both roots are /T asymptotically normal.

The theoretical impulse response is ), = p*, while the estimated impulse response
k+1 )\k+1

P . In order to calculate the t-statistic we also need the derivatives of

is Ok

the impulse response.

00 00
(b1, ) = ’““ Zeekﬂ

olol]
In our case we need the derivative to be calculated at the estimated coefficients
k-1

O, ) it

YYE )\]+1 )\k 7\ —

8¢1 (¢17 ng 2 z:: )

R GEt2 k2
(k+2)if + (k2 o =24 )
i—A

If we consider a sequence of hypotheses with a growing horizon ky = v/T, then

~—k—1 agk

ku a¢1(¢1,¢2) - 1.

13



ﬂk+l_5\k+l
ﬂ—;\
s.e.(0k)

k_

So, in the described setting we have t = , and we showed that along the

sequence kr = v/T we have s.e.(0),) = kj*(const + 0p(1)). As a result, the asymptotic

behavior of the t-statistic is defined by the behavior of the ratio pkl;kﬂk, which is of

the same type as for the AR(1) case described in the paper.

4 Simplified formula for u for IRFs in AR(2)

This section provides a more explicit formula for parameter u defined in (2) for the
IRFs in an AR(2) model. This formula was used to construct Table 1 in the main
paper.

Imagine that we have an AR(2) process with roots A and pu: (1-AL)(1—pL)y; =

The process can be alternatively written as

Y = pYi—1 + @Ay + e = Gr1y—1 + P2yi—2 + €

where ¢1 = a+p, po = —a, 0 = A\, p = A+p—Ap. Asin paper, let Xy = (y—1, Aye1)
and X(p, ) = EX; X,. There is a lower-triangular matrix F' such that FX(p, a)F' =
Is.

Let 6;, be the impulse response at horizon h, and A = %Hh be its derivative.

As it can be seen u is a function of p, «, h.

1 1—m 1 2
S(a, p) =0 =% ( 11+
1—7’1 2(1—7’1) Tra 21+a
where 79 = Var(y;), and 7 is the first-order correlation. According to Hamilton
([3.4.27) on p. 58), r; = % = £2. One can check that
1 0 1 0
F=v _ l—p lta “Vh L JaNa—w L+
1+2a+p \/(l—p)(1+2a+p) (1+2) (T+p) \/(1—)\2)(1—

Liitkepohl (1990) showed that

0
0 S 0 0 =S 000,
T ; hemeti o ; hem—2



h+1

Let us denote A;, = 8%10;1, then 8%20;1 = Aj,_,. Since 0;, = /\—A:;# ([2.4.14] in

Hamilton). We can see that

h—1
()\m+1 . Mm—i—l)(}\h—m . ’uh—m) ( il il )\h+2 _ Nh+2
= h+ 2N+ (h+2)pu" Tt — 22—
— (A —p)? (A —p)? (h+2) (h+2) A—p
Since ¢ = a + p, ¢ = —a, we have
0 0
a—th = Ap, %9}1 = Ap — Ap

So, our vector of derivatives is A = (A, A, — Ap—1). According to formula (2):

_ % _1+AL( — Ap1)
. (1-‘1—)\ 1+/j/ /(1 >\2 1 ,U, h h*l B
u = o, =
1 A+ p)Ap — (L4 M) Apq

\/(1—A2)(1—u2)‘ Ap
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