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Abstract

This paper considers the problem of specification testing in general parametric
models and shows that for a wide class of models the hypothesis of correct spec-
ification is equivalent to a continuum of moment equalities. Using these moment
equalities we construct a class of specification tests that have correct asymptotic
size in general parametric models, including stationary time series models, and
that are consistent when the above equivalence holds. We show that the proposed
tests have power against v/7T-local alternatives and compare them to previously
proposed consistent tests of distributional specification, both from a theoretical

perspective and in simulation.
JEL Classification: C52
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Specification testing has long been a central topic of research in econometrics. Early work by
Hausman (1978) compares two different estimators which have the same limit under the null of
correct specification and rejects if they differ by too large a margin. White (1980) and (1982)
both compare different variance matrix estimators, the former to detect heteroskedasticity and
the latter to detect misspecification in a general parametric setting. Newey (1985) considers
tests of conditional moment restrictions and shows that both the Hausman and White tests
can be considered as special cases of this larger class. More recently, Chesher et. al. (1999)

consider what they call Bartlett Identities Tests, analogs of the White (1982) Information
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Matrix test for parametric models which test higher order restrictions imposed by the null of
correct specification.

All of these tests consider finite collections of restrictions implied by the hypothesis of
correct specification. None of these tests is consistent against all possible alternatives in
general models, since it is possible to find a data generating process which differs from the
null but still satisfies the tested restrictions. Motivated by this fact, we propose a test which
is consistent against fixed alternatives in models with independent observations and against
a broad class of alternatives in models with dependent observations, and which has power
against /T local alternatives. This test complements the existing econometric literature on
consistent tests of distributional specification, including (D.) Andrews (1997), Zheng (2000),
and Bierens and Wang (2012).

Andrews (1997) proposes an extension of the classical Kolmogorov-Smirnov statistic for
testing conditional distributional specification in independent data. The proposed test is
shown to be consistent against all fixed alternatives and to have nontrivial power against v/T
local alternatives. Zheng (2000) offers an alternative approach to specification testing, based
on an approximation to the average Kullback-Leibler divergence between the data and the
null parametric model. This approach requires that the modeled variable X be continuously
distributed and, due to its use of a kernel density estimator, has power against local alternatives
only if they approach the null at a rate slower than v/T'. A recent paper by Bierens and Wang
(2012) takes a different approach to the problem, comparing the model implied characteristic
function with the characteristic function of the empirical distribution, which they show yields
a test that is consistent against fixed alternatives and has power against v/T local alternatives.

A difference between the approach considered here and those of Andrews (1997), Zheng
(2000), and Bierens and Wang (2012) is that the statistic we consider can also be used to test
the null of correct specification in contexts with dependent observations, such as time series.
The tests proposed by Hausman (1978), White (1982), and Newey (1985) can all be applied
to dependent data, as can more recent procedures by Inoue (1997), who considers testing
linear restrictions on the conditional distribution, and Bai (2003) who considers a test for
distributional specification in general time series models. None of these procedures is consis-
tent, however, while our test is consistent provided both the null and alternative distributions

depend on the past only through a finite-dimensional vector of state variables. The problem



of consistent testing of distributional specification with dependent data is considerably more
difficult than in the independent case, however, and as discussed below the approach proposed
here is not in general consistent against unrestricted dependent alternatives.

For the remainder of the paper, we assume that we observe a sample {(X¢, Zt)}tT:1 and
denote by F; the o—algebra generated by {(Xs, Zs11)}._, (50 Z; is measurable with respect to
Fi—1). Suppose we think that conditional on F;_1, X is distributed according to F'(z|6y, Fi—1)

for some (in general unknown) parameter fy in some parameter space © C R*. We propose a

class of tests for the hypothesis of correct parametric specification
Xi|Fio1 ~ F(z|0o, F1—1) a.s. for some 6y € ©

and show that these tests control size (where a.s. stands for almost surely). We are particularly
interested in null hypotheses of the form Hy : X;|F;—1 ~ F(x|0y, Z¢) a.s., where the distribu-
tion of X; depends on the past only through a known, finite-dimensional vector of conditioning
variables, as these are the null hypotheses for which we can obtain consistency results. For
this reason, and to simplify notation, we focus on the case F(z|0y, Fi—1) = F(z|00, Z;) for
the remainder of the analysis, though our results concerning asymptotic size hold even for
F(z[0o, Fi—1) # F (2|60, Zy).
We propose tests based on Mean Likelihood Ratio (MLR) statistics of the form

T
. 1 (g<m, %)
t=1

R(0,7,€) = = 5z 1) Y(®(Z)'€)

where 0 is an estimator of 6y, ¢ is a function (typically a density or probability mass function)
which integrates to one, f is the density or probability mass function of F', ® is a bounded
one-to-one function, and ¢ is a non-polynomial monotone analytic function. Under the null of
correct specification and some further assumptions we show that R(é, A, €) —p 0 uniformly in
(A, §) € AxEfor A, = compact, and so base our test on sup(y ¢)caxz IR(, A, €)|. We show that
statistics of this form have several interesting properties: first as mentioned above, they may
be used to construct tests in both independent and dependent data models. Moreover, the
resulting tests are consistent against all fixed (global) alternatives in independent models and

against alternatives which imply a different stationary distribution of the modeled variables



X; and the (finite) vector of conditioning variables Z; in dependent models. To clarify this

last point, consider the modified null hypothesis

Hy : X¢|Zy ~ F(x|6p, Z¢) a.s.

which restricts only the stationary distribution of (X3, Z;), rather than the distribution of
X¢|Fi—1. We show that appropriately constructed MLR tests are consistent against alterna-
tives which violate H{. In independent models (that is models where (X¢, Z;) is independent
of (Xs,Zs) Vt#s), Hj and Hy are equivalent so this implies the consistency of MLR tests
against all fixed alternatives in models with independent data. In dependent models, however,
Hy C H{j so while we prove consistency against alternatives which violate Hj, there are models
in Hi\Hp which violate the tested null (Hy) against which the MLR test is not consistent.

We show that like the tests proposed by Andrews (1997) and by Bierens and Wang (2012),
MLR tests have power against /T local alternatives. The proposed tests perform well in
simulation, controlling size in both independent and dependent models while offering power
competitive with that of existing procedures in independent models. Different tests in the
family we consider have power against different alternatives in finite samples so, as we illustrate
in simulation, if one is especially concerned about particular forms of misspecification one can
choose tests with more power in the appropriate directions.

We begin in Section 1 by showing that the restriction Hj : X¢|Z; ~ F(z|00, Zt) a.s. is
equivalent to a continuum of conditional moment equalities, which are in turn equivalent
to a continuum of unconditional moment equalities that we use to construct our family of
specification tests. In Section 2 we propose a test statistic for the hypothesis Hy : X¢|Fi—1 ~
F(z|0o, Z¢) a.s., derive its limiting distribution and prove that tests based on bootstrap critical
values have correct asymptotic size. In Section 3 we prove that for appropriate choices of
g(z|A, z), MLR tests of Hj are consistent against alternatives which violate Hj and have
nontrivial power against /T local alternatives. Section 4 compares the proposed tests to
others in the literature from a theoretical perspective, while simulation results are presented

in Section 5. All proofs may be found in the Appendix.



1 Equivalence of Restrictions

We begin by observing that Hy : X¢|Z; ~ F(x|0y, Z;)a.s. is equivalent to a continuum of
moment conditions. For convenience (and without loss of generality), we assume that Z;
includes a constant term. Suppose that for all § € © and all values of Z;, F(z|0,Z;) is
absolutely continuous with respect to some o-finite measure p, and denote its Radon-Nikodym
derivative with respect to p by f(x|0, Zy).

Let {G(z|\, 2) : A € A,z € Supp(Zy)}, for Supp(Z;) the support of Z;, be a family of (pos-
sibly signed) measures parametrized by A € A. We take A to be a compact set with a nonempty
interior and assume that G(z|\, z) and F(z|f,z) are mutually absolutely continuous for all
A€ A, 0€0,and z € Supp(Z;). We denote the Radon-Nikodym derivative of G(z|A, z) with
respect to p by g(z|A, z) and assume that [ g(z|\, z)dp = 1.

We first show that for fixed z and appropriately chosen g, the restriction X¢|Z; = z ~

F(x]6y, 2) is equivalent to a continuum of conditional moment equalities:

9(X¢|\, 2) .
Ey, [f(XtWo,Z) Zy =z =1V e€A. (1)
Note that
E 9 |: (Xt|)\ Z :| |)\ Z |00 ) (CC) - E N |:f(Xt|007Z) Zt — Z:| =1
T | F(X¢100, 2) f f(xlfo, 2) ’ 9N | F(Xel6o, 2) ’

so our distributional assumption implies a continuum of moment restrictions for each value
of z (i.e. a restriction for each A € A). We next show that if the family {G(z|\,z) : A € A}
is complete for all z € Supp(Z;), this continuum of moment conditions is also sufficient for
correct specification. A family P of measures is called complete if for any measurable function
¢, Eplo(z)] = 0 for all P € P implies that ¢(z) = 0 almost surely with respect to all
P € P (see Lehman and Romano (2005), Section 4.3). The appropriate sufficient conditions
for completeness will depend on the context under consideration. A useful result in Lehman
and Romano (2005) (Theorem 4.3.1) is that it suffices for g(z|A, z) to be an exponential family
distribution such that g(z|)\, z) = h(z, 2)a(), z) exp(m(\, 2)'T(z, z)) with T'(x, z) a one-to-one
function of x and m a function such that the image of A under m(-, z) contains an open set.

Suppose that conditional on Z; = z the true distribution of X is Fy(x|z) which is mutually



absolutely continuous with respect to G(J, z) for all A € A, with Radon-Nikodym derivative

fo(x|z) with respect to p such that the continuum of moment conditions (1) holds. Hence,

g(ti‘v Z)
Pio [f(tho,z)

|)\z
=z — 1= du —1
} o2y ol

_ / (Jm _ 1> g(x|, 2)dp = 0.

If g(x|A, z) is a complete family, however, this condition can be satisfied for all A if and only if

Jo(X¢|2)
f(Xt|00,2)

we begin by requiring the stationarity of the process {(X}, Z;)} so that we can meaningfully

= 1 almost surely with respect to the true distribution Fy(x|z). To state this formally,

discuss the stationary distributions Fxz, F'x, and Fy:
Assumption 1 The process {(Xy, Z:)72,} is stationary, with stationary distribution Fx z and
marginal distributions Fx and Fy.

Assumption 2 {G(z|\, z) : A € A} is a complete family for all fived z and E, [%

exists for all X € A and z €Supp(Fz).

Theorem 1 Under Assumptions 1 and 2, for any fized z €Supp(Z;) Ey, [% — 1‘ Zy = z}
0 for all X € A if and only if fo(X¢|z) = f(Xi|0o,2) almost surely (with respect to the true

measure Fy(x|z)).

We’ve established that our original parametric restriction is equivalent to a continuum of
conditional moment restrictions. Since such restrictions are in general difficult to test directly,
we next discuss an equivalent continuum of unconditional moment restrictions, derived as in
the literature on integrated conditional moment tests originated by Bierens (1982). Specifically,

we make the following assumption:

9(Xe[A\Zy)

Assumption 3 Ey, F(Xi)60.2:)

1‘ Zt} 15 continuous in A almost surely with respect to Foy.

(Xt|\Ze)

Assumption 3 ensures that the conditional expectation Ej, m -1 Zt} is well-

behaved as a function of X\. Let £ € £ C R! for some compact set = with positive Lebesgue
measure. Combining the results of Stinchcombe and White (1997) with Theorem 1, we obtain

the following:

Zt:z]



Theorem 2 For ®(z) a bounded one-to-one mapping, ¥(-) a non-polynomial real-valued mono-
tone analytic function, and g as defined above, provided that Ey, {% — 1} exists VA € A

and Assumptions 1-8 hold,

g(Xt’)\, Zt) , B _
Efo KW - 1) b(®(Z) 5)] =0V(\&) €AXE, @)

if and only if fo(X¢|Zi) = f(X¢|0o, Z¢) almost surely with respect to the true stationary distri-

bution Fxz.

As the results above establish, for g(z|\) a complete family the restriction that fo(X;|Z;) =
f(X¢|6o, Z;) almost surely is equivalent to the restriction (2). Hence, to test model specification

it suffices to test this continuum of unconditional moment equalities.

2 The Proposed Test

In this section, we derive size results for tests of the null hypothesis
Hy : Xy|Fi—1 ~ F(x|6y, Zt) a.s. for some 60y € O.

To this end we consider the statistic

T T
R(0,,€) = Z (BNEESY —1> H(@(Z)'€).
Below, we derive the limiting distribution of v/T' R(é, A, &) under the null of correct specifica-
tion, where 0 is a well-behaved estimator of 6 (for example the maximum likelihood estimator
in most models). To test the null hypothesis we consider the largest value taken by this
statistic, |[VTR(0, X €)llse = SUp(x gyenxz [VTR(O, X, )|, which should be small if the null
hypothesis is correct.'
In our exposition we focus on testing null hypotheses of the form Hy : X;|Fi—1 ~ F(z|0, Z).

As noted in the introduction, however, the results of this section on the size of MLR tests

"While we focus on the sup norm of \/TR(@, A, ), it is straightforward to adapt the results presented below

to other functionals, for example the L?*-norm <j (\/TR(@, A, {)) dH (A, {)) for some measure H on A x Z.



extend directly to tests of the broader class of null hypotheses X;|F;—1 ~ F(x|6, Fi—1) where
we allow the conditional distribution of X; under the null to depend on all of F;_; rather than
just the finite-dimensional vector Z;. In particular, by replacing F(z|0, Z;) by F(z|0, Fi—1),
E[|Z] by E [-|Fi—1] and so on, our proofs can easily be adapted to show that tests based on

% Zthl (% — 1) »(P(Z;)'€) will have correct asymptotic size, though they will not

be consistent without further restrictions.

2.1 Limiting Distribution

We begin by showing that under the null of correct specification VTR (é, A, 5), viewed as a
random function of (A, &), converges weakly to a mean-zero Gaussian process. In our anal-

ysis we allow for two distinct types of conditioning variables Z;, which we denote Zt(l) and

)

Zt(2) respectively. Zt(1 can be written in terms of past values of (X, Zs) (which to say it is

measurable with respect to F;—1) while Zt(2) contains exogenous variables which evolve in-
dependently of X;. In particular, we impose that conditional on {ZP, ...Zt(z)z, Zt(z)l, Zt(z)},

(X1, .. Xt_o, Xs_1, X;} and {Z<2> 7%, 22

1 t+3...} are independent. Using this assumption, we

[e.e]

conduct our analysis conditional on {Zt(z)} = {Zt@)} . Hence, for example, we will assume
t=1

that for some function h, % Zthl h(Xy, Zy) —p h* where the convergence in probability is
oo

with respect to the distribution of the process {(Xt,Zt)}thl‘ {Zt@)} . Likewise, many of

our assumptions will concern terms of the form E [h(Xt, )| Zy, {Zt@)H, though since under
the null this is equal to E [h(X¢, Z¢)|Z4], (see the proof of Lemma A.3 for further discussion of
this point) we will generally prefer the latter formulation for the sake of brevity. We condition
on {Ztm} for a number of reasons: first, it allows us to treat the independent and dependent
cases in a unified fashion and to use the same bootstrap approach for both. Further, it greatly
simplifies the exposition and allows us to cover a wide range of possibilities for the evolution
of the unmodeled conditioning variables Zt(2). The cost of this approach is that we must state

oo
our assumptions conditional on {Zt(Q)} = {Zt(z)} , which may seem less intuitive. However,

in many contexts it is straightforward to give sufficient conditions to ensure that our assump-
tions hold conditional on {Zt(z)} with probability one, as is done in Andrews (1997) for the
independent case.

We begin by formalizing the exogenity assumption on Zt(Q) :



¢
Assumption 4 Under Hy we have that Zt(2) is exogenous: that is that conditional on {Z§2)}

s:1;

{Xs}';zland {ZS(Q)}OOt | are independent.
s=t+

Next, we assume that the conditional density of X; given Z; is well behaved as a function

of 6:
Assumption 5 The conditional density f(X|0, Z;) satisfies:
f(X1]0, z) differentiable in 6 on a neighborhood Ny of 6y for all (z,z) € Supp (X, Zy) .

2. For all sequences of positive constants o7 such that 67 — 0, under the null we have that

conditional on {Zt@)},

sup sup
A€ 0:]]0— 90H<5T

—p 0.

d 0, X[\, Z
T gt X020 Fi [ oA E) — Bofeo

where Ag(\,§) = FE [%f(thOy Zt)fg())((t“zozét)w( (Z1)€)].

3. supy ¢ |[Ao(A, §)|| < 0o and Ag is continuous on A x Z.

Assumption 5(1), differentiability of f(X¢|Z:,0), is generally innocuous and is satisfied
in a wide range of models. Assumption 5(2) is somewhat stronger but again is not usually
problematic, provided that the family {G(x|\,z): A € A} which we choose is well-behaved.
If Assumption 5(2) is satisfied then 5(3) is, again, fairly weak. In particular, if Ag(\,§) is
continuous in (A, §) by the compactness of A x = Assumption 5(3) is equivalent to point-wise
finiteness of [|Ag(A, &)]].

Our next assumption formalizes the requirement that 6 be “well-behaved”, in particular

requiring that it have a linear asymptotic expansion:

Assumption 6 Conditional on {Zt(z)} the estimator 0 satisfies:

1. Under the null X;|Fo_1 ~ F(x|Z,00), VT(0—6) = ﬁ > lov(Xy, Zi, 00) +0p(1) where

Iy is a k-dimensional nonrandom matriz which may depend on 0.

2. v(x, z,0) is a measurable function satisfying

(a) E[v(Xt,2,00)|Zs = 2] = 0 Vz €Supp(Zy).



(b) For all ¢ >0, 5B [ (X, Z4 00) 1 {|1(X1, Z0. 00)] > VTC}| Z1] =, 0.

Assumption 6(1) is a standard asymptotic linearity assumption, and the main requirement
is that  be VT consistent, as is usually the case in the stationary parametric context we
consider. In particular, if we take 6 to be the ML estimator for 6 then we can take v(z, 2, 6p)
and Iy to be the score of the log conditional likelihood and the inverse Fisher Information,
respectively, i.e. y(z,z,6p) = % log f(x|0p, 2) and Iy = —F g—;ﬂog (X460, Zt)} _l. For this
choice, sufficient conditions for Assumptions 6(2a) and 6(2b) are that we be able to twice
differentiate the log likelihood under an expectation and that the score have 2 + ¢ moments
under the null for € > 0.

Finally, to derive the limiting distribution of ﬁR(é, A, &) we need to ensure that the class
of functions Ry = {r¢(6, A, §) : (A, &) € A x E} is well-behaved. Taking

re(0, A, re(0, \*, &
c(f,A,f*,A*,e,FZ):// (AN @A) b0 @)
v(x, z,0) v(x, z,0)
we make the following assumption:

Assumption 7 Conditional on {Zt@)}, for any deterministic sequence O — 0g:

1. If we define Rt as

Ry = {r(07, A, &)|(\, €) € A x E} = { <m - 1) w(é(Zt)’f)‘ (A, €) € A x E}

then there exists a random variable Hy such that Hp > |ri(07, X\, §)| Yri(0p, X\, &) € Rr
and, for all { >0,

\}th:EeT [|HT|1{|HT| > \/TCHZJ —p 0.

2. For all (x,z) € Supp(Xy, Zt), g(x|A, z) is Lipshitz in X\ with Lipshitz constant Mi(x, z).

Further, for My(x,z) = sup,, |g(z|\, 2)| we have

(Ml(Xt, Zy) + My(X,, Zt)>2

T
1
~>F
T &0 F(X|07, Z;)

10



3. For all (N, €), (A\*,&") € A x E,

T F
9 7)\7 9 7)\*7 :
1 Z re(0r, A\, €) re(f7, A", €) —p C (NN E5, 00, Fr)

T v(xi, 21, 00) V(X¢, Zt, Or)
where C is as defined in (3) and is nonsingular almost everywhere (in (X, &) x (X\*,&*)).

Assumption 7(1) requires that Rr have a well-behaved envelope function which satisfies
a uniform integrability condition. Assumption 7(2) is used to obtain a bound on the entropy
of the class Ry and apply a uniform central limit theorem. In particular, 7(2) imposes a
Lipshitz condition on this class, together with a restriction that the Lipshitz constants not be
excessively volatile. One unfortunate aspect of this condition is that it rules out g(z|A, z) which
are discontinuous in A: since the condition is sufficient but not necessary for the results that
follow, for particular functions of interest that are discontinuous in A one could likely obtain
alternative convergence results. Finally, 7(3) requires the point-wise convergence of the sample
covariance function to the limiting covariance function C (X, &, \*, £, 6y, Fz). This is needed to
obtain finite-dimensional convergence in distribution of v/T R(é, A, €). Under Assumptions 4-7

we can derive the limiting distribution of vTR(6, A, ¢) under the null of correct specification.

Theorem 3 Under Assumption 1 and Assumptions 4-7, under Hy we have that conditional

on {Zt@)}

VTR0, X, &) = G — Ag(\, €) Tong = G

where = denotes weak convergence (see Van der Vaart and Wellner (1996)) and isa
o
Gaussian process with covariance function C (§, X, &%, \*, 00, Fz).

The proof for this result, which can be found in the Appendix, first shows that

\/TR(H(% Avf) - G
VT (0 - o) Iono

using Assumptions 1, 4, 6, and 7, and then uses Assumption 5 together with the Continuous

Mapping Theorem to obtain the result.

11



By Theorem 3, we know that the statistic \/TR(é,A,g) has a well-defined limiting dis-
tribution and hence, by the Continuous Mapping Theorem, that under the null of correct
specification ||[VTR(, X, €)|lso = ||G*||os, justifying the use of this statistic as the basis of a
test. A problem, however, is that the distribution of G* under the null generally depends on 6
as well as on the unmodeled distribution of Zt(Z). Hence, while we know that ||V TR(0, \, €)]]c
converges to a well-defined limiting distribution under the null, this statistic is not asymptoti-
cally pivotal and we must find critical values on a case-by-case basis. To address this challenge

we propose a semi-parametric bootstrap approach.

2.2 Bootstrap Critical Values

To calculate critical values we adapt the semi-parametric bootstrap used by Andrews (1997).

As noted in that paper, to obtain valid bootstrap critical values we need to impose the null

hypothesis in our bootstrap samples, which in our case means imposing that conditional on

Zy, Xy is distributed according to F'(x|Z:, 6) for some 6 € ©. Since we do not model the
@\ "

distribution of Zt(2) we condition on the realized {Zt } . in calculating bootstrap critical
t=

values. Formally, our bootstrap algorithm is as follows.

1. Given a sample {(Xt,Zt)}thl, calculate |[VTR(0,),€)||e as described above and let
b=1.

2. In bootstrap iteration b, for t = 1,...,T draw X/, from F(z|Z},, é) For each t calculate
23" using X1y 214) s (s Xi 10 Zi1) and let 27, = (20)7, 2) (taking 7} =
Z1).

T .
3. Based on bootstrap sample {(Xt*b, Z;‘b)} v calculate estimator ¢; for 6 and use this
b t:
to calculate |\ﬁRZ(éZ, X, €)||so for

g( X\, ZF
VTR (6,).6) = Z( X}Z’,e Zz:i 1) B(B(Z]3)'€)-

Store the resulting value. If b < B, let b = b+ 1 and return to step 2.

R R B
4. After B iterations, let corp(6) be the 1 — a quantile of {H\/TRZ(HZ‘,A,&)HOO} - We
reject the null hypothesis if and only if carp(0) < [|[VTR(0, X, €)||oo-

12



To prove the validity of this bootstrap approach we need to show that for c,(6y) the 1 — «

quantile of G* conditional on {Zt@)} we have that car5(8) —p ca(6o) (while the bootstrap

T
algorithm given above uses only {Zt@)} , from the perspective of asymptotic theory we

- 00
condition on the infinite sequence {Zt(Q)} = {Zt(z)} ). To do this, we show that conditional

on {Zt@)} for nonrandom sequences 0 — 6y we have that under 0, ﬁR(é,x\,f) = G*,
where “under 7" means that the data {(X, Zt)}thl of sample size T are generated from the
DGP with true parameter value 07 (i.e. X¢|Z; ~ F(z|0p, Z;)). If we let cor(f7) be the 1 — «
quantile of |[VTR(6, ), €)||s under 07 for sample size T, the fact that

Pr, { VTR, 6)|loo > caT(9T>) {Zt@)}} —a

and VTR(0, ), €) = G* implies that, since ||G*||os has an absolutely continuous distribution
by Tsirelson (1976), Pry, { VTR, 1, €)||oo > ca(Ho)’ {Zt@)}} — « and hence cop(07) —
¢a(0o) conditional on {Zt@)}.

The discussion above was all based on the assumption that we had a fixed sequence 6y —
0o, while in practice we have only that 0 —p Uo. However, the Almost Sure Representation
Theorem (see Theorem 1.10.4 in Van der Vaart and Wellner (1996)) implies that if 6 is weakly
consistent conditional on {Zt@)} we have that caTB(é) —p ca(bp) conditional on {Zt@)}
provided B — oo as T — oo- see also Section 4.1 in Andrews 1997. Summing up, under
the null the fact that caTB(é) —p Ca(fo) conditional on {Zt(z)} together with the absolute
continuity of ||G*||e yields that Pr { IVTR(, ), €)||oc > caTB(é)‘ {Zt(?)}} — a. Provided
Assumptions 5-8 hold for all # € ©, this implies that

sup lim Pro, { VTR, X&)l > cars(0)
goe@Tﬁoo

()} =0

and hence that tests constructed with bootstrap critical values have correct asymptotic size
conditional on {Zt@) } Interestingly, and importantly for power considerations, if 0 —p 01 €0
(and Assumptions 5-8 hold for all § € ©), the same argument implies that corp(8) —p ca(61)
conditional on {Zt@)} regardless of whether or not the null is true.

To formalize the discussion above, we make the following additional assumption:
Assumption 8 Conditional on {Zt@)}, for all nonrandom sequences with O — 6g:

13



1. Under Xo|Fi_1 ~ F(x|Z,07), VT (6 — 07) = ﬁ Yo Lov( Xy, Zy, 01) + 0p(1) where Iy is

a k-dimensional nonrandom matriz which may depend on 0.

2. v(x, z,0) is a measurable function satisfying:

(a) Under Xy ~ F(z|z,07), E[v(Xt,2,07)|Z; = z] = 0 Vz €Supp(Zy).

(b) For all ¢ >0, J2 3B [ (X, 2, 00)1 {|1(Xe, Z2,01)] > VTC}| Z1] =, 0,

This assumption is a straightforward extension of Assumption 6 above and requires that
the estimator 6 have an linear asymptotic representation under sequences of true parameter
values Oy — 6y. As with Assumption 6, this is not a substantial restriction and generally

holds for reasonable estimators. Under these conditions, we obtain the following theorem:

Theorem 4 Suppose that Assumptions 1, 4, 5, 7, and 8 hold. Then conditional on {215(2)}
under Hy under any nonrandom sequence O — 6y we have \/TR(@, \€) = G*.

To obtain formal semi-parametric bootstrap results when the null is violated we require
that for a given alternative the estimator converge in probability to some value as the sample

grows:
Assumption 9 Conditional on {Zt(z)}, 6 —p 01 € 0.

Note that this assumption does not require correct specification. Indeed, results of this
sort have been shown to hold in many contexts when the model is misspecified (i.e. when
Fy(-|z) # F(+|z,0) for all 8 € ©). For examples and general conditions under which the MLE
satisfies Assumption 9, see White (1982). Based on these assumptions, we obtain the following

result concerning bootstrap critical values:

Corollary 1 Denote by caTB(é) the 1—a quantile of the bootstrap distribution of \/TR(@, N €),
and by co(6p) the 1 — a quantile of the distribution of ||G*||s. Then conditional on {Zt@)} :

1. Under Assumptions 1, 4, 5, 7, and 8 and B — oo as T — 0o, we have that under H

carB(0) —p ca(bo) and Pry, (HﬁR(é’/\,g)Hoo > CaTB(é)‘ {Zt@}) e a

2. Suppose that Assumptions 1, 4 and 9 hold, that Assumptions 5, 7, and 8 hold at 61, and

that B — 0o as T — o0o. Then corp(8) —p ca(b1).
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Corollary 1(1) formalizes the statement that the test with bootstrap critical values has
correct asymptotic size conditional on {Zt(Q)}, while (2) states that, provided our estimator
6 converges to some value 67 which satisfies our assumptions, we have that the bootstrap
critical value converges to some constant (which may be a function of the true DGP) whether
or not the null hypothesis is correct. This reflects the fact that we impose the null of correct

specification in our bootstrap samples and plays an important role in the power analysis in

the next section.

3 Power of the Proposed Test

Above, we established that tests of Hy : X;|Fi_1 ~ F(x|0o, Z;) based on ||[VTR(0, X, €)||o and
bootstrap critical values have correct asymptotic size. What, then, can we say about their
power properties? In this section we discuss two results, the first concerning the power of the
test against fixed (global) alternatives as the sample size grows and the second concerning the
local power of the test.

For questions of both local and global power we will assume that 6 —p 01 for some value 6.
The key issue in determining whether tests based on |[VTR(0,\,€)||ss have nontrivial power
is the behavior of supg » [E [r¢(01, A, §)]|. In particular, if E[r:(01,,§)] = 0, it is clear that
tests based on |[VTR(0, A, €)||ee will not necessarily be consistent. Hence, in our discussion of

power we primarily focus on alternatives which violate the tested moment conditions:
Assumption 10 The true distribution is such that supg » |Ey, [re(61, A, €)] | > 0.

From Theorems 1 and 2, we know that by choosing {G(x|A,2) : A € A} to be a complete
family we can ensure that Assumption 10 holds whenever Pr{fo(X:|Z:) # f(X¢|01,2Z)} > 0,
which implies consistency against fixed alternatives which violate Hj. In some cases, however,
we may not be primarily concerned with consistency and may instead prefer to focus on
particular types of deviation from the null. In that case we can choose {G(z|X,2) : A € A}
such that supg » [Er, [re(61, A, €)] | is large for true distributions Fy which deviate from the null
in the direction of interest, but {G(x|A, z) : A € A} may or may not be a complete family. For
such a choice Assumption 10 continues to hold for the alternatives of interest and the power

results of this section remain valid.
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3.1 Power Against Fixed Alternatives

We first consider the global power properties of the test, i.e. the power when the data is drawn
from some fixed alternative distribution and the sample size is taken to infinity. To do this,

we make the following assumption:

Assumption 11 Conditional on {Zt(Q)}, for any sequence O — 01 we have that for all fized
(A, €)
1
T Z Tt<0T7 )‘7 5) _>p E [7}(91, A7 g)] .
t

Under this assumption MLR tests are consistent:

Theorem 5 Under Assumptions 1, 4, 9 and 11, together with Assumptions 5, 7, and 8 (re-
placing 6y with 61), if Assumption 10 holds we have that conditional on {Zt(Q)}

(o) 1

The proof of this result is very straightforward, since by Corollary 1 we have that c,7p (é) —p

lim Pr{ VTR, 0,8l > carn(d)
T—o00

ca(61) < 0o, while by Assumption 11 and the Almost Sure Representation Theorem
VTR0, X, €)||so —p 00, delivering the desired result.

By the results of Section 1, we know that if {G(z|\, 2) : A € A} is a complete family we
have that sup, ¢ [E [ri(61, A, €)]| > 0 whenever Hj is violated. Note, however, that the null
hypothesis of interest is Hy : X¢|Fi—1 ~ F(x|0g, Z¢), so if we consider alternatives in which
X depends on F;_; as a whole rather than just Z; we can find distributions (in Hj\Hp)
such that supy ¢ |E [ri(61,),€)]| = 0, against which the MLR test will not necessarily be
consistent. This result is entirely intuitive: if we consider an alternative which implies that
the distribution of X;|Z; is correctly specified but that X; also depends on some other variable
Wy € Fi—1 which is excluded from our test statistic, the MLR test will not in general detect
this. Hence, while the MLR test is consistent against general fixed alternatives in independent
models (where Hy and H{ are equivalent), in the dependent case it is consistent only against
alternatives which imply misspecification in the stationary conditional distribution X;|Z; (that
is alternatives which violate H). Nonetheless, if we are interested in a particular collection of
alternatives we can always add elements to Z; to ensure consistency of the MLR test against

these alternatives.
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3.2 Power Against Local Alternatives

Next, we consider the asymptotic power of the test against local alternatives, i.e. sequences of
alternatives which drift closer to the null as the sample size grows. There are two purposes of
this exercise: first, it allows us to show that the proposed test has power against alternatives
which approach the null at rate v/T and, second, it gives some intuition for how the choice of
g(+), ¥(+), and ®(-) affects the power of the test against different alternatives.

To derive the power of the test against v/T local alternatives, we follow the approach of
Andrews (1997). In particular, consider a fixed alternative Fj which has density fo(z|z) with
respect to the dominating measure p. Let d(z,2) = VTo (fo(x|2) — f(z|z,600)) for some value

0y € © and constant Ty, and consider the sequence of alternative densities

1
+ —d(z, z).

fr(z|2) = f(x]6o, 2) Wi

Note that, by construction, fr is a valid density for 7' > T and fr, = fo. For the purpose of
local power calculations, we consider a sequence of local alternatives where the sample of size
T is generated by X;|F;—1 ~ Fr(z|Z;) with density fr(xz|Z;). To ensure that the sequence of

local alternatives Fp is contiguous to F'(z|6p, z), we make the following assumption:

Assumption 12 fj is such that the following conditions hold conditional on {Zt@)}:

Xf,Zt XtaZt
1. Under F(al60,2), Y11 Eo, | 752951 { 729 > VICH 2] = 0 %¢ > 0.
Xf,Zf XT,Zt
2. Under F(z|0y,2), ~ T Zt 1 F(X1100,20)% Z)t)2 —p Ep, [7&”90 Z)t) }

3. Under F(x|6p,z), there exists § > 0 such that

sup
0<e<d

{1 |d(Xy, Zi)]? }_} 0
T% |f(X¢l60, Zt) + ed(Xy, Z4)|3 L

4. For all (\,§) e A x =:

(a) Under Fo, %31 Eg [re(00, M\, )| Ze) —p [ Ef, [re(00, A, €)|Z¢ = 2] dF.

(b) Under Fo, L0 Epy V(Xt, Z4,00)|Ze) —p [ Ejy [v( X4, 2,00)| 2t = 2] dF.
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These conditions require that the distribution fy not behave in too extreme a fashion
relative to f(6p). In particular, (1) and (2) are what we need in order to apply a martingale
central limit theorem to %, while (3) effectively imposes a restriction on the higher
moments of this ratio (which is not terribly demanding, since the T~% normalization in (3) is

quite strong). Together with our earlier assumptions, we obtain the following theorem:

Theorem 6 Suppose that Assumptions 1 and 4-8 hold at Oy and that Assumption 12 is salis-
fied. Then under {Fr(-|-)} we have that conditional on {215(2)}

VTR0, ), €) = G* +/Tov(), €)
where

V(€)= / Ep, [re(80. 7, €)] dF7 — Ao(N €)' Ty / / (@, 2 00) fo]2)dp(x)dFy.

Since one can show that under {Fr(-|-)} 6 —, 6o, bootstrap critical values will converge
to quantiles of G* and hence the test will have non-trivial power whenever v(\,§) is not
identically equal to zero.

Note that the limit of \/TR(é, A, €), and in particular v(, ), depends on the value of 6y,
and hence on the point towards which we shrink the sequence of alternatives Fp as the sample
size grows. An important question, then, is how we should think about this value 6. While
the local power results stated above are valid for any value of 6y satisfying Assumptions 4-8
and 12, the value of these results (beyond establishing that the test has power against v/7-
local alternatives) is to give us tools for thinking about the power of the test, and in particular
thinking about how the power of the test differs across different alternatives. Formally, local
power results are useful for this purpose because they allow us to address the case where the
sample is “large” (and hence Gaussian approximations to the behavior of /T R(é,)\,ﬁ') are
reasonable) without immediately yielding rejection for any violation of the null on the basis
of consistency results like Theorem 5. For this purpose, as argued in Andrews (1997) it is
natural to let 6y be the “quasi-true” value under Fp, since (i) this is the value of § which
makes F'(0) as “close” as possible the Fj in the sense of Kullback Leibler divergence, (ii) this
choice ensures that v/T(f — 6p) has the same behavior under {Fr} as under Fy,, and (iii)
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for this choice of 6y, § has the same probability limit under Fy and F (0o). Happily, for this
choice of 0y we have that [ [ (x,z,60)fo(z|2)dp(z)dFz = 0, and hence that v simplifies to
[ Ejy [re(60, A, €)|2t] dFz. This means that if sup) ¢ |Ey, [r¢(60, A, €)]| # 0 (as is always the
case if {G(z|\) : A € A} is a complete family and v, ® satisfy the conditions of Theorem 2)
then tests based on ||VTR(6, )\, €)||oe have nontrivial power against /T local alternatives of
this form.

The term [ Ey, [ri(6o, A, €)|2] dFz can be interpreted as an L? inner product. In particular,
recall that

[ Enlntbon ol arz = [ < (ffo”)) - 1) e, z>w(¢><z>'£>> iFy,

(z|6o, 2

the integral over distribution of the conditioning variable of the L? inner product of the re-

centered likelihood ratio (f{(;(‘z(')i) - 1) and g(z|\, 2)Y(®(2)'¢) viewed as functions of z. From

this perspective, the test is based on checking orthogonality conditions between the re-centered

likelihood ratio ( f{iﬁzg y 1) (which is identically zero under correct specification) and the
continuum of functions g(x|A, z). The test has non-trivial local power against sequences of

alternatives such that for some value A the orthogonality condition

is violated with positive probability (with respect to Fz), and the virtue of complete families
{G(x|\, z) : X € A} is that they ensure that such a violation occurs whenever H is violated.
Given this interpretation, if we are interested in a particular alternative F*(z|z) one reasonable
choice for {G(x|\,z) : A € A} is a complete family that includes F*(z|z), though many other

choices may also make sense.

4 Theoretical Comparison with Previous Literature

The family of tests proposed here and the tests of Andrews (1997) and Bierens and Wang (2012)
can all be viewed as extensions of the literature on specification testing using finite-dimensional
collections of moment equalities (as in e.g. Newey (1985)) to particular infinite collections

chosen to deliver consistent tests (the consistent test of Zheng (2000) is of a somewhat different
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sort). In particular, Andrews (1997) bases his approach on the statistic

1

Alw2) = = 3 (1 (X, <z} — F(zld, Zt)> 1{Z < 2}
t=1

while Bierens and Wang base their test on

T
B(1,¢) = \/1? Z (exp (i’ Xy) — /exp (it'z) dF(z]6, Zt)> exp (i€'Z) .
t=1

While Andrews considers ||A(z, 2)||~ and Bierens and Wang consider ||B(7,&)||2 (that is, the
L? norm of B) Andrews notes that, as with the tests proposed here, one could also consider a
version of his test based on the L? norm so we do not consider this difference to be essential.
Instead, the key difference between these statistics and those proposed here is in the contin-
uum of moment equalities being tested. In particular, testing that F [A(z, z)] = 0 is the same
(asymptotically) as testing that the function E [(1{X; < 2} — F(x|01, Z;)) 1{Z; < z}] is iden-
tically equal to zero for 6; = plim(é). Likewise, testing that E'[B(7,£)] = 0 is asymptotically
equivalent to testing that E [(exp (i7'X;) — [ exp (i7'z) dF (z|61, Z;)) exp (i€’ Z;)] = 0. The
consistency of both tests, and of the MLR tests proposed here, follows from the equivalence
of their chosen continuum of moment conditions and the null of correct model specification.
An appealing aspect of the approach taken in this paper (based on testing (2)) relative to
those of Andrews (1997) and Bierens and Wang (2012) is that we have a great deal of freedom
in choosing g, ¥ and @, so if we are concerned with alternatives that imply particular behavior
for the likelihood ratio % — 1 we can construct tests that have higher power in those
directions while maintaining consistency against global alternatives. Moreover, the class of
functions {(% - 1) Y(P(Z:)'€) : (M) € Ax E} are martingale differences under the
null of correct specification, greatly simplifying the problem of testing under dependence and

allowing treatment of the independent and dependent cases in a unified manner.?

*Note that the statistics considered by Andrews (1997) and Bierens and Wang (2012) also result in collections
martingales under the null of correct specification, and hence it may be possible to extend their results to
dependent models by arguments analogous to those in the present paper, though we do not pursue such
extensions here.
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4.1 Relation to Bartlett Identities Tests

Certain MLR tests are closely related to the Information Matrix test proposed by White (1982)
and the Bartlett Identities tests proposed by Chesher et. al. (1999). In particular Chesher
et. al. consider generalizations of White’s Information Matrix test based on the observation
that if the true conditional density is f(x|6p, z), then so long as we can exchange integration

and differentiation of the log likelihood k times we have that E O I (Xil00,2)/00" | _ 0 (for
f(Xt60,2:)

ease of exposition we will treat € as scalar, but all results extend directly to the general

case). To exploit this relationship, they propose tests based on finite collections of statistics

1T 9% f(X:|9,2,)/00%
T t=1 f(X4]0,X:)

k=2. Note, however, that if the density f(x|0, z) admits a Taylor series representation on some

open neighborhood © of 6y then for § € © we have f(z[0,2) = 3.2, %%ﬂ‘f’zﬁ) (0 — 6p)F

, while White’s Information Matrix test considers these statistics for

and if we can exchange an expectation with the infinite sum we have that the restriction

E [W} = 0 Vk € N is equivalent to

[ o~ 1 9" f(X¢|0o, Z4) /06" (0 — 0"

k' f(Xil6o, Z4)

_E[f(XtWth)

=1 Vheo.
f(Xteant)}

k=0

Note, however, that the restriction £ [% — 1’ Zt] = 0 a.s. which is tested by the MLR

test with {G (x|, 2)|A € A} = {F(x|)\, 2)|\ € (:)} (i.e. taking g to be a density from the same
parametric family assumed to generate the data) implies the restriction F [%] =1
V6 € ©. Hence, MLR tests based on this choice of G (setting ¢(-) = 1) can be viewed as tests
of all the Bartlett Identities jointly. Alternatively, the Bartlett Identities can also be shown to
hold conditionally, E [W\Zt} =0 a.s., and MLR tests with {G(z|\, 2)|\ € A} =
{F(a:\)\, 2)|\ € (:)} and ¢ chosen to yield consistency can be viewed as tests of this stronger set
of restrictions. As discussed by Chesher et. al., tests of the Bartlett Identities can be viewed
as tests for unobserved parameter heterogeneity, extending the interpretation suggested by
Chesher (1984) for White’s Information Matrix test. In cases where the above assumptions

regarding Taylor expansion and interchange of differentiation and integration hold, this inter-

pretation applies to MLR tests for this choice of G as well.
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5 Simulation Results

In this section, we provide simulation evidence on the finite-sample size and power of particular
MLR tests relative to the tests proposed by Andrews (1997), Zheng (2000), and Bierens and
Wang (2012). For ease of comparison, in most of our simulations we follow the simulation
design of Bierens and Wang (2012) and reproduce some of their tables. Unlike the other tests
considered we’ve proved that the MLR tests are also applicable to dependent data, which we
illustrate with an application to an AR(1) model. In each simulation design we consider a
number of different choices for g(x|A, z), demonstrating that different choices yield tests with

power in different directions.

5.1 Independent Case
5.1.1 Linear Regression Model

Following the simulation design of Zheng (2000) and Bierens and Wang (2012) we begin
by considering a linear regression model with X; = Z1; + Zo; + U, where Z1; = 1 and

Zat ~ N(0,1), and consider a number of of different distributions for the error term Uy:

HY . U,|Z, ~ N(0,1)
H(Zl) : Uy|Zy ~ Standard Logistic
HY - U2, ~ ts
HY : U)|Z, ~ N(0, Z2)

For each true error distribution, we test the null hypothesis Hy : Xy = Z;8 + U for Uy|Zy ~
N(0,02). Again following Bierens and Wang (2012), we simulate the performance of our
proposed test based on 1000 samples of size 200 and 500 bootstrap replications, taking ¢(-) =
exp(-) and ®(z) = (Fy(21), Fx(22)) for Fiy the normal CDF. We consider five different choices
for g(x|), z), yielding five different MLR tests which we label MLR") and MLRYY — MLR{Y.
MLR(ZN) takes g(z|A, z) = ¢(x — \) where ¢ is a standard normal pdf, while for ¢ € {0, 1,2, 3},

MLR? takes g(x|\,z) = f(z — z2 — \) where f(u) is the density of U corresponding to

H®. For example MLR(ZO) takes g(z|\,z) = ¢ (z — 22 — A). In all cases we set A = [—2,2]
and E = [-2,2]2. We consider tests with nominal size 1%, 5%, and 10% and compare the
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performance of our proposed procedures to that of the tests reported in Table 1 in Bierens and
Wang (2012). Table 1 reports the simulation results for the MLR tests together with results
(from Bierens and Wang (2012)) for the CK test (1) from Andrews (1997), Zheng’s test for
three different bandwidth choices (0.5, 1.0, and 2.0), and the Bierens and Wang tests for ¢=5
(generally among the cases with the highest power) and their Max test.

These results show that all of the MLR tests considered control size reasonably well,
though many of the tests are somewhat undersized. For ¢ € {1,2,3} MLRg) has reasonably
good power against alternative H (Zi) confirming that, as suggested at the end of Section 3, if
we're interested in tests with good power against a particular alternative F™*(z|z) one option
is to choose g(z|A, z) so that {G(z|\, 2z): A € A} includes F*(z|z). Relative to previously
proposed tests the MLR tests perform fairly well: against H() and H®, the most powerful
MLR test (in both cases MLR,(Zl)) has power competitive with most powerful alternative test
(in both cases 7(2.0)). Against H®) the MLR tests are less powerful than the tests proposed
by Andrews and Bierens and Wang but the MLR(ZD test still does reasonably well.

5.1.2 Poisson Regression Model

We next consider the discrete simulation example discussed in Bierens and Wang (2012). In
that example, we test the null that Hy : X;|Z; ~ Poisson (exp (Z;3)) where we again have
Zit =1, Zyy ~ N(0,1) and the true conditional DGP is one of:

HY : X,|Z, ~ Poisson (exp (Za,))
H](Dl) : Xt’Zt ~ NB (1717(22,75))
HY) : Xy Zy ~ NB (5,p(Z2,))
HY : X,|Z, ~ NB (10, p(Z2,))

where NB denotes the negative binomial distribution and p(z2) = is the Logit function.

1
1+e—*2
Note that the mean of an NB (r, p(z2)) distribution is re*2 while the mean of a Poisson (exp (20))
is e*1P1e2282 g0 all of the alternatives imply that the conditional mean of X¢|Z; is correctly
specified (i.e. consistent with Hp). To construct mean likelihood ratio tests we again take
() = exp(-) and ®(z) = (Fn(2z1), Fx(22))". As in the linear regression case we consider five

different choices for g(z|A,z) and label the resulting tests MLREDN) and MLRQ) - MLRg).
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MLREDN) and MLRES) take g(z|\, z) to be the probability mass function for a Poisson(exp(\))
and a Poisson (exp (z2 - A)) distribution, respectively, while for i € {1,2,3} MLRE? takes
g(z|\, z) to be the probability mass function for a NB (k;, p(z2 + A)) distribution, where k;
is as in H;(,i). We again take A = [~2,2] and = = [-2,2]% in all cases. Results from these
simulations are reported in Table 2, where the results for the non-MLR tests are taken from
Table 2 in Bierens and Wang (2012).

We can see that the MLR tests again control size reasonably well, though M LRg) appears
to be slightly oversized. For ¢ € {1,2,3} we again have that the test MLRE? provides good
power against alternative Hg), and in all cases the M LRp tests have power which is quite
competitive with that of existing procedures. In particular, against H]gl) the MLRg) —MLRg)
tests have power close to that of the most powerful test considered (the CK test of Andrews
1997), while against Hg) and H 533) the power of the MLREDU —MLRg) tests everywhere exceeds

that of the competing tests, often by a substantial margin.

5.2 Dependent Case

Unlike the other consistent tests available in the literature, mean likelihood ratio tests can also
be applied in contexts with dependent data. To illustrate this point, we consider an AR(1)
variant of the regression model considered above. In particular, we simulate tests of the null
Hy: Xy =a+ BX; 1+ U for Uy ~ N(0,0%) when the true DGP is X; = 1+.7- X;_1 + Uy

and U|X;—1 has one of the following distributions:

HY U)X, 1 ~ N(0,1)
HS})% : Uy| Xy—1 ~ Standard Logistic
HE) U X1 ~ t5
H): UlXeoy ~ N0, X7 )

We take Z1; = 1, Zoy = Xy—1, ¥(-) = exp(-) and ®(2) = (Fy(21), Fn(22))'. As before we
consider a number of choices for g(x|A, z), yielding tests MLR%}? and MLR%)% — MLRg’).
MLR%%) takes g(z|\,z) = ¢(x — ), while for i € {0,1,2,3} MLR%% takes g(z|\, z) =
f@ (x—.7 25— A) where f®)(u) is the density of U, implied by HX%%' Results from this

simulation are reported in Table 3. From these results, we again see that for i € {1,2,3} the
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MLRY test, while not always the most powerful test considered, has reasonably good power

against HS}Z.

6 Conclusion

In this paper we introduce a novel class of specification tests for general parametric models.
We show that the hypothesis of correct specification is equivalent to a continuum of moment
conditions, and use this to prove that the proposed tests are consistent against fixed alterna-
tives in independent models and against alternatives which depend on the past only through
a known finite vector of state variables in dependent models. We further show that these tests
are have power against v/T local alternatives. In simulation, we show that these tests control
size well in finite samples and have power competitive with existing tests in independent mod-
els while also performing well in a dependent example. The family of proposed tests is quite
broad, and as we illustrate one can choose different tests from this family to increase power

against particular alternatives when desired.

Appendix
Proof of Theorem 1 Proof given in text preceding Theorem 1.0J

Proof of Theorem 2 Note that since ® is bounded and = is compact, the existence of

By [ (ST — 1) w(@(ze)

g(Xt‘)"Z)) — 1} exists. One direction of

follows immediately from the assumption that Ep, {W

the result is immediate: if fo(X¢|Z:) = f(X¢|6o, Z;) almost surely with respect to the true
probability measure Flyz, then Ey, [% — 1‘ Zt} = 0 almost surely. Hence, (2) holds.
To obtain the converse, suppose that fo(X¢|Z;) and f(X¢|6p, Z;) differ with positive prob-
ability (with respect to Fxz). Then there exists a set A such that Pr{Z; € A} > 0 and for
z € A, folx|z) # f(x]00,z). By the result of Theorem 1, we know that for each such z € A

there exists A\(z) such that Ey, [% - 1‘ Zy = z} #0.
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Consider first the case in which there exists some z* such that Pr{Z; = z*} > 0 and

Ey, [% — 1‘ Zy = z*} =# 0. Since z* is observed with positive probability, by Theo-

rem 2.3 of Stinchcombe and White (1997) the set of £ such that Ey, [(% - 1) ¢(¢)<Zt)/£):| =

0 is of Lebesgue measure zero (and is not dense in RY), so there exists £* € Z such that

Ey, [(M _ 1) ¢(q>(zt)/g*)} # 0, proving the result.

F(Xt160,2¢)
Consider next the case in which no such z* occurs with positive probability. Nonetheless,
there exists some A* € A such that Pr {Efo [% — 1‘ Zt} # 0} > 0. To see that this is

the case, note that since E, | 2@AZ) 4 Zy| 18 continuous in A almost surely by Assumption
’ fo | F(160,21)

3, Assumption 2 implies that for almost every z € A the set

(z[A(2), 2)

pe) = {remn | A - 1‘Zt =+ #of

contains a nonempty open set. To prove the theorem it suffices to show that there exists
A* € A such that Pr{\* € B(Z;)} > 0. Let D be a countable dense subset of A, and note that
the event {D Nint(B(z)) # 0} (where int(B) denotes the interior of the set B) is equivalent to
the event int(B(z)) # (0. Moreover, D Nint(B(z)) # () implies that A € B(z) for some X € D.

By countable additivity,

Pr{Z e A} = Pr{DNint(B(Z)) #0} < Y_ Pr{\nint(B(Z)) # 0}
AeD

Hence, since we have that Pr{int(B(Z;)) # 0} > 0, it must be the case that there is some
A* € D such that

Pr{\ Nint(B(Z)) # 0} = Pr {Efo [?(XtA*a Z)

X0 Ze) 1‘ Zt} # 0} >0

as we wanted to show.

Now that we’ve established that for some A\*, Pr {Efo [% — 1‘ Zt} #* 0} > 0, we

can apply Theorem 2.3 of Stinchcombe and White (1997), obtaining that

Ey,

0

|:<Q<Xt’/\*7Zt)

F(Xel00, Z0) 1) v(®(Z) f)} 70

except for a set of & of Lebesgue measure zero. This concludes the proof.[]
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Proof of Theorem 3: This is a special case of Theorem 4, with Assumption 6 everywhere

replacing Assumption 8.0J

Proof of Theorem 4: By Lemma A.1 we have that for yp = %Zv(Xt, Zy, 07)

\/TS)\ug |R(0, )\, &) — R(O7, A\, €) + Ao(\, &) Toyr| = op(1)

while by Lemma A.4 we have

VTR(O7, )\, €) N Gy
VTyr 0

Hence, the conclusion follows by the Continuous Mapping Theorem.[]

Lemma A.1 Under the assumptions of Theorem 4, we have that under 61

VT sup R0, 1,€) = BBr 2, €) + Bo(h, &) Tovr| = 0,(1).
Proof: Note that under Assumption 8 we have that vT(6 — f7) = O,(1) under f7. Next,

by Assumption 5 we can use a mean-value expansion

1 9(Xi|\, Zy)

T
. ) .
TR(O, A TR(Or, A, — (0" (N, 7’ o(2,) TO—0
where 6*(\, §) lies between 6 and 67. However, Assumption 8 implies that § — 6y = op(1), and
hence that there exists a sequence of constants 85, — 0 such that Pr {sup, ¢ ||0*(, &) — 60| > 05} —
0. Define

B 1 0 9(Xe|A, Z1) /
Nir = Sgl,l,{) |f Z 277 (07 (A, f))m?ﬁ(q’(zﬁ §) — Do(A, €)

NQ,T = sup sup ’l af(e)g();é’();)zt)

& oll0—ool|<sy | < 00 D(D(Z0)'€) — Do(A, ).

27



By construction, Pr{Na7 > Ny} — 1, but we know by Assumption 5 that No7 — 0, so

Ni1 = 0p(1). Note, however, that

VT P |R(0, A, €) — R(6r, M, €) + Ao(\ €)' Toyr|

- VTswply Z 550" Ou ) 7 @296 — 62) — ol &) T

< N VTI0 = 0r] + sup 800 ' (VI = 01) = VTTr ) | = 0,(1)

where the final term is 0,(1) by Assumptions 5(3) and 8(1).00

Lemma A.2 Assumption 7(2) implies that ((x||2 Z§¢(¢(z)’§) is Lipshitz in (\,¢) with Lip-

shitz constants K (z, z,0) which satisfy 1 > 7%, F [K(Xy, Z,07)?|Z:] = Op(1).

Proof: From Assumption 7(2) we have that (( ||2 21!1(@(2)’5) is Lipshitz in A with Lipshitz

constant bounded by %;(':Z)) By for some constant By (using the boundedness of ¢ (®(z)E)).

Further, since ® is a bounded function and ¢ is continuously differentiable we have that

Y (®(2;)'€) is Lipshitz in € with a Lipshitz constant bounded by some Bs, so (I"\ Z)¢( P (2)'E)

f(z]6,2)
is Lipshitz in ¢ with Lipshitz constant bounded by %fpﬁzz; Bs. Combining these results and
applying the triangle inequality, we have that (( ||g Zah(®(2)'€) is Lipshitz in (), &) with Lip-

shitz constant bounded above by K(z, z,6) = Nﬁg 2 Bi+ 55 (| j)) Bs. Assumption 7(2) gives

2
us that %Z;‘FZI Ey, [(Ml(?(?t)gﬁ/%gzt)) ’ Zt] = Op(1), which implies the result.]

Lemma A.3 Under Assumption 4 and Hy : X¢|Fi—1 ~ F(x|0, Z;) we have that for all (A, ) €
AxzE S (% )1/1(<I>(Zt)’§) is a martingale with respect to {F;},_, conditional

on {7},

Proof: As argued in the text, we know that Ejy [(% - 1) 1/1(<I>(Zt)’§)’ Zt} = 0. Next,

note that by Assumption 4:

| (remzy ) veers| (o) = | (fizy 1) voers|
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since conditional on the values of Zt(2) up to time ¢, X; and all future values of Zt(2) are
independent. However, under Hy the distribution of X; depends on F;_1 only through Z; and
hence

which proves the result.[]
Lemma A.4 Under Assumptions 1, 4, 7, 8, and 8 — 6y we have that under Hy :

\/TR(@T, )\7 5) N Gl
\/T’YT 7o

in the usual sense of weak convergence.

Proof: For any finite collection collection of elements (A1,&1),...(Ag, &) of A x E, we know

that the elements of
VTR(07,\1,&1)

VT R(07, A, &)
ﬁ'VT

satisfy a Lindeberg condition under Assumptions 7(1) and 8(2b) and hence, by repeated ap-
plication of the triangle inequality, that they satisfy a joint Lindeberg condition as well. By As-
rt(QT,/\,é) Tt(9T7)‘/7§/)

V(Xt, Zt, 1) V(Xi, Z4,0)
converge to C' as in (1). By Lemma A.3 we know that T(R(f7, A, §),yr) is a martingale with

sumption 7(3), we know that the sample covariances % Z;le

respect to {F;}, so by the Martingale Central Limit Theorem for triangular arrays (see e.g.
Lipster and Shirayev, Chapter 5, Theorem 8) we have that all finite-dimensional vectors of
the form (7) converge to normal distributions with covariance matrix given by C. To ob-
tain functional convergence we combine this finite-dimensional result with Corollary 4.3 in
Nishiyama (2000). In particular, note that Assumption 7(1) implies Nishiyama’s Assumption
[L1’]. Further, by Lemma A.2, Ry consists of a set of Lipshitz functions indexed by A x E
with Lipshitz constant K satisfying 7 Y 1o, E [K(Xy, Z;,0r)%|Z;] = Op(1). Note, however,
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that A x = is a compact subset of Euclidean space, and hence for p the usual Euclidean metric
trivially satisfies entropy condition fol \/mde < oo. Hence, by Proposition 4.5 of
Nishiyama (2000), condition [PE’] holds and we can apply Corollary 4.3 to obtain the desired
result.l]

Proof of Corollary 1: Given in text preceding Assumption 9.

Proof of Theorem 5: By Assumptions 9 and 11, we have that sup, ¢ IWVTR(O,\,6)||o0 —p
oo by the Almost-Sure Representation Theorem (Theorem 1.10.4 in Van der Vaart and Wellner,
(1996)), which together with Corollary 1 proves the result.

Proof of Theorem 6: As a first step, we need to prove that, conditional on {ZE)}, the
distribution of {(X}, Z;) : t < T} where the X;’s have conditional distribution Frp(-|Z;), is con-
tiguous to the distribution of {(X;, Z;) : t < T} where the X,’s are have conditional distribu-
tion F'(-|Z,0p). To do so, consider the log-likelihood ratio log ( r f(tho’ZtH‘Fd(Xt’Zt)).

f(X¢l00,2t)

Following Andrews (1997), third-order Taylor expansion of log (f(Xt\Hg, Zy) + %d(Xt, Zt))

around f(X;|0o, Z;) yields that with probability tending to one

ﬁf(Xt|‘90>Zt)+\/1Td(Xtht 1 ZT: d( Xy, Zy) 1 ZT: d(Xy, Z,)?
o 1
& f(Xilbo, Zt) VT 2= F(Xil0y. 22) 2T = f(Xilbo, Z1)?

t=1 t=1
1 { 1 |d(X¢, Z3) |
S - Sup 3
6 0<e<s |f(X¢t]0o, Zt) + ed( Xy, Zy)|

Note, further, that by Assumption 12(3) the last term is 0, (1) under F(z|6p, z). As a result the

limiting behavior of the log likelihood ratio is determined by the first two terms of its Taylor

d(X+,7Z4)

TG00z 15 martingale difference. Hence,

expansion. Note, however, that under F(z|0y, z)
using Assumption 12 parts (1) and (2) we can apply the martingale central limit theorem and

obtain that under F'(x|6y, 2),

T 2~ [(Xil0o. Z) 2T &= [(Xulbo, Z1)? (X100, Z;)? f(Xlbo, 1)

where we have applied Slutsky’s lemma after using Assumption 12(2) to control the second

term. By the result of example 3.10.6 in Van der Vaart and Wellner (1996) this means that the
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1 > d(Xy, Zy) LZ d( Xy, Zt)? _>dN<_1E90[ d(Xy, Zy)? } B [ d( Xy, Zt)?

)



X¢|00,2¢)+—d( X+, 2,
desired contiguity result holds, and we have that for LR = log ( thl fexl Of()?t|90@t)( ‘ t)>,

d 2 d 2 . . .
LR —4 N (—%E‘go [%} , B, [%]) By another application of the Martin-
gale Central Limit Theorem, under Assumption 7 this implies that for any finite collection
(AL, &) ey Mgy &) € AXE, we have that the vector (VT R(0p, A1, &1), ..., VTR (6o, M, &), 70, LR)
converges jointly to a normal distribution under F(x|fy,z). By an application of Le Cam’s

third lemma and Assumption 12(4), this implies that under Frr(-|Z;) we have finite-dimensional

convergence

VTR0 %,.6) | _ [ ©105.6)+ VToEs, | (inzy — 1) v(@@)'6)

\/T’yo o + V1o f f’y(x, z,00) fo(z|z)du(x)dFy
. . \/TR(GOa )\7 ‘5) .
To extend this to functional convergence, we need only prove that is asymp-

\/T’Yo

totically tight under Frr(-|Z;). This follows from another application of Le Cam’s Third Lemma
(see Theorem 3.10.7 in Van der Vaart and Wellner (1996)). Finally, note that the result of
Lemma A.1 holds under Fp(-|Z;) by contiguity. Combined with the result above, this yields
that

VTR(0,),€) = G* + /Tov(\, )

as desired.[]
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Tests qY aY aY aY
1% [ 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
MRS [ 12|41 | 7.2 | 33 [ 103 ] 17.1 [ 186 | 34.8 | 41.1 | 59.4 | 82.1 | 872
MLRY | 1 [43] 74 [ 61 |149]252[249[437]| 50 | 558|755/ 7838
MLRY [12]43] 72 [ 16 | 285|337 [465 681|738 | 772|954 | 96.4
MLRY | 1 |44 74 | 97 [179]262|416 589636 73 [90.7 932
MLRY |05 |51 9 | 2 | 6 [115] 114|193 ] 272|734 ] 908 ] 96.1
CK | 1257|106 37 | 112|200 | 64 | 198 | 285 | 99.8 | 100 | 100
7(05) | 13|22 | 46 | 124|151 | 17.2 | 31.6 | 40.2 | 46.1 | 95.1 | 95.3 | 95.3
Z(1.0) | 1.7]25| 40 | 121|142 16.7 | 43.7 | 55 | 59.5 | 96.3 | 96.6 | 96.7
7(2.0) | 28| 3 | 47 | 187|228 | 25.6 | 55.5 | 66.6 | 74 |89.8 | 93.1 | 94
BW ¢—5 | 1.5 | 48 | 105 | 2.1 | 82 | 151 | 6.6 | 17.5 | 26.6 | 100 | 100 | 100
BW Max | 1.6 | 52 | 9.7 | 1.8 | 6.9 | 13.7 | 54 | 16 | 22.7 | 100 | 100 | 100

Table 1: Simulation results in linear regression model. The first three columns report size in percent of nominal
1%, 5%, and 10% tests, while remaining columns report power against alternatives H(Zl) - H?) specified in (4).
MLR(ZD denotes the mean likelihood ratio tests, CK is Conditional Kolmogorov Test of Andrews (1997), Z(b)
is Zheng (2000)’s test with bandwidth choice b, BW ¢=5 is Bierens and Wang (2012) test with integration
domain equal to a cube around zero with side length 10, and BW Max is Bierens and Wang test maximized

over the integration domain. Results for the non-MLR tests are taken from Bierens and Wang (2012).
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Tests qY aY aY qY

1% [ 5% [ 10% | 1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%

MLRY) [ 0.6 |31 82 [54.1 (639|657 |77.9] 94 | 964|458 657 67.6
MLRY [0.7]34] 6.9 [645| 788|794 |91.6]985]| 985709 76 | 76.7
MLRY [ 0933 74 [97.7]99.2]99.2 [ 97.6 | 100 | 100 | 93.4 | 96.9 | 97.1
MLRY [0.7]48] 89 [956 934|984 |986]99.6]99.6]96.4|99.6 | 100
MLRY [08]63 ] 11.8]951 974974 [97.9]993]99.3] 985 |99.7 | 99.7
CK | 05|56 114|983 | 99.3 | 99.6 | 53.6 | 74.3 | 83.7 | 21.1 | 47.5 | 61.8

BW ¢—5 | 1.7 | 6.0 | 10.7 | 75.3 | 89.8 | 94.8 | 69.2 | 88.9 | 94.3 | 47.0 | 76.9 | 88.4
BW Max | 1.0 | 52 | 9.6 | 57.8 | 77.7 | 85.4 | 36.5 | 55.9 | 67.2 | 20.1 | 55.6 | 68.7

Table 2: Simulation results in Poisson regression model. First three columns report size in percent of nominal
1%, 5%, and 10% tests, while remaining columns report power against alternatives H<Z1> - H(Z3) specified in (5).
MLRJ@ denotes the mean likelihood ratio tests, CK is Conditional Kolmogorov Test of Andrews (1997), BW
c¢=5 is Bierens and Wang (2012) test with integration domain equal to a cube around zero with side length
10, and BW Max is Bierens and Wang test maximized over the integration domain. Results for the non-MLR

tests are taken from Bierens and Wang (2012).
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Tests HY) H) H) H)

1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
MLRYY) [ 09 |44 | 78 | 7 [17.9|27.1] 265 [43.2]53.8 | 94.1] 981|993
MLRY), [ 1143 91| 7 [169]253] 95 [19.7]256|99.1]99.9 | 99.9
MLRY), [ 08| 4 | 7.0 [211| 37 [41.9 534|728 | 755958 | 96 | 96.1
MLRG), | 1.1 41| 7.8 [ 147 265|341 | 515633 | 664 | 99.2 ] 99.4 | 998
MLRS), | 1.2 | 5.7 | 114142 [ 20.1 [ 327 | 468 | 61.6 | 63.8 | 99.9 [ 99.9 | 99.9

Table 3: Simulation results in autoregressive model. First three columns report size in percent of nominal 1%,
5%, and 10% tests, while remaining columns report power against alternatives H<Zl) - H;) specified in (6).
MLR%? denotes the mean likelihood ratio tests.
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